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PEEFACE 



^ Since the publication in. January, 1875, of the first 

Q edition of my * Lessons in Elementary Mechanics ' 

a distinct advance ha^ been made in the teaching 
of the subject, and I have, therefore, thought it 
necessary to rewrite the book, in order that it may 
continue to occupy the position it still holds in 
schools and science classes. 

The present edition contains such new matter 
as experience has shown may be included in a 
first year's course of instruction. I have made 
some changes in the definitions as given in 
previous editions, and greater exactness will be 
found in the use of several of the terms employed. 
In many of the most recent text-books there is 
still some looseness in the use of the words weight, 
poioeVj tension f &c., and from this fault examina- 
tion questions are not always free. On the subject 
of units and change of units I have added one or 
two. sections. As regards the measure of force, 
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whilst carefully distinguishing between absolute 
and gravitation units, I have employed both 
freely, adopting in some instances the C.G.S. 
system, and in others our ordinary units of length 
and mass. In this edition, too, I have further 
aimed at making the teaching of mechanics serve 
as a basis for the study of other branches of 
physical science. 

The book is intenaed now, as it was when first 
written, for school use, and I have seen no reason 
to alter the arrangement, which, although some- 
what novel then, has since been generally adopted. 
In writing a school text-book the author does 
not aim so much at obtaining results by the 
shortest possible. methods as at bringing out the 
educational value of the subject he is treating ; 
and to this end reference is frequently made to 
first principles rather than to formulae, and facts 
and propositions are carefully illustrated and ex- 
plained, and where necessary are presented to the 
pupil from more points of view than one. 

During the past seventeen years I have re- 
ceived from schoolmasters and other teachers who 
have used the book numerous suggestions for 
its improvement, many of which I have adopted. 
For the advice thus freely offered I take this oppor- 
tunity of acknowledging my obligation. To Pro- 
fessor R. M. Walmsley I am particularly indebted 
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for his valuable help in revising, in the first 
instance, the text of the old edition, and for his 
assistance in correcting the proofs; and I have 
also to thank the author of the solutions to the 
Exercises and Examination Questions, which are 
separately published, for his careful revision of the 
Answers at the end of this volume. 

The Examination Questions comprise all those 
set during the last twenty years at the matricula- 
tion of the London University, and several from 
the papers of the Science and Art Department. 
It is hoped, therefore, that the book will continue 
to prove serviceable to candidates for these and 
other examinations. 

As showing the original aim«and scope of this 
little work I append an extract from the preface 
to the first edition. 



P. M. 



CiTT AND Guilds op London Institittb, 
Exhibition Mood, April 1892. 
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FROM THE 

PREFACE TO THE FIRST EDITION '[ 

In these Lessons, which are intended for the use 
of those who have had no previous instruction 
in the subject, I have endeavoured to bring into 
prominence the leading principles of Mechanics, 
and to exemplify them by simple illustrations ; 
and with the view of showing the connection be- 
tween this science and other branches of Physics, 
some few -pages have been set apart to a brief 
exposition of the Doctrine of Energy. 

In arranging^ the contents of this volume I 
have deviated considerably from the plan usually 
adopted, and have been guided by the general 
principle that the idea of Motion is more elemen- 
tary than that of Force, and that two Forces, at 
least, must combine to produce Equilibrium. In 
accordance with this view the subject of Statics 
has been made to depend on the laws of Dynamics, 
and these are preceded by a discussion of some 
of the simplest principles of Motion. I cannot 
help thinking that the theory of Equilibrium oc- 
cupies too prominent a position in many of our 
Text-books, and that the student obtains, in 
the problems of Statics, a very inadequate idea of 
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Force and of its modes of expression. In the 
present arrangement I have followed that order 
which appears to me to be most logical, and which 
experience in teaching has shov/n to bs practically 
advantageous. 

The book contains that amount of matter 
which a pupil may be expected to acquire in a 
first year's course of instruction in the subject. 
It is divided into a number of sections, which 
may serve as separate lessons, and should be 
studied in the order in which they occur. All 
important propositions are illustrated by numerical 
examples, worked out in the text, and the lessons 
are furnished with exercises progressively arranged. 



In writing these Lessons I have had in view 
the want, which is very generally felt, of a School 
Text-book sufficiently elementary to be placed in 
the hands of a beginner, and yet affording a trust- 
worthy basis for the subsequent work of the 
student. 

P. M. 

January 1875. 
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ELEMENTARY MECHANICS 



INTRODUCTION 

§ 1. Kotion. — Our earliest observations must 
have shown us that some things are moving and 
that others appear to be at rest. We know what 
motion means when we watch the rising of the sun, 
the passage of a bird through the air, the waving 
of the trees in the wind, or the rushing of the 
waves to the sea-shore. Every variety of matter 
seems to be endowed with the faculty of movement. 
The stone falls to the ground, the flower opens its 
petals to the sun, and living creatures of every size 
and shape move in endless ways. 

§ 2. Best. — ^We are equally familiar with 
bodies which appear to be in a state of rest. 
Nothing seems more immovable than the earth on 
which we stand. The various things we see around 
us — the books that lie upon our shelves, the pic- 
tures that hang upon our walls — are all apparently 

B 



2 INTRODUCTION 

at rest, and we expect them to remain so unless 
they happen to be disturbed by some external 
cause. A little thought will show us that this 
state of rest is not as simple as it seems. Let 
us suppose that we are travelling in a railway- 
carriage, and that another train is moving in the 
same direction on adjoining rails. After a time it 
overtakes us, and then the two trains move on side 
by side with equal speed. In this case all sense of 
motion will be lost ; the train at which we are 
looking and the carriage in which we sit will 
equally appear to be at rest. This simple illustra- 
tion is sufficient to make us see that objects may 
be moving when we suppose them to be stationary, 
and that the evidence of our senses cannot wholly 
be trusted. Now the earth on which we stand is 
in the position of the second train. It is moving 
round the sun with a considerable velocity ; but, 
as we are moving with it and at the same rate, it 
appears to us to be at rest. 

Let us consider, further, the condition of those 
bodies which, although absolutely moving with the 
earth, are, relatively to us, at rest. Take the 
picture hanging on the wall. The picture is sus- 
pended by cords which hang over a nail. If these 
cords were to break, or the nail were to give way, 
the picture, we know very well, would at once fall 
to the ground. It appears, therefore, that the 
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picture, although at rest, is really tending to fall, 
and is only prevented from obeying its natural 
tendency by the cords and nail that hold it back. 
What is true of the picture is true of all things 
that are in any way supported. Each article of 
furniture in this room would fall through the floor 
if the floor were not strong enough to support it. 
There is a vessel on the table filled with water, 
and in the side of the vessel is a cork. The water 
appears to be motionless, Remove the cork, and 
the water immediately begins to flow out. This 
water, then, is endowed with a tendency to motion, 
which the sides of the vessel resist. The air of 
the room is seldom still. But suppose for a moment 
that there is no kind of draught. Let a window 
or fire-place be opened, let the air be freed in 
some direction from restraint, and it will at once 
obey its tendency and begin to move. In these 
examples no reference has been made to the cause 
or causes that are supposed to produce the several 
movements indicated. But the causes themselves 
do not come within the range of our observing 
faculties. All that observation teaches us is, that 
bodies tend to move. 

§ 3. Moleoular Motion.—If we examine 
matter more minutely, we shall find that it con- 
sists of very small particles, which cannot be 
broken into smaller particles by any mechanical 

b2 



4 INTRODUCTION 

means. These molecules are so minute tliat we 
cannot, even with our finest microscopes, individu- 
ally distinguish them ; but there are, nevertheless, 
other methods by which we can approximately 
measure their size. Kow among these particles 
movements are constantly taking place, which, 
because of the minuteness of the moving bodies, 
are separately hidden from the eye, but the total 
result of which can be discerned. If we dip the 
end of a fine glass tube into water, we shall observe 
that the water rises in the tube, and that the finer 
the tube the greater will be the height to which it 
rises. In this case the motion of the water is due 
to movements amongst the molecules at the surface, 
where the water and glass meet. Again, we have 
all noticed, perhaps, that on a line of rails a certain 
space is left between the separate pieces at the 
points where they are joined together. This space 
is left because it is found that the length of the 
rails increases in hot weather and decreases in cold 
weather ; and if the line of rails consisted of one 
continuous bar of iron fixed at its two extremities 
it would become bent and twisted, in order to find 
room for its expansion. If we put a liquid into a 
glass vessel, and place the vessel over the flame of 
a spirit lamp, we shall very soon observe that the 
liquid is rising in the vessel ; and after a time it 
will begin to boil, and its particles will be violently 
agitated. We know how seldom perfect stillness 
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prevails in the atmosphere. The wind is always 
blowing somewhere. Now the motion of the air is 
caused, directly or indirectly, by the sun's heat, 
and the sun's heat is ever varying in intensity. 
These examples serve to show that heat changes 
are accompanied by motion ; but this motion usually 
takes place among the particles themselves of which 
the body consists. The body, as a whole, does not 
move from place to place ; but with every variation 
in its temperature there is a corresponding move- 
<sient among the particles which compose it. 

We can take another illustration. Most 
persons know what happens if a stick of sealing- 
wax be rubbed on flannel and then held over some 
scraps of paper. The pieces of paper will at once 
begin to move towards the wax, and may be made 
to stand on end under its influence. They are 
electrified, and in that condition they tend to 
move. Similarly, ic the end of a bar magnet be 
brought over some small iron tacks on the table, 
the tacks will move towards the magnet, and if 
the magnet be a strong one they will even fly up 
to it. They are magnetised by the bar, and move 
towards it. Now we cannot say to what extent 
the molecules of all bodies are thus influenced ; 
for where opposing tendencies to motion exist, 
which act against one another, no visible effect will 
be produced. 
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We have hitherto considered inanimate matter. 
Let us now see what happens in the animal and 
vegetable world. A plant or animal may be said 
to differ from a piece of lifeless matter by its 
growth and decay. Now growth implies a con- 
tinuous change in the molecules of which a body 
consists. A living organism cannot preserve its 
old particles and at the same time acquire new. 
It increases by the decay of old and the substitu- 
tion of new matter. In this respect animate 
bodies increase much in the same way as a mer- 
chant's capital. A capitalist cannot grow rich by 
hoarding : on the contrary, he must become daily 
poorer, for how parsimonious soever he may be, 
he must consume a portion of what he possesses 
to support life. It is only by spending money, by 
buying and selling, by constantly exchanging 
capital and allowing it to be used by labourers as 
food, that capital can increase. The same is true 
of living tissue. In growing it undergoes con- 
tinuous decay, and the decay is continuously 
repaired. When the process of reparation does 
not proceed as rapidly as that of decay, the plant 
begins to fade and the animal to die. In this 
centinuous decay and reproduction we have a 
further example of motion among the molecules 
of bodies. 

We thus see that bodies themselves and their 
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molecules are constantly in motion or tending to 
move relatively to one another ; that absolute 
rest nowhere exists ; and that what we call rest, 
which is really rest relatively to us, can be resolved 
into counteracted tendencies to motion. As 
motion is thus universally present, we are sensible 
of what it is, without being able to define it. It 
does not admit of explanation ; for there is no 
condition in which matter exists that is simpler 
or more elementary. 

It is important to grasp this proposition * at 
the outset, for there were wise men of old who, 
starting with the state of rest as the simplest 
condition of matter, endeavoured to explain 
motion, and they were met at once by this diffi- 
culty : that a body in motion is no sooner in its 
place than it is out of it, and that the idea of 
change involves the conception of a thing existing 
and not existing — i.e. of its being in a place and 
not being in that place at the same time. It is 
better, therefore, to consult nature, by which we 
see that all things are constantly moving, or 
tending to move, that there is no matter without 
motion, and that what we call rest is a strained 
condition resulting from tendencies to motion 
counteracted. 

§ 4. Varieties of Hotion. (a) Translation. — 
There are difTerent kinds of motion. Let us see 
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what they are. If a body moves from one place 
to another it is said to undergo translation. It 
may move in a straight line or in a curve. The 
run of a curling-iron along the ice and the fall 
of a stone in a well are examples of motion in 
a straight line. The flight of an aiTow and the 
course of the planets illustrate what is meant by 
curvilinear motion. 

(6) Rotation, — When a body moves about a 
fixed point or axis, round which the particles 
describe concentric circles, the body is said to 
rotate. Thus a top rotates on its axis, a wheel 
on its axle, a door on its hinges. 

It frequently happens that several motions 
are combined. A body tending to move in two 
different directions may be found to move in a 
straight line between them, or to assume a curvi- 
linear motion as the result of these two tendencies. 
Thus the path of a cricket-ball through the air is 
a curved line, which is the joint effect of the 
tendency of the ball to move in the direction in 
which it was struck, and of its tendency to fall 
to the earth. Furthei*, the motion of rotation is 
frequently combined with that of translation. 
This occurs when a wheel rolls along the ground, 
or when a billiard-lmll runs along the table. The 
motion of the earth round the sun is the result of 
two tendencies to motion in different directions, 
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proclucing a curve called the orbit, and also of a ro- 
tation about a fixed axis passing through the poles. 
When a body is under the influence of opposing 
tendencies to motion which exactly counterbalance 
one another it is said to be in equilibrium. 

(c) Wave Motion. — There is another kind of 
motion, to which the name undulatory has been 
applied. It exists under a variety of forms, but may 
roughly be described as the movement of a particle 
to and from a particular point. This displace- 
ment of the particle is often called its excursion, 
and is, in all cases, very small. When a series of 
neighbouring particles undergo successively this 
kind of to-and-fro motion a wave is said to be pro- 
duced. The peculiarity of wave-motion is that, 
although the particles never move beyond the 
limits of an excursion, they appear to undergo 
translation. If we ^n our eyes on a piece of 
wood floating on a sea-wave, we shall observe that, 
whilst the wave appears to approach ever nearer to 
the shore, the piece of wood maintains its position, 
rising and falling continuously. The apparent 
motion of translation is the result of the up-and- 
down movement of each successive particle in its 
own place. This kind of motion is further 
illustrated when the wind sweeps over a field of 
corn and bends the several ears in succession. In 
this case it is evident that each stalk of com 
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cannot move out of its own place, and yet the eye 
can follow the wave as it passes from one end of 
the field to the other. In an undulation, the 
particular motion of each particle is well illus- 
trated by the movement of the bob of a pendulum, 
which vibrates to and from the lowest point in its 
path. 

§ 5. Physics Defined. — The science of Physics 
embraces the consideration of bodies and molecules 
under every variety of motion, and is si;ibdivided 
according to the particular effect the several kinds 
of motion produce. Thus the passage of a bird 
through the air is a case of locomotion ; the resist- 
ance of a heavy body tending to fall to the earth 
produces pressure. Certain motions produce heat, 
others give rise to the phenomena of sound, light, 
electricity, and magnetism* 

Physical science is divided into two main 
branches, according as the motion to be considered 
is the motion of a body as a whole or of the 
undulations of the molecules of which it consists. 
It has been suggested to call the one branch of 
the subject * Molar Physics,' as treating of tnotion 
in mass, and the other * Molecular Physics,' as 
treating of the Diotion of molecules. The flight 
of a rifle-bullet, the blow of a cricket-bat, the 
ascent of a balloon are questions of Molar Physics ; 
whilst problems concerning temperature, musical 
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notes, and electric light belong to the other 
branch of the subject. 

§ 6. Mechanics. — The term Mechanics was 
used by Newton to denote the science of machines 
and the art of making them, but is now generally 
employed to embrace the science of the motion 
and equilibrium of bodies. It involves the con- 
sideration of matter in its three forms — solid, 
liquid, and gaseous. The subject at once divides 
itself into two branches, the one called Kinematics ^ 
and the other Dynamics,^ Kinematics, or the 
science of motion, treats of the principles of 
motion apart from the consideration of . the 
quantity of the matter moved or of the causes or 
effects of the motion. Dynamics, or the science 
of force, treats of the motion of bodies in 
connection with the quantity of matter moved 
and the measure of the force producing or called 
into action by the motion. The subject of 
dynamics is usually divided into two branches, 
Kinetics and Static.%^ according as the action of 
the forces results in motion or rest. Kinetics is 
that branch of dynamics which is concerned 
mainly with the measurement and effect of forces 
that produce or change the motion of bodies ; 
whilst in statics the action of forces in maintaining 

' Greek kiv€u>, 1 move. ^ Greek tvvafiis, force. 
' Latin stOf I stand. 
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equilibrium or preventing motion or change of. 
motion is investigated. The above divisions may 
be thus exhibited : — 

Mechanics 



Kinematics Dynamics 



I I 

Kinetics Statics 



IS 
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CHAPTER I 

MEASUREMENT OP MOTION 

I. Uniform Motion 

§ 7. Speed and Velocity.— The first question 
we have to determine is how motion may be 
measured and numerically represented. Now we 
measure all things by their effects, and the visible 
effect of motion is change of place. But connected 
with the idea of motion as change of place is 
always that of quickness or slowness ; and when 
we consider motion with reference to time wo 
obtain the idea of speed. Thus speed, or rate of 
motion, is measured by the amount of change of 
place, or displacement in a given time. But our 
conception of motion involves something more. A 
body may be moving at a certain I'ate in one 
direction or another, and we must necessaidly think 
of its moving in some direction. When we state 
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not only the rate of motion, or speed, but also the 
direction in which the change takes place, we have 
completely specified the motion ; and to this idea 
involving displacement, time, and direction, we 
give the name velocity. The direction of motion 
has, of course, to be specified by reference to known 
directions, such as N.E., S.W., vertically upwards, 
and so forth. 

Motion may be uniform or variable. When 
uniform, equal distances are traversed in equal 
times, and the speed is constant. When the speed 
changes and equal distances are not traversed in 
equal times, the motion is said to be variable, 

§ 8. TTnits and Change of Units.— In measuring 
all physical quantities certain fundamental units 
are arbitrarily adopted as standards for comparison. 
In dealing with speed or velocity units of distance 
and time are required. The distance of one point 
from another, or the displacement of a point, is 
denoted by length, and length is measured in cer- 
tain units, such as a mile, a yard, or a metre. The 
unit of time may be a year, a month, or a day ; 
but in physical investigations it is everywhere the 
mean solar second, or, briefly, a second. The unit 
of length is usually one foot or one centimetre. 

The centimetre is the hundredth part of a 
metre, and is equal to 0'39370432 inch, or nearly 
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two-fifths of an inch. The metre is also divided 
into tenths, called decimetres, a decimetre being 
equal to nearly four inches. Taking the foot as 
the unit of length, the speed or velocity of a moving 
body is measured by the number of feet traversed 
in one second ; and a body is said to be moving 
with a unit of velocity when it moves through one 
foot in one second, or through one centimetre in 
one second. The unit of speed may be briefly indi- 
cated as a, foot per second or a centimetre per seconcL 

If the units of measurement are changed the 
number denoting the speed will also be changed. 
Thus a speed of 12 feet per second is the same as 
720 feet per minute, or 4 yards per second, or 240 
yardd per minute. 

It is important to notice that the increase in the 
unit of length diminishes the number expressing 
the speed, whereas the increase in the unit of time 
increases the number. Whenever in the fol- 
lowing pages a velocity or speed is indicated by a 
simple number the unit implied will be a foot per 
second. Thus a speed of 12 will mean a speed of 
12 feet per second. The units may often be con- 
veniently expressed in brackets. Thus : a speed of 
10 (metres, minutes) means a speed of 10 metres 

per minute, and equals 10 x --^= -«- centimetres 

1)0 o 

per second. 



1 6 KIXEMATICS— MOTION 

When the velocity is variable, it is, at any 
moment, measured by the distance through which 
the moving body would pass in one second, if it 
were to continue to move throughout that second 
with the velocity which it had at that particular 
moment. 

§ 9. Uniform Velocity. — If u be the uniform 
velocity of a moving body, u equals tJie number of 
feet which a body traverses in one second^ and 

2 14 is the number of feet traversed in 2 seconds. 
3 ^ » • » » 3 „ 



t u „ „ „ t „ 



If « == distance traversed in t seconds, then 
s ^=tu. This is the fundamental proposition of 
uniform motion. 

Suppose a body to be rotating about a fixed 
axis, like the sail of a windmill, and that it 
sweeps out an angle the measure of which is cu in 
one second, then w is said to be the angidar velo- 
city of the body, and ^w will be the angle described 
in t seconds. If w is expressed by radians (i.e. cir- 
cular measure, or arc -f- radius), the actual distance 
traversed in one second by a point r feet from 
the axis will be w r, which is, therefore, the speed 
of the point. Substituting this value of u in our 
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fundamental equation 8 =:ut, we get 8 = tort for 
\) the distance traversed in t seconds by a point r 
feet from an axis, and moving round that axis 
with a uniform angular velocity w. 

EXERCISES I 

1. A body moving with a uniform speed travels ovei 

276 feet in 2J seconds ; what is its rate of motion ? 

2. If a body is moving in a given direction with a uniform 

velocity of 30 centimetres per second, how long will 
it take to traverse a distance of 12 metres ? 

3. A train passes a certain point at the rate of 45 miles 

an hour ; express this velocity in feet per second. 

4. A man walks at Ihe rate of 6,000 metres per hour; 

express the speed in centimetres per second. 

5. A wheel, radius 50 centimetres, revolves 50 times in 2| 

seconds ; find the actual distance traversed in one 
second by a point on the circumference. 

6. With what velocity in feet per second does a man walk" 

who traverses 3 miles in a half -hour ? 

7. How long would a train take to go 240 miles with a 

velocity of 22 feet per second ? 

8. Express in metres and minutes a velocity of 3^ miles 

an hour. 

9. Which is the greater velocity, 950 centimetres per 

minute or 680 metres per hour, and by how much ? 
10. The measure of a certain velocity is 11 when the units 
are a foot and a second ; find the measure of the same 
velocity when the units are (1) a mile and an 
hour, (2) a yard and a day, (3) an inch and a 
minute. 
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II. Va/riahle Motion — AccehrcUion 

§ 10. Variable Velocity. — The velocity of a 
hody may change in magnitude or in direction or 
both. When a stone falls tx> the ground the 
velocity changes in magnitude ; when a ball is 
thrown from the hand the velocity changes in 
direction. The velocity of a body may increase 
or decrease, uniformly or variably. If it increase 
or decrease uniformly, the motion is said to be 
uniformly accelerated. The rate of change of 
the velocity is called the acceleration. The acce- 
leration may be positive or negative. It is said 
to be positive when the velocity increases^ negative 
when it decreases. If the velocity change, but 
not uniformly, the acceleration is said to be 
variable. As problems connected with variable 
acceleration are very complicated, requiring for 
their solution the higher parts of mathematics, we 
shall consider, in the following pages, uniform 
acceleration only. 

§ 11. Measure of Acceleratioa. — Uniform 
acceleration is measured by the change of the 
velocity in a unit of time, that is, by the number 
of units of velocity by which the velocity is 
increased or decreased in a unit of time. Thus, 
suppose a body is found to be mo"\4ng, at the begin- 
ning of three successive seconds, with the velocities 
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10, 15, and 20 respectively, the body is said to be 
moving with a uniform positive acceleration of 5. 
So, too, if a body started with a velocity of 60 feet 
per second, and at the end of the first second was 
moving with a velocity of 50 only, and at the end 
of the next second with a velocity of 40, the body 
would be said to be moving with a negative 
acceleration of 10. Expressed more fully, an 
acceleration of 5, the units being feet and seconds, 
means an increase of velocity each second of 5 feet 
per second. The student must carefully consider 
the import of the final words * per second,' for 
the velocity might increase at the rate of 5 feet per 
second each minute, which would really be an 
acceleration equal to -^^^ of the former acceleration. 
The repetition of the unit of time is necessary in' 
all questions of acceleration. A man's wages 
might increase every year 51. a year ; they might 
also increase every month 5^. a year, in which 
case the annual increase would be 12x5, or 60^. 
a year. 

When we use a number only to represent 
acceleration it will be understood that the units 
are a foot and a second ; when we wish to indicate 
the units they should be given in brackets. Thus an 
acceleration of 7 (centimetres, seconds) means that 
the velocity increases by 7 centimetres per second 
per second ; an acceleration of — 8 (yards, minutes) 

c2 
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means that the velocity decreases by 8 yards per 
minute per minute. 

If, then, a represent the acceleration of a moving 

body, 

a is the velocity gained or lost in 1 second ; 

and, if the acceleration is supposed to be uniform, 
2 a is the velocity gained or lost in 2 seconds, 

a ft >J )> ^ >> 

and tcb „ a ,y t „ 

If we call V the increase or decrease of the velocity 
in t seconds, then t; = a ^. 

§ 12. Bzamples. — (1) A body starting from rest 
has been moving with a uniform acceleration for 5 
minutes, and has acquired a velocity of 80 miles an 
hour ; what is the measure of the acceleration ? 

TT . V , 80 X 1760 X 8 AA i> 1. J 

Here the vel. == — ^ — - — = 44 feet per second, 

and v = a^ .*. 44 = 6 X 60 X a /. a r= _. 

76 

(2) If a body move from rest with a uniform accele- 
ration of § (cents., sees.), how long must it be moving 
to acquire a velocity of 6,000 metres per hour ? Here 

1 6000 X 100 X 600 

and a = ;^ .-. v « ^ = I e .-. t - 250 second^ 
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§ 13. Initial, Final, and Average Velocity. — 

Suppose the velocity of a body moving with a 
uniform acceleration a to increase from utovint 
seconds, then u is called the initial and v the 
final velocity for that interval of time, and the 
increase of velocity is v — u. 

It follows, therefore, from § 11, that the gain 
of velocity v — w = a ^, or 

a = 

t 

Since, too, the velocity increases uniformly 
with the time, the average velocity throughout the 
time t equals the mean of the initial and final 
velocities; i.e. 

the average velocity = ^{u + v). 

Suppose a train passes a station with a velocity 
of 12 miles an hour, which is equal to 352 yards 
per minute, and that the velocity after 5 minutes 
is 36 miles an hour, or 1,056 yards per minute ; 
the speed having increased uniformly throughout 
the whole time, the average velocity during the 
5 minutes has been ^(352 + 1056), or 704 yards 
per minute. 

§ 14. Distance Traversed. — To find the dis- 
tance through which a body passes when it moves 
with a uniform acceleration is a somewhat difficult 
problem, requiring higher mathematics than we 
are supposed to have at our conunand. Later on. 
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we shall show how this problem may be solved by 
a purely geometrical method, but now we shall 
content ourselves with a very simple explanation 
of it. 

If the speed of a body increases uniformly 
from w to i; in the time ty a little thought will 
show that the distance traversed during this time 
must be the same as if the body had moved 
uniformly for t seconds with the mean speed, i.e. 
we may suppose the body to have been moving 
with a uniform speed of ^(ii + v). Hence it 
follows (§9) that the distance traversed in the 
time t is ^ {u + v) L If we call s this distance 

Enunciating this proposition generally, we 
may say : — The distance traversed in any given 
time hy a body moving with a uniform acceleration 
equals the distance that it woidd have traversed if 
it had been moving throughmit the given time with 
a uniform velocity equal to the mean of its initial 
and final velocities. 

We are now able to determine the distance 
passed over in t seconds, when a body moves with 
a uniform acceleration a. 

First, Let the body start from rest. In this 
case the initial velocity = 0, and the velocity 
after t seconds, that is the final velocity = a <, 
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/, the mean velocity = ^ (0 + a ^) = -—1 ; and if a 

body move for t seconds with a uniform velocity 
equal to ^a^, the distance traversed is ^ x ^a^ 

(§ 9), 

Secondly. Suppose the velocity at starting to 
be w, then t seconds afterwards the velocity will 
be w + the increment or gain of velocity, i.e. 
71 -^ aty and the mean velocity will be 



/, if s is the distance traversed in t seconds, 

8 = ut + ^at'^. 

If the velocity decreases uniformly, the accele- 
ration is negative, and s = ut — ^at^. Hence 

generally 

8 = u t d!z ^ a t^. Or, 

The distance traversed in any given tiine by a body 
moving with a uniform, velocity and a uniform 
acceleration is the distance it would have traversed 
if it had moved with the uniform velocity, increased 
or decreased by the distance it tvoidd have traversed 
if it had moved from rest with the uniform 
acceleration, 

§ 15. Bzamplei. — (1) A body is moving with a 
velocity of 30 ft. per second, and its velocity is each 
second increased by 10 ft. per second. Find the dis- 
tance traversed in 5 seconds. 
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Initial vel. = 80 ; final vel. -80 + 60-80 

, 30 + 80 ^^ 
/. mean vel. = — - — - oo 

It 

and distance traversed » 5 x 55 » 275 feet. 

(2) Find the acceleration, if a body starting with a 
velocity of 10 ft. per second passes over 90 ft. in 4 
seconds. 

Let CL - acceleration; initial vel. - 10; final vel. 
= 10 + 4 a. 



.-. mean vel. - ^ (10 + 10 + 4 a) - 10 + 2 a 
/. distance traversed = 4 (10 + 2 a) - 40 + 8 a - 90 ft. 

.-. a = Of 

(3) In 10 seconds the velocity of a body increases 
from 300 centimetres per second to 500 centimetres 
per second ; find the distance traversed, and the ac- 
celeration. 

Here the initial velocity is 300, the final velocity is 
500. 

Hence the mean vel. is 400 .*. the distance required 

is 

400 X 10 » 4000 centimetres, or 40 metres. 

To find the acceleration, we want to know the gain 
of velocity in the given time, and, as the gain is sup* 
posed to be the same each second, the acceleration 
equals the gain of velocity divided by the time. 

Hence 500 — 300 « 10 a, or a = 20 (cents., sees.) 

(4) What is the distance traversed in any particular 
second, when a body moves with a uniform accelera- 
tion a '? 

If the body start from rest the mean velocity during 
the first second is ^ (0 + a) - ^ a, and .'. this is the 
distance traversed in that second. Similarly the 
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3 
distance traversed in 2"<* second is J (a + 2a) = -a, 

3'*> „ J(2<t + 3a)«|a, 

4«'» „ J(3«+4a).|a. 

Hence, it will be seen, by looking at the numbers 
1, 3, 5, 7, that the distance traversed in the i^^ second 

equals the i^ odd number multiplied by - 

or « = (2« - 1) -. 

So also the distance traversed in the first t seconds 
of the motion equals the sum of the first t odd numbers 

multiplied by ^ ; or « = J a^*, as before (§ 14). 

§ 16. The fundamental formulae for the solu- 
tion of problems in rectilinear motion are 

V — w =a« . . (1), 

» = i(w + i;)< . . (2), 
and 5 = w < H- ^ a ^^ . . (3) ; 

but the student should accustom himself to reason 
out the solutions from first principles, and to regard 
the f ormulse as symbolic expressions only of the pro- 
cesses of such reasoning. By the use of formulae, 
however, we are often enabled to determine im- 
plied relations between the quantities which are 
not explicitly expressed 

Thus from (1) and (2), by eliminating t by divi- 
sion, we have 
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=iJj^ — Z — /, or i;*— w' = 2a5 . . (4) 

V — u a 

an expression which connects the distance traversed 
with the acceleration and initial and final velocities. 

A special instance of this formula is when the 
body starts from rest, in which case w = and 

Bzamples. — (1) Find the acceleration of a body 

which, starting from rest, acquires a velocity of 500 

centimetres per second after having moved through a 

distance of 10 metres. 

TT • o o ^'^ 250000 

Here,smce..' = 2a.,a=^^ = -^oOOg- 

= 125 (centimetres, seconds). 

(2) What distance must be passed over by a body, 
moving with an acceleration 5, so that its velocity may 
be increased from 10 feet per second to 20 feet per 
second ? 

Here, since v'^ — u- = 2 a a, we have 

20^ - 10"^ « 2 X 5 X s; or « - 30 feet. 

(3) A train passes a station with a velocity pf 
20 miles an hour ; find the velocity with which it 
passes another station 15 miles distant, if the measure 
of the acceleration is 40 miles per hour per hour. 

Here v^ = w^ + 2 a » = 20^ + 2 x 40 x 15 = 1600 

.'. V = 40 miles per hour. 

§ 17. Change of Units. — Suppose a body to be 
moving with an acceleration 5, the units being a 
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foot and a second. A velocity of 5 feet per second 
is equivalent to a velocity of 5 x 60 feet per 
minute, and this increase of velocity is gained every 
second. But the gain per minute must be 60 times 
the gain per second, i.e. the gain per minute is 60 x 
5 X 60 feet per minute. Hence an acceleration of 
5, the units being a foot and a second, is equivalent 
to an acceleration of 18,000, the units being a foot 
and a minute, i.e. if the gain of velocity per second 
is 5 feet per second, the gain per minute is 18,000 
feet per minute. 

Again, suppose a body is moving with an ac- 
celeration of 10 (metres, minutes), and it is re- 
quired to express this acceleration in centimetres 
and seconds. 

An acceleration of 10 (metres, minutes) means — 

The gain of velocity per minute is 10 metres 
per minute ; 

/, the gain of velocity per minute is 1,000 
centimetres per minute ; 

.', the gain of velocity per minute is — — ~ 
centimetres per second ; 

.*. the gain of velocity per second is 
centimetres per second. 
Or an acceleration of 10 (metres, minutes) is equal 

to an acceleration of — - (centimetres, seconds^. 

18 



have a = ^. Suppose the units of length and 
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Hence we see that the numerical value of a 
given acceleration varies inversely as the factor 
changing the unit of length, and directly as the 
sqiKire of the factor changing the unit of time. 

If we take the formula a ^^\at'^ (§ 14) we 

t 
time to be changed, so that s =^1$' and t s:^ kt', 

in consequence of which the numerical value of a 

is changed to a' ; then 

2 1 8' I , 

or a' = -y- a, 

which shows that, if the units of length and time 
are changed, the numerical value of the accelera- 
tion in changed units is obtained by multiplying 
this value by the square of the factor changing 
unit of time and dividing by the factor changing 
unit of length. The factors I and k may be integers 
or fractions, and are obtained by expressing the 
new unit in terms of the old unit. 

It should be observed that acceleration has tho 
same relation to velocity acquired that velocity, 
when uniform, has to distance traversed. 

Since i; = a < .', a = , 
and since 5 = w ^ .•.« = - . 

V 
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In other words, acceleration is the ratio of the 
increment of velocity to the time, whilst velocity 
is the ratio of <^he displacement to the time. 

§ 18. Szamples. — (1) Express in yards and minutes 
an acceleration of 18 (miles, hours). Since 1 yard - 
YT^js mile, and 1 minute « ^ hour, I = ^^jj and 
^ = A> and the acceleration 18 (miles, hours) .= accelo* 

, . 18 X ^ X J»y 18 X 1760 o O / J • X X 

ration V = nr. DT = 8-8 (yards, mmutes). 

TTffT) oO X 60 

(2) A body moving for 3 seconds with a constant 
acceleration acquires a velocity of 2,940 centimetres per 
second ; express this acceleration in metres, minutes. 

Since V = at,a = 2940 -r- 3 « 980 (cents., sees.), and 
1 metre = 100 centimetres, and 1 minute » 60 seconds, 

.*. accel. 980 (cents., sees.) «accel. — 'I -^ — «» accel. 
85 280 (metres, minutes). 



EXERCISES II 

1. In what time will a body moving ^ with an acceleration 

of 25 acquire a velocity of 1,000 ? 

2. What distance will a body traverse in one-tenth of a 

minute, if the increase of the velocity per minute is 
160 yards per minute ? 

3. With what velocity must a body start, if its velocity be 

retarded each second 10 feet per second and it come 
to rest in 12 seconds 7 

4. In how many seconds will a body describe 1,400 feet, 

moving from rest with an acceleration of 7 7 

' In the examples the body is supposed to stall from 
rest, and the units of length and time are taken as a foot 
and a second, unless otherwise stated. 
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5. Through what distance will a body move ia 4 seconds 

with an acceleration of 32-2 ? 

6. A body moving from rest with a uniform acceleration 

describes 90 feet in the 5th second of its motion ; find 
the acceleration and velocity after 10 seconds. 

7. What is the velocity of a particle which moving with an 

acceleration of 20 has traversed 1»000 feet 7 

8. A body moves with an acceleration of 9*8 (metres, 

seconds); find the distance traversed in 5 seconds. 

9. The velocity of a body changes from 90 centimetres 

per second to 50 centimetres per second whilst it 
travels over 3 metres ; find the acceleration. 

10. Express an acceleration of 32-2 in inches and minutes. 

1 1 . Find the distance traversed in the 20th second by a body 

moving with an acceleration of 1,000 (metres, hours). 

12. Find the distance traversed in 3 J seconds by a body 

moving with nn acceleration of 386*4 (inches, seconds). 

13. With what acceleration must a body move that, start- 

ing from rest, it may travel over 30 miles in 30 
minutes ? Express the acceleration in feet, seconds ; 
and in miles, hours. 

14. A body is observed to move over 45 feet and 55 feet in 

2 successive seconds ; find the distance it would tra- 
verse in the 20th second. 

15. With what velocity is a body moving after 4 seconds 

if its acceleration is 10 ? 

16. The velocity of a body increases every minute at the 

rate of 360 yards per minute. Express this accelera- 
tion, taking a foot and a second as units of length 
and time. Find the distance traversed from rest in 
20 seconds. 

17. What velocity must a body have so that, if its velocity 

be retarded each second 10 feet per second, it may 
move over 45 feet before coming to rest ? 

18. What velocity will be gained by a particle that moves 

for 5 seconds with an acceleration of 12 7 
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III. Geometrical Representation of Motion 

§ 19. Curve of Speed. — In § 14 we have shown 
how the distance traversed by a body in a given 
time, moving with a uniform velocity, may be 
calculated. In subsequent paragraphs we have 
made certain assumptions from which we have 
deduced corresponding expressions for variable 
motions. But, in order that these may be more 
rigorously proved, it may be useful to consider how 
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Fig. 1 

the quantities with which we have to deal may be 
geometrically represented. 

Let X (fig. 1) be a line limited towards 0, 
unlimited towards JT, on which units of length 
correspond to units of time ; so that, if the lengths 
0-4, A By BC be equq.1 to one another, and A 
represent one second, 0J5 WQuld represent two 
seconds, and so on. Now suppose we commence 
to count our time from 0, and let the speed with 
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which a body is moving at any particular time be 
represented by a vertical drawn through one of 
the points onO X which corresponds to that time. 
This should consist of as many units of length as 
there are units of speed in the velocity to be repre- 
sented. Thus, if P represents the speed at the 
time Oy AQ the speed at the time Ay and BJi 
the speed at the time C, and so on, then the 
lines F, A Q, B B, , . . indicate the number of 
feet per second with which the body is moving at 
the times indicated by the points 0, Af By C, • . . 
In the same way, if all the corresponding verticals 
be drawn for the moments of time intermediate 
between 0, A, B . . . and their extremities be 
joined, the line F Q R S F is called the curve of 
speed. 

It must not be supposed that the curve of 
speed is the same thing as the path of a body. 
Motion might take place in a straight line, and 
yet the speed-curve might be represented as in 
fig. 1. The curve of speed is merely a graphic 
representation of the increase and decrease in the 
rate of motion at successive intervals of time. 

§ 20. Aoceleration. — If we draw the lines 
Fa, Qb parallel to the line Xy Qa and B h will 
respectively represent the increase of the velocity 
during the first two seconds ; and if this increase 
were uniform, these lines would be equal, and 
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would represent the acceleration. When the accele- 
ration varies, it is measured at any point by the velo- 
city, which would be added in a unit of time, if the 
velocity increased uniformly throughout such time. 
If ^ r be a tangent to the curve at ^, Qr repre- 
sents the direction the speed- curve would take if, 
after the time A, the acceleration became uniform 
and continued so during the second represented 
by A£, Thus rb measures the acceleration at 
the particular moment of time indicated by A, 
and when the velocity acquired is A Q, Similarly 
8 c measures the acceleration at the time i5, and 
in this way we obtain a graphic representation 
of the velocity and acceleration of the body at any 
instant of time. 

. § 21. Distance Traversed. — We have now to 
show how the distance passed over in any given 
time may be graphically represented. Let Z 
(fig. 2) represent any interval of time, A the 
speed at (?, Y Z the speed at Z^ and APQY 
the curve of motion, as before. Let FGhe o, very 
small interval of time r. Let FP be the speed 
at the beginning of the time t, G Q the speed at 
the end. Then the distance traversed in the time 
r must be greater than the distance that would be 
traversed if the speed P Fwere uniform through- 
out the interval, and less than the distance that 
would be traversed with the uniform speed Q G- 

P 
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That is, the true distance must lie between 
FFxFG and QG x FG (since s^vt); but 
FF xFG = the rectangle FG, and Q G x FG 
= the rectangle Q F. Therefore the true distance 
traversed is represented by a figure the magnitude 
of which lies between the rectangles F G and Q F. 
Now the whole time -^ is made up of the sum of 
such intervals as F G, and therefore the whole 
distance traversed in the time 0-^ is somewhere 




Fig. 2 



between the number of units of area in the sum of 
all the rectangles like F G, and the sum of all the 
rectangles like Q F, But the sum of each of these 
sets of rectangles approaches nearer and nearer to 
the area of the whole figure A Y Z, as the 
intervals like F G are made smaller and smaller ; 
and can be made to differ from A YZ by as 
small a quantity as ever we please. It thus ap- 
pears that the distance traversed lies between two 
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qxiantities ; that each of these quantities becomes 
ultimately equal to AYZ, as FG diminishes 
without limit ; and, therefore, that the distance 
traversed equals the number of units of area in the 
figure AY Z. We haye thus proved that the 
distance traversed in any given time may be repre- 
sented by the number of units of area contained 
by the two verticals of speed, the included line 
of time, and the portion of the speed-curve inter- 
cepted between these two verticals. 

The problem of finding the distance traversed 
in any time resolves itself into that of finding the 
area of a curve. In all but the simplest cases a 
knowledge of higher mathematics is necessary. 

§ 22. Uniform Motion. — In uniform motion 
the speed at different periods of time remains the 
same. The curve becomes, therefore, in this case a 



Vf 



16 



u 



Uf 



K 



Fig. 3 



straight line, parallel to the line of time, and the 
distance traversed in t seconds equals the number 
of units of area in the rectangle L^O KxK L 
= t u, 

D 2 
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§ 23. To find the distance traversed in t 
seconds, when a body moves with a uniform 
acceleration. 

In this case the increments of velocity for suc- 
cessive seconds are constant. 

First, Let the body start from rest. Then if 
Xhe the line of time, and OA,AB, . represent 
seconds, and UFA represent the velocity &tA,Q£ 
at Bf and F C&tC ; and if P 5, ^ c be drawn parallel 




to Xy then FA = Qb = Fc=:^af the acceleration, 
and F Q F can be geometrically proved to be a 
straight line. 

Let L K represent the velocity after t seconds, 
then K = t and L K = at, and the distance 
traversed in t seconds equals the area of the 
triangle LK:=^\ OK a KL = \, t x at, .\ s 
^\at\ 

Secondly, Let the body start with a given 
velocity u, and after t seconds acquire a velocity 
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V, SO that OK=t (fig. 5), OP = u, and KQ = v. 
Then, since the acceleration is supposed to be 
uniform, P ^ is a straight line, as before, and the 
distance traversed in t seconds is represented by 
the area OP e a; 




Fig. 5 

But the area of the trapezium P Q K is 
equal to the area of the triangle which has the 
sum of P and KQ for a base, and OX tor a 
height. This may be easily proved by producing 
XQtoa. point Z (Qg. 6), so that QZ=OP, and 
joining ZO, when the triangle KZO will be found 
equal to the figure P QK, because the triangles 
P JSfO and Z N Q are equal ; 

.-. the area 0Pei5: = i(0P+ KQ) x OK 

li PA be drawn parallel to OK (^g, 6), we 
have the area P Q Kss the rectangle P AK-^ 
the triangle P A Q, 
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But OF AK^ut, And PAQ = lat-, 

§ 24. Since K Q = KA + A Q, and ^ © = the 
gain of velocity in t seconds = a < (§ 11), 




Fig. 6 

or V — ti ^=^ a t ] and by combining this formula 
with the formula s = ^ (v + w) < we have, as 
before, 

t'^ — ii^ = 2 a 5, or 

v'^ =:u^ ■\- 2 a 8, 

If the velocity decrease instead of increasing, 
the line PQ would slope downwards, and the 
distance A Q would have to be subtracted from 
K Q, and the triangle P A Q from the rectangle 
OP A K, In this case the acceleration is negative, 
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aud for a should be substituted •— a in the formulae 
already established. 

EXERCISES III 

1. What is the numerical value of an acceleration which 

in J second will produce a speed which will carry a 
body over 8 feet in every J- second ? 

2. Draw a figure representing the distance traversed by a 

body in 5 seconds moving with a uniform accelera-< 
tion, whilst its speed increases from 30 units to 75 
units. 

3. Find the distance traversed by a train whilst its speed 

is diminished from 60 miles an hour to 30 miles an 
hour, supposing the rate of retardation to be 10 
miles an hour each second. 

4. Show graphically the time required to traverse the 

first, second, and third foot respectively, if a body 
start from rest and move with a uniform acceleration 
of 20 (feet, seconds). 

5. Find the increase of speed per second if the speed 

increases from 50 metres per minute to 80 metres per 
minute whilst the body traverses 500 metres. 

6. A body describes 248 feet in 8 seconds, and its speed 

at the end of 8; seconds is 55. Find the initial 
speed and the acceleration. 

7. Draw a figure showing the distance traversed by a 

body in 10 seconds which starts with a speed of 
30 feet per second in a certain direction, and is moving 
after 10 seconds with a speed of 20 feet per second 
in the opposite direction, the retardation having been 
uniform throughout the interval. 
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IV". Composition and Resolution of Motions 

§ 25. We have hitherto considered the motion 
of a body moving with a uniform velocity or a 
uniform velocity increased or decreased by a 
uniform acceleration. We have now to consider 
cases of the motion of a body when more than 
one velocity is given to it, in the same straight 
line or in different directions. In these cases the 
motion is said to be compounded, and when the 
velocities are not in the same direction the actual 
motion is a compromise between them. 

§ 26. Besultant Velocity. — If a body tend to 
move with several different velocities, the velocity 
with which it actually moves is called the resultant 
velocity, and those several velocities arc called 
components. The process of finding the resultant 
velocity, when the component velocities are given, 
is called the Composition of the Velocities, whilst 
the converse process of finding component velo- 
cities which are equivalent to a given velocity is 
called Resolution, 

Cases of the composition of velocities occur 
when a body is moving on something which is 
itself in motion, as when a boat is ascending or 
descending a stream, when a man is walking on 
the deck of a steamer, or when a stone is dropped 
from a moving balloon. 
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§ 27. Composition of Uniform Velocities in 
the same Straight Line. — If a body tend to move 
with a velocity iv which would take it from ^ to ^ 
(fig. 7) in one second, and likewise with a velocity 
id which would take it from ^ to C in the same 
straight line in one second, then at the end of the 
second the body will be found at C, as if it had 
moved with a velocity w ± ?a'. So, too, if the 
body have several tendencies to uniform motion 
in the same straight line, the resultant velocity 
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Fig. 7 

will be the algebraical sum of the component 
velocities. 

Suppose the velocity of a stream to be 3 miles 
an hour, and a vessel to be sailing at the rate of 
8 miles an hour in still water, then the actual 
velocity of the vessel is 5 or 11 miles an hour, 
according as the vessel is sailing up or down 
stream. When a man paces up or down the deck 
of a steamer, which is sailing along a river, the 
actual velocity of the man is the algebraical sum 
of the velocity of the steamer and of the stream, 
and of the rate at which the man is walking. 
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§ 28. Composition of Uniform and Accelerated 
Motions in the same Straight Line. — In §§13 
and 14 we have already considered the case of a 
uniform initial velocity combined with a uniform 
acceleration in the same direction, and we have seen 
that the velocity after t seconds is the initial velocity 
increased by the gain of velocity due to the ac- 
celeration, and further that the distance traversed 
is equal to the distance due to the initial velocity 
increased by that due to the acceleration. Now, 
as acceleration is only the velocity gained per 
second, acceleration in the same straight line 
may be compounded according to the same law as 
uniform velocities, and the resultant acceleration 
is equal to the algebraic sum of the component 
C;Ccelerations. 

If, then, a body is moving with several uniform 
velocities, u^^ u.2j u^ . , , and with several accele- 
rations, a,, a2, ^3, . . . all in the same straight 
line, but not necessarily in the same direction, 
and if ^ = Wi + Wg + ^3 + • • • 
and -4 = a, + a2 + ^3 + ... 
then the conditions of motion are determined by 
substituting U and A for u and a in the funda- 
mental formulae 

s = w ^ ± i a ^2 
i;2 _ 2^2 _-. -h 2 a s. 
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§ 29. Composition of Velocities not in the 
same Straight Line. — If a body have two differ- 
ent velocities in different directions, at the same 
time, it is a matter of common experience that 
the actual motion is along neither of these direc- 
tions, but along a line intermediate between 
them. Thus, if a man row a boat at right angles 
to the current of a river, the actual course of the 
boat is a line which crosses the river in a slant 
direction from one bank to the other. 




Fig. 8 

Suppose, now, a body tend to move with a 
uniform velocity u which would take it from A to 
B {^g, 8) in one second, and with a uniform velocity 
u' which would take it from -4 to i> in one second, 
then at the end of the second the body will be 
found at (7, where BC is equal and parallel to A D, 
Moreover, the body will have moved along A C, 
and A C represents the resultant velocity. That 
A C will be the path of the body may be seen by 
supposing the body to be moving along A X whilst 
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the line A X moves parallel to itself with its 
extremity in A Y. Then if -4 ^ be divided into 
any number of equal parts, say four, and A D into 
a like number of parts, while the body moves 
from -4 to 6,, the point A with the line A B will 
move from -4 to c?,, and the body will be at Cj at 
the end of the first quarter of a second ; and for 
the same reason the body will be at Cj, c^ at the 
end of each subsequent quarter of a second. The 
points c,, c^i C3 can be proved to be in the same 
straight line by equality of triangles, and since 
Acxi Cx C2, C2 C3 are equal, the motion along il C is 
uniform. 

§ 30. Parallelogram of Velocities. — The fore- 
going proposition is known as the parallelogram of 
velocities^ and may be enunciated thus ; — If a 
body tend to move with two uniform velocities 
represented by tlie two sides of a parallelogram, 
draton through a fioced point, then the resultant 
velocity wUl be represented by the diagonal of this 
parallelogram, that passes through the same point 
This is sometimes called the Parallelogram Law, 
and will be found to be applicable to other 
quantities besides velocities. 

§ 31. Triangle Law.— Now, if a body tend to 
move with two velocities represented by ^ C and 
C Ay it will remain at rest, since AC =^ — C A ; 
and their algebraic sum, therefore, equals zero. 
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Since, then, the velocities A B and A D (fig. 8) 
are equivalent to A C, it4s clear that if a body tend 
to move with three velocities represented by A B, 
A Dy and C A, the body will remain at rest ; and 
since BC is equal to A D, the three velocities that 
neutralise one another can be represented by A B, 
B Cy and C A — the three sides of a triangle taken 
in order. 

Hence : If a body tends to move with three veloci- 
ties, that can be represented by the three sides of a 
triangle taken in order, the body remains at rest, 

§ 32. Polygon Law. — It follows from the 
foregoing that if a body tend to move simul- 




FiG,9 

taneously with several velocities, which would take 
it (fig. 9) from to A, from to B, from to (7, 
from to i> in one second, and if A B' be drawn 
equal and parallel to B, B' C equal and parallel 
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to C, and C" i>' equal and parallel to 2>, then, 
since B! is the diagonal of the parallelogram 
formed by C? -4, C? B^ it represents the resultant of 
these two velocities, and C represents, for the 
same reason, the resultant of the velocities B' 
and Cj i.e. of A^ B, and C ; and similarly 
D' represents the final resultant of the several 
velocities. We see, therefore, that if a body have 
these several tendencies to motion, it will bo found 
at the end of a second or of any given time at the 
same point D\ as if it had moved first from to 
A, then from A to B\ thence from B' to C", and 
finally from C to D'y i.e. along the sides of a 
polygon which respectively represent the velocities. 
And if the point D' had coincided with 0, or the 
body had had an additional velocity represented 
in magnitude and direction hj D' 0, the body at 
the end of the second, or of any less period of 
time, would have been at ; in other words, it 
would have remained at rest. Hence : 

Jf the several velocities, with which the body 
tends to viove, can be represented in magnitude a7id 
direction by the sides of a closed polygon taken in 
order, the body will be at rest ; but if the velocities 
are represented by the sides of an open polygon^ 
the body tvill move, and the resultant velocity will 
be represented by the straight line that closes the 
polygon. 
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§ 33. Composition of Accelerations not in 
the same Straight Line.— If a body have two 
different accelerations along two straight lines, 
the distances Abx, 6^62 along AB (fig. 8), and the 
distances Ad^di ^2 along A D, traversed in equal 
times, will rwt be equal, but the distances Adi,A d^, 
Ac, will be proportional to the distances -46,, 
Ab29 <fec., and, therefore, the points Cj, Cg, &c., will 
lie on a straight line, and the diagonal A C will 
represent the resultant acceleration and also the 
path of the body. The Triangle Law and the 
Polygon Law hold good, therefore, in the case of 
accelerations, as in the case of uniform velocities. 

§ 34. Composition of Uniform Velocity and 
Acceleration. — Suppose a body tend to move with 




Fig. 10 

a uniform velocity which would take it from 
A to B in one second, and likewise with an 
acceleration that would take it from A to D in 
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one second ; then at the end of the second the 
body will be found at C, where J3 C is equal and 
parallel to A D, just as if it had moved from 
A to B and from B to C in the second ; but the 
body will not have moved along the diagonal A C, 
For, since the velocity along A D \& not uniform, 
the distances traversed in equal intervals of time 
along A D will not be equal, whilst they are equal 
along A B, and the distances Abi, -4 62* ^<5., will 
not be proportional to the distances Ad^^ A c?2> <fcc., 
and therefore the points Cj, Co, c-^ will not lie in a 
straight line. In this case, therefore, the path is 
a curve, and the nature of the curve depends on 
the magnitude of the acceleration. The path of a 
shot projected at a certain angle to the horizon is 
a curve resulting from the composition of a uniform 
velocity in one direction and a uniform accelera- 
tion in a different direction. 

These results may be easily verified on, a piece of 
squared paper by giving to u and a different values 
in the formulae 8=:ut and 8=^^at^, The distances 
-4 6 J, Ab^, *tc., and Ad^, A d.^^ &c., may thus be 
found, and by joining the corresponding points A Ci, 
c, C2, &c., the path of the body may be marked out. 
The results may be summarised as follows : — When 
a body has several different velocities in different 
directions, the body will be, at the end of any given 
time, at the same point as if it had moved with each 
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velocity separately. This is the fundamental law 
of the composition of motions, and it shows that 
all problems which involve simultaneous tendencies 
to motion may be treated as if those tendencies 
were successive. 

§ 35. Scalars, Vectors. — The foiregoing-propo* 
sitions are only special instances of a general law 
applicable to the composition of any quantities 
which have both magnitude and direction, and 
can consequently be represented by straight lines. 
Most physical quantities belong to one of two 
classes, according as they have or have not direc- 
tion. Such quantities as time, speed, volume, and 
density have magnitude only, and these are called 
scalars. They can be represented by units of length, 
or units of area, or by other units without reference 
to sign. Velocity, and a^cceleration, smd force, too, 
as we shall see later on, are not only measurable 
quantities, but have also a definite direction, 
which must be given, in order that they may 
properly be indicated. Such quantities are called 
Vectors, A velocity consists of a given number 
of units in a given direction ; it may be positive 
or negative ; but the negative sign, as indicating 
direction, cannot be applied to a volume. 

§ 36. Besolution of Velocity. — As the diagonal 
of the parallelogram, the sides of which represent 
the component velocities, was found to represent 

B 
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the resultant velocity, so any velocity represented 
by a certain straight line may be resolved into 
component velocities represented by the sides of 
the parallelogram of which that line is the diagonal. 
Suppose a body start with a velocity that would 
take it from to ^4 in one second, then, if 00 AB 
be any parallelogram described ouO A as diagonal, 
the body would equally be at A at the end of one 
Bccond, if it had started with two velocities simul- 
taneously, which would separately take it from O 
to and to B in one second, and therefore B^ 
represent the components of this velocity. 

As the sides CyO B may be inclined to each 
other at any angle, a given velocity may be re- 
solved into two components in an infinite number 
of ways. 

§ 37. Bectangular Components.— The most 

important case in practice is that in which the 
two components are at right angles. 




Fig. 11 



HOB and C be at right angles to each 
other, then OA^=zOB'^JtOC\ and if X be the 
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component along B, and T the component along 
Cy and if i? be the original velocity along A, 
we have 

X:E:: OB :0A or X = ^E. 

O A 

r:E:: OCiOA or Y = ^.E. 

O A 

X and Fare called the resolved parts of R along 
X and Y respectively, li A represent any 
acceleration, then B and C will equally repre- 
sent the resolved parts of this acceleration along 
OZandOr. 

§ 88. Szamplei. — (1) A body tends to move with 
velocities of 80 feet and 40 feet per second along two 
straight lines at right angles to each other; find, the 
resultant \'elocity. 

Let F« resultant velocity, 
then V^ - 80' + 40' « 2500 /. F « 60 feet per second. 

(2) A body is moving with an acceleration a ; find 
the resolved parts of the acceleration along lines in- 
clined to the direction of the acceleration at angles of 
80°, 45°, 60° respectively. 

If the angle AOB in 45° it follows that OB ^ 
BAvadiOA^ - 2 OB'; 

O A 
:, B ^ - - , and i a b© the acceleration along 

V2 
Af its component along J5 is -^-, 

22 
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If the angle AOB Is 30°, it follows that OA^ 
2AB, 

:. OA^ - 05«+ ^, or OB = OA ^, and the 

component of the acceleration is ~— . 

If the angle AOB iaGO''t OB -> ~ and the com- 

j^onent required is ^. 

2 






Fig. 12 

If, instead 'of an acceleration, A represent a 
velocity F, the resolved parts of V along B will be, 

similarly, ^, — — -i and ^ respectively in each of 
V 2 2 ^ 

the preceding cases. 

As these results frequently occur, they should be 
very carefully remembered. 



EXERCISES IV 

1. A fly is walking with a onif orm velocity along a straight 

rod, which is itself being moved uniformly in a 
direction at right angles to its length. Determine 
the character of the fly's absolute motion. 

2. The wind blows from a point intermediate between 

north and ea&t. The northerly component of its 
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velocity is 10 miles an hour, and the easterly com- 
ponent is 3G miles an hour. Find the whole velocity. 

8. A body is simultaneously urged to move with velocities 
of 60, 21, and 26 respectively ; can the body remain 
at rest ? 

4. A tody whilst moving vertically downwards with 
a uniform velocity of 10 feet per second is urged 
horizontally with an acceleration of 6 ; find its 
distance from starting-point after 2 seconds. 

6. A body tends to move in a certain direction with an 
acceleration of 32, but is constrained to move in a 
direction inclined at an angle of 45° to the original 
direction ; find the component of its acceleration in 
the latter direction. 

6. A body moving with a uniform velocity of 30 miles an 

hour has its velocity accelerated each second 10 
feet per second in the same direction ; find the dis- 
tance traversed in a quarter of a minute. 

7. A body is moving at the rate of 40 miles an hour when 

its velocity is retarded each second at the rate of 
6 inches per second ; when and where will it stop ? 

8. A body tends to move with equal velocities of 10 feet 

per second in two directions inclined at 1 20° to each 
other ; find its path and resultant velocity. 

9. Two bodies start from AtoB and from B to At two 

points 80 yards apart, at the same time ; the one 
moves uniformly at the rate of 10 feet per second, 
the other at the rate of 1 2 feet per second ; where 
will they meet ? 

10. If a particle 10 inches from a given point revolve 

round it 7 times in 22 seconds, find the velocity of 
the particle. 

11. Two men A and B start at the same moment in the 

same direction, from two points 1,500 feet apart ; 
if A walk 4 miles an hour and B 3}j miles an hour, 
where will A overtake B ? 

12. A train, having moved from rest, has acquired a 

velocity of 30 miles an hour in 5 minutes. Express 



54 KINEMAnCS-^MOTION 

the acceleration, taking a foot and a second as the 
units of length and time. 

13. A body begins to move with a velocity of 100 feet 

per second, and at the end of 7 seconds its velocity 
is 65. By how much is the velocity retarded each 
second ? 

14. Show how it is that the distance described in any time, 

when a body moves with a uniform acceleration, is 
proportional to the square of the time. 

15. A body is simultaneously impressed with three imiform 

velocities, one of which would cause it to move 10 
feet north in 2 seconds, another 12 feet in 1 second 
in the same direction, and a third 21 feet south in 
3 seconds. Where will the body be in 5 seconds 7 
IG. A body tends to move horizontally with a uniform 
velocity of 12 feet per second, and also vertically 
downwards with a uniform velocity of 8 feet per 
second ; determine the position of the body after 3 
seconds. 

17. A body begins to move with an acceleration of 8 

(feet, seconds), and its velocity is at the same time 
retarded 8 inches per second each second ; find the 
distance traversed in 3 seconds. 

18. Explain why it is dangerous to jump out of a railway 

carriage in motion. 

19. A body is projected horizontally from the top of a 

vertical cliff with a velocity of 500 feet per second ; 
it reaches the ground in 3 seconds ; find its distance 
from the foot of the cliff. 

20. If a person is walking in a straight line, in what direc- 

tion must he throw a ball upwards, that it may 
return into his hand ? 

21. If a ball be thrown out of the window of a railway 

carriage in motion, in what direction will it seem to 
fall, and in what direction will it really fall 1 

22. A body starting from rest moves uniformly with a 

velocity of 10 feet per second, and also with an 
acceleration of 32 in the same direction; what 
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distance will be traversed in the 3rd second of its 
motion ? 

23. A body moves with a velocity of 10 feet per second 

in a given direction ; find the velocity in a direction 
inclined at an angle of 30° to the original direction. 

24. What acceleration along a certain line is equivalent 

to an acceleration of 20 in a direction that makes an 
angle of 45° with that line ? 



EXAMINATION QUESTIONS I 

1. A balloon is carried along by a current of air moving 

from east to west at the rate of 60 miles an hour, hav- 
ing no motion of its own through the air, and a 
feather is dropped from the balloon. What sort of path 
will it appear to describe as seen by a man in the 
balloon ? — Univ. of Lond. Matric.y June 1874. 

2. A river 1 mile broad is running downwards at the 

rate of 4 miles an hour, and a steamer moving 
K at the rate of 8 miles an hour wishes to go 

a f straight across. How long will the steamer take 

to perform the journey, and in what direction must 

she be steered ? — Ih. Jan. 1876. 

3. At the earth's equator the hot air ascends, and is re- 

placed by cold air which blows in along the ground 
from the poles. That which comes from our hemi- 
sphere blows from the north-east instead of from the 
north. Explain this. — Ib» June 1875. 

4. Two bodies start together from rest, and move in 

directions at right angles to each other. One moves 
uniformly with a velocity of 3 feet per second ; the 
other moves under the action of a constant force. 
Determine the acceleration due to»this force if the 
bodies at the end of 4 seconds are 20 feet apart. — lb, 
June 1878. 

5. The space pasaed over in any time may be represented 

by an area. Explain clearly the meaning of this 
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statement, and under what conditions it is trne. 
Show how to employ it to determine the space passed 
over by a body in 1 ^ seconds after it starts from rest 
and has its velocity increased by 1 foot per second 
?.t the beginning of each second. — Ih. June 1878. 

6. Explain a convenient method of representing geo- 

metrically the velocity of a body moving according 
to a known law, and the distance passed over by it. 
Employ the method to find the distance traversed in 
10 minutes by a train which has a velocity of 20 
miles an hour, and which has its speed diminished at 
a uniform rate of 5 miles an hour. — lb. June 1882. 

7. A ship is sailing due north at the rate of 4 feet per 

second ; a current is carrying it due east at the rate 
of 3 feet per second; and a sailor is climbing a 
vertical mast at the rate of 2 feet per second. What 
is the velocity of the ship, and what the velocity of 
the sailor, relative to the sea-bottom? — lb. Jan. 
1883. 

8. A train which is uniformly accelerated starts from 

rest, and at the end of 3 seconds has a velocity with 
which it would travel through 1 mile in the next 5 
minutes. Find the acceleration. — lb. June 1883. 

9. A boat is rowed on the river so that its speed in still 

water would be 6 miles an hour. If the river flows 
at the rate of 4 miles an hour, show, by drawing a 
figure, how to find the direction in which the head of 
the boat must be kept in order that its motion may 
be at right angles to the current. — lb. June 1885. 

10. A body starts from rest and moves with uniform 
)( acceleration 18 (feet, seconds); find the time re- 
i) f quired by it to traverse the firsts second^ and ihird 

foot respectively.— 7ft. June 1885. 

11. What is meant by the statement that the acceleration 

of a particle is 32 foot-second units ? With this 
acceleration how far will a particle move in 10 
seconds, and what will be its velocity at tht^ end Qf 
that time 1—Jb. Jan, l$86, 
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12. A ship is sailing north-east with a velocity of 10 miles 

an hour, and to a passenger on board the wind ap- 
pears to be blowing from the north with a velocity 

of 10\/2 miles an hour. Find the true velocity of 
the wind. — Ih. June 1 888. 

13. Explain how to compound velocities. 

A person on an express train moving 60 miles an 
hour wishes to hit a stationary object which is 
situated 100 yards off in a line through the marks- 
man at right angles to the line of motion of the 
train. If his bullet moves 1,200 feet per second, 
find out how much to one side of the object he 
should aim. — lb. Jan. 1889. 

14. If a point has a velocity of 1 foot per second to the east, 

and also a velocity of V3 feet per second to the 
north, determine the velocity which must be com- 
pounded with these to bring the point to rest. — Ih. 
June 1890. 

15. A ship is sailing north at the rate of 8 miles an hour 

through the sea, and a man walks at the rate of 7 
feet per second straight across her level deck on a 
line drawn at right angles to her length ; draw a dia- 
gram (as well as you can to scale) by measuring which 
one might find the angle the man's resultant path 
makes with the north, and calculate his velocity with 
respect to the sea. — Ih. Jan. 1891. 

16. The velocity of a body is increased uniformly in each 

second by 20 feet per second ; by how many yards a 
minute will the velocity be increased in cne minute ? 
—S. S'A. Dep. 1887. 

17. When a particle is moving at the rate of 45 miles an 

hour, what would be the velocity if estimated in feet 
and seconds ? Suppose the velocity to be acquired 
uniformlj' in 11 seconds, by how much is the velocity 
increased per second ? — lb. 1890. 

18. If the acceleration of a body's velocity is 56 in feet 

and seconds, r/hat is it in yards and minutes I — 
lb. 18^8, 
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19. Two bodies, whose velocities are accelerated in every 

second by 3 and 6 feet per second respectively, begin 
to move towards each other at the same instant 
and without having any initial velocity : at first they 
are 1 mile apart : after how many seconds will they 
meet?— ift. 1889. 

20. A particle whose velocity undergoes a constant 

acceleration starts from rest, and after describing 
60 feet has a velocity of 20 feet per second; find 
the increase of its velocity per second, and the time 
in which it describes CO feet. — Ib^ 1890. 
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CHAPTER II 

FALLING BODIES 

V. Bodies Falling Freely 

§ 39. The complete investigation of the 
motion of falling bodies is a branch' of Kinetics 
and not of Kinematics. But everyday experience 
brings under our notice cases of bodies falling to 
the ground, and we can conveniently consider 
these cases as illustrating the principles established 
in the previous lessons, without reference to the 
force operating between the falling body and the 
earth, which is the cause of the motion. It will 
be shown later on that all bodies at the surface of 
the earth tend to move vertically downwards, with 
an acceleration of about 32*2 (feet, seconds), and 
that this acceleration is independent of the size 
of the body and of the quantity of matter it 
contains. 

Common experience would lead us to suppose 
that a small ball of lead would fall more quickly 
than a similar- ball of cork, because we are accus- 
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tomed to see light bodies, such as feathers, fall 
very slowly to the ground. A little thought, 
however, will show us that the resistance of the 
air must have more effect on large and light bodies 
than on small and heavy bodies, and it may easily 
be proved by trial that a feather and a ball of lead 
will fall to the ground in the same time in a vessel 
from which the air has been removed. It can be 
shown, however, that the acceleration varies with 
the distance of the body from the centre of the 
earth. Thus at the summit of a high mountain 
it is less than near the surface of the earth, and at 
the equator, in consequence of the peculiar con- 
figuration of the earth, it is less than in the neigh- 
bourhoood of the poles. As the velocity gained 
by a body falling freely is found to vary with the 
latitude of the place, and likewise with its height 
above the sea-level, and as, moreover, it differs 
numerically with the unit of length adopted, it is 
usually represented in books on Mechanics by the 
letter g. Neglecting the resistance of the air, 
we are able to state that all bodies acquire each 
second a velocity of g feet per second in falling to 
the ground, and that g varies with the distance of 
the body from the earth's centre, but is the same 
for all kinds of bodies. As the substance of the 
body does not need to be taken into consideration, 
all problems concerning falling bodies may be 
regarded as cases of accelerated motion in which 
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a ^ ^, and may be solved by the application of the 
formulae already established : 

.--L—t=zs; or 

1;^ — w^ = 2 ^ s, 

where u is the initial velocity with which a body 
is projected downwards. 

If the body is projected vertically upwards^ 
w and g have opposite signs, and the body 
will evidently lose each second of its motion 
the same velocity which it would gain if it fell 
freely for one second. Hence, a body projected 
upwards may be said to be moving with a negative 
acceleration or retardation equivalent to a loss of 
velocity each second of g feet per second; The 
consequences which are involved in this proposition 
we will now proceed to consider separately. 

§ 40. To find the time daring which a body 
rises when projected vertically upwards with a 
certain velocity. 

Let u be the velocity of projection, then 

V =^u — g ty 

where v is the actual velocity of the body upwards 
at the time U Now at the moment when the body 
reaches its highest point, its velocity equals zero. 
If, therefore, we put v = in the above equation. 
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the corresponding value of i will b^ the time of 



rising ; 






9 
This shows that a body takes the same time to 
lose a velocity u in rising as to acquire it in falling 
freely from rest. 

§ 41. To find the whole time of flight. 

The whole time of flight is the time during 
which the body is in motion, i.e., in the case sup- 
posed, the time between the starting of the body 
vertically upwards with the velocity w, and its 
return to the point from which it was projected. 

The formula s = w « — -^ ^ ^^ gives the distance of 
a body from the starting-point after t seconds, 
when projected vertically upwards with the velo- 
city u. Now it is evident that when a body has 
risen to its maximum height and returned to the 
point of projection, its distance from the starting- 
point is zero, or s = 0. If, therefore, we put 
« = in the above equation, we get t equal to the 
whole time of flight ; 

J* 

which gives ^ =s or < = *" . The former of 

{I 
these two values shows that < = before the body 

starts, the latter that ^ = ^^ when the body has 
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9 - . 

returned. Hence - — is the icliole time of flight. 

9 



u 
9 



But - has just been proved to be the time of rising, 



therefore —must also be the time of falling: i.e. 
9 

the time of rising equals the time of falling. 

If V equal the velocity with which the body 
passes any point in its path when rising, then, 
since v at that point may be considered as a velo- 
city of projection, the body will have the same 
velocity when it returns to that point. In other 
words, a body passes each point in its path with 
the same velocity, whether rising or falling. This 
proposition may be proved directly from the 

formula 

^2=^2 — 2gs^ 

where v = velocity with which the body passes a 
point the distance of which from the point of pro- 
jection is s. For, since 

v^ =zu^ — 2 gs, V = 4: v^ {u^ — ^ 9 s). 

Hence v has two equal values differing in sign 
only, which shows that if + v be the velocity with 
which the body passes any point in its path when 
rising, — v will be the velocity with which it 
passes the same point when falling. 

§ 42. To find the height to ix^hich a body will 
rise when projected v<^rtically upwards with a 
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given velocity. — Take the formula v- = w^ - 3 (/ d J 
then, since v = at the summit, the corresponding 
value of 8 equals the height to which the body will 



rise, 



or 



• • 



,2 



8 



W 



2^ 



Since w^ = 2 ^ 5, where s is the height to which a 
body rises, and u is the velocity of projection, we 
see that a body would rise through €lie same height 
in losing a velocity u^ as it would fall through to 
gain it. 

The student should exercise himself in employ- 
ing the graphic method of proof which has been 
explained in Lesson III. to establish the foregoing 
propositions. 



A 
a 






7i 






B 



Fig. 13 



X. 



Take the above proposition, li A B repre- 
sent Uy the velocity of projection, X the line 
of time, and if A a := g, the acceleration, and 
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a c represent one second, then if -4 c be produced 
to C, B C = t, and the area ABC represents the 
distance traversed. Now, if we make C A' =: B A, 
C A' represents the velocity acquired with accele- 
ration g in time t, and, as the triangle A B Gia equal 
to the triangle A' BC^ it is clear that the distance 
traversed in losing a velocity w, with a negative 
acceleration g^ is equal to the distance traversed 
in gaining a velocity w, with a positive acceleration 
of equal value. 

§ 43. Values of g (Gravity Acceleration).— It 

has been stated that the value of g varies with the 
latitude of the place, increasing as we pass from the 
equator to the poles. Expressed in feet and seconds 
it is approximately 32*2, and expressed in centi- 
metres and seconds it is approximately 981 in the 
latitude of Greenwich. The following table gives 
more nearly the values of g at places situated at 
different latitudes : — 



T)1nAA 




Value of g 


iriace 


Feet, Seconds 


Cents., Seconds 


Equator . 

Paris . , 

Greenwich , 

Berlin 

Manchester 

Edinburgh 

Pole .... 




32-090 
32-183 
32-191 
32194 
32197 
32203 
32-254 


978-10 
980-94 
981-17 
981-25 
981-34 
981-54 
983-11 



F 



•■ 
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§ 44. Bsamplei. — (1) A body projected vertically 
downwards with a velocity of 20 feet per second from 
the top of a tower reaches the ground in 2*5 seconds ; 
find the height of the tower. Take g -» 82-2. Then 
the distance traversed due to the velocity of projection 
is 20 X 2*5 « 50 feet. The distance due to the gravity 
acceleration is i^gf^ =- 16-1 x (2-5)» = 100-G25 feet. 
Therefore the whole distance is 150*025 feet = the 
height of the tower. 

(2) A body is projected vertically upwards with a 
velocity of 200 feet per second ; find the velocity with 
which it will pass a point 100 feet above the point of 
projection. 

Take g « 32. 

Here u = 200, a = 100, and v' = w^ - 2 ^5 
.-. v' = (200)' - 64 X 100 

= 40000 - 6400 = 83600 

.-. -y = ± 40 V 21. 

(8) A man is rising in a balloon with a tmiform 
velocity of 20 feet a second, when he drops a stone 
which reaches the ground in 4 seconds ; find the height 
of the balloon. 

Here m = - 20, and ^ = 4 
and s = - ut -¥ ^^~' 

Take </ = 32 ; 

/. 8 = - 80 + 10 X 16 *= 176 

/. the height of the balloon-was 176 feet. 

Let us examine more in detail what happens in 
this case. The stone on leaving the balloon has an 
upward velocity of 20 and a downward acceleration of 
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82. It consequently rises for g second, and has then 
reached its highest point. This point is ^^^ = -^f feet 
above the point where it left the balloon. From its 
highest point it falls freely for 4 - J = 3 J seconds, and 
daring this time it falls through a distance equal to 
half the acceleration multipHed by the square of the 
time = 16 (^)^ feet. Hence the height of the balloon 
when the man drops the stone is the distance through 
which the stone falls from its highest point less Ihe 
height to which it rises = 16 {»ff ~ 16 (§)- = 176 feet. 

The student will derive advantage by solving pro- 
blems by a method similar to this instead of by direct 
application of the formula. 

(4) A man, standing on a platform which descends 
with a uniform velocity of 40 centimetres per second, 
drops a stone which reaches the ground in 5 second*. 
From what heirht did he drop the stone ? 

Take g = 980 (centimetres, seconds). 

Here «^ = 40, < = 5, and s = the height 

.\8^ ut + igf^ =^ 5 X 40 + 490 X 25 = 200 + 12250 

= 124*5 metres. 

EXERCISES V 

In the following exercises, unless otherwise stated, g 
may be taken as equal to 32 (feet, seconds) or 980 
(centimetres, seconds). 

1. Through what distance must a body fall to acquire a 

velocity of 80 feet per second ? 

2. A body falls freely for 5 seconds ; what is its velocity ? 

3. A body falls freely for 6 seconds ; through what dis- 

tance will it fall in the last second and in the whole 
time ? 
4u A body is projected upwards with a velocity of 160 
feet per second ; to what lieight will it rise ? 

f2 
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6. A body is projected upwards with a velocity of 80 } 
after what time will it return to the hand ? 

6. A ball is thrown downwards with a velocity of 20 feet 

per second ; find its distance from the point of pro- 
jection after 3 seconds. 

7. A ball is thrown downwards with a velocity of 50 feet 

per second ; what is its velocity after 4 seconds ? 

8. With what velocity must a body be projected vertically 

upwards that it may rise 40 feet ? 

9. A body projected vertically upwards passes a certain 

point with a velocity o£ 80 feet per second ; how 
much higher will it ascend ? 

10. A body projected horizontally from the top of a cliflE 

with a velocity of 40 feet per second strikes the 
ground after 3 seconds; find the distance of the 
point of fall from the point of projection. 

11. A man descending uniformly the shaft of a mine with 

a velocity of 100 feet per minute drops a stone 
which reaches the bottom in 2 seconds; through 
what distance did it fall ? 

12. A body starts with a velocity of 90 feet per second 

and loses each second 30 feet per second ; how far 
will it move ? 

13. Two balls are dropped from the top of a tower, one 

of them 3 seconds before the other; how far will 
they be apart 6 seconds after the first was let fall ? 

14. If a body after having fallen for 3 seconds break a 

pane of glass, and thereby lose one-third of its 
velocity, find the entire distance through which it 
will have fallen in 4 seconds. 

15. With what velocity must a body be projected verti- 

cally downwards that it may fall through 296 feet in 
4 seconds ? 

16. A body falls freely ; find the distances traversed in 

the 2nd, 5th, and 7th seconds respectively. 

17. A body projected vertically downwards with a certain 

velocity traverses 120 feet in a certain second ; find 
the distance traversed in the preceding second. 
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18. Two seconds after a body is let fall another body is 

projected vertically downwards with a velocity of 
100 feet per second; when will it overtake the 
former ? 

19. With what velocity must a body be projected verti- 

cally upwards to return to the hand after 6 seconds ? 

20. A ball is dropped from the top of the mast of a ship 

which is sailing at the rate of 18 miles an hour ; if 
the mast be 64 feet high, how far will the ship have 
sailed during the passage of the ball ? 

21. With what velocity must a ball be projected vertically 

upwards, to just reach the top of a tower 144 feet 
high, and how long will it take to reach it 7 

22. How high will a body rise projected upwards with a 

velocity of 96*6 feet per second ? What will be its 
velocity 3^ seconds after it was projected ? [^ = 32*2.] 

23. A man is standing on a platform which descends with 

a uniform acceleration of 6 (feet, seconds) ; after 
having descended for 2 seconds he drops a ball; 
what will be the velocity of the ball after 2 moro 
seconds ? ^ 

24. A balloon is rising uniformly with a velocity of 16* 

feet per second, when a man drops from it a stone 
which reaches the ground in 3 seconds: find the V 
height of the .balloon, first, when the stone was 
dropped ; and, secondly, when it reached the ground. 

25. A stone faUs freely for 3 seconds, when it passes 

through a sheet of glass, in consequence of which ^,^ 
it loses half its velocity ; find the height of the glass 
from the ground, if It reaches the earth 2 seconds 
after breaking the glass. 

26. A body is projected vertically upwards from the top 

of an eminence with a velocity of 100 feet per 
second ; find its velocity after 7*5 seconds. 

27. With what velocity must a body be projected verti- 

cally upwards to attain a height of 40,401 feet ? 

28. A body under the action of gravity falls freely through 

100*5 f f et in ?-5 s^popds ; what is t^he Vfilue of q — 
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(1) when the units of time and space are <me second 
and (me foot) (2) when they are oTie minute and one 
yard ? 
20. A stone is projected downwards from the top of a 
precipice with a velocity of 25 metres per second; 
when will it have acquired a velocity of 74 metres 
per second, and what distance will it have then 
traversed? ^7 = 9-8 (metres, seconds).] 



VI. Special Cases of Falling Bodies 

§ 45. To determine the motion of a body 
projected from a given height with a uniform 
horizontal yelocity.— If a body is projected, say, 

N 




Fig. U 



from the top of a cliff with a given velocity in a 
horizontal direction, the velocity of projection and 
the gravity acceleration are at right angles to. each 



FALLING BODIES 71 

other, and the body will consequently move in a 
curve which may be plotted out on squared paper. 
The position of the body at any time may be 
found by ascertaining the distance of the corre- 
sponding point of the curve from the horizontal 
and vertical lines through A, the point of projection. 

Let u = the velocity of projection. Then if 
the body is at P after t seconds, A N represents 
the distance the body would traverse in t seconds 
with the uniform velocity w, and N P the distance 
it would move through in t seconds with accelera- 
tion g. 

.\ A iV= w t and NP = A M=^\g t^. Hence 
the distance AP =^- -v^d u^ + a^ t^. 

§ 46. To determine the motion of a body that 
starts with a uniform velocity in a direction in- 
clined to that of the vertical at an angle less than 
a right angle. — Let A (fig. 15) be the direction 
in which a body starts with a uniform velocity w. 
Then if points Aj, a2, a^ along ^ be so taken that 
il aj = aj ^2 = ^2 ^3 = ^> ^"^^ i^ verticals «i 6i, 
aj 62, ^3 &3 be drawn from aj, (Xj? ^3 equal in length 
to the distances through which a body falls freely 
in one second, two seconds, and three seconds 
respectively, the points ftj, 62, 63 determine the 
position of the body after each successive second, 
and in this way the path of the body may be plotted 
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out. At any point P which the body reaches 
after t seconds the distance AQ=-ut, and the 
distance Q P =s^ gt^^ a& before. 

After a time, depending on the magnitude and 
direction of w, the body will be at a point B in the 
same horizontal line with A. If the body comes 




Fig. 15 



to rest at B the time occupied in passing from A 
to J? is called the whole time of flight, and the 
distance A B is called the horizontal range. 

§ 47. To find the whole time of flight, the 
horizontal range, and the height to which the 
body rises. — By applying the principle of the 
Resolution of Velocity (§ 37), the velocity u may 
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be resolved into a vertical and a horizontal com- 
ponent. Call the horizontal component JT, and the 
vertical component Y, The horizontal component 
represents the distance through which the body 
moves horizontally in each second ; and the vertical 
component is that which is lessened by g each 
second as the body rises, and increased by g each 
second as the body falls. 

If, then, t be the time the body takes to reach 
its highest point, Y===tg, and consequently (§41) 

9 y 
the whole time of flight = —-, 

U 
If h be the height to which the body rises 

before it begins to fall, 7^ = 2 ^A, or /t = 
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^9 

As 2 Hs the time occupied in passing from A 
to B^ the distance AB is 2 JT^, where X is the 
horizontal component of the velocity; and as ^ = 

— the horizontal rauffe = ~ ♦ 

9 ^ g 

For the general determination of the horizontal 
and vertical components of the velocity a know- 
ledge of trigonometry is necessary, but in some 
few cases they can be determined by ordinary 
geometric methods. 

§ 48. examples. — (1) A body on a level plane has 
simultaneously imparted to it a vertical velocity of 64 
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feet per second) and a horizontal velocity of 80 feet per 
second ; find the horizontal range. 

HereX - 30 andY « 64, /. 2 ^ « ^Jr = 4, taking g = 

82, and horizontal range « 2 ^ Z « 4 x 80 » 120 feet. 

(2) A shot is fired in a direction inclined at 60° to the 
horizon with a velocity of 49 metres per second ; find 
the height to which it rises and the horizontal range. 
By § 47 the vertical component of the velocity is 
24*5 X v^ 3, and the horizontal component is 24*5 
metres per second. 

If h be the greatest height, (24*5 x ^^f ^2gh\ 

24'6 X 24*5 xS.,. no/i/A \ 

•*• ^' — 2x9-8 ' takmggr- 9-80 (metres, sees.); 

/. h e 91 J metres. 
Similarly 24*5 x ^3 '^ tg, where t is time of rising; 

. o/ 2x24-5x^/3 

..2t -^-Q 

and the horizontal range - ^J^(^)[jL^ 

m — -r_ metres, 

§ 49. Motion on an Inclined Plane. — In the 
preceding paragraphs we have considered cases of 
the combination of the vertical acceleration due 
to gravity with the whole of the resolved part of 
a uniform velocity of projection. We have now 
to consider cases of the motion of a body due to 
a resolved part of the vertical gravity acceleration, 
either alone or in combination with uniform 
velocity. 
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ExaiBpIes of this kind of motion are seen 
when a body falls down or is projected along an 
inclined plane. 

§ 50. Let AB he a, smooth pla.ne inclined to 
the horizon at an angle ABC; it is required to 
find the effectual acceleration with which a heavy 
body will move if it slides down or is projected 
up the plane. 




Fig. 16 

Let the body be moving down the plane. 

Suppose the body to be at a. 

Draw a h vertically downwards and make it 
equal to -4 ^. Let a h represent g^ the vertical 
acceleration with which the body would move if 
free to fall. Then, if 6 c be drawn at right angles 
^ ABy the triangle a 6 c is in every respect equal 
to the triangle ABC, and a c represents the 
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resolved part of the acceleration a 6 in the direc- 
tion A B, 

Let a be this component of g. 

Then a: g :: ac :ab (§ 37), 

ac AC 

since acr=z AC and ab = AB. 

Let A C, the height of the plane, equal A, and A B, 
the length of the plane, equal I. 



Then a = y, g. 



^9 



If the angle of the plane is 30°, a = ^ 

450 „ 9 

60^ a = l^ 
2 

If the body be projected up the plane the 
retardation or negative acceleration due to the 
body's tendency to fall will also be represented by 

a c, and will be equal to — y . ^. 

§ 51. The motion of the body on a smooth 
inclined plane can be determined by substituting 
this value of a in the fundamental equations of 
§ 16, the value of u being zero, if the body slide 
down the plane with the resolved part of the 
gravity acceleration only, and wh^re th^ signs of 
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U and d at*e the same or opposite according as the 
initial velocity is downwards or upwards. 

§ 52. Szamples. — (1) Find the velocity with which 
a body must be projected up an inclined plane, the 
height of which is h feet, and length I feet, so as just 
to reach the top. 

At the summit v - 0, /. w** = 2 a « =■ 2 y . gr . Z ; 

V 



.*. t* = V^h g, i.e. the same velocity as would be 
needed to project the body from C to ^ (fig. 16). 

(2) Find the time occupied in falling down the 
whole length of an inclined plane. 

Here t* = 0, s = Z, and a ^ -g\ 



or t ^ I 



VA 



showing that if the height of the plane remains 
the same, the time of falling varies directly with the 
length. 

§ 53. To find the time of falling down any 
chord of a vertical circle drawn throngh its 
highest point. 

Let AC (fig. 17) be the chord, A B the vertical 
diameter of the circle. Join C B and draw C D 
perpendicular Ui AB. Then the acceleration down 

'4C'=-j-^^=— - ^, by similarity of triangles, 
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AC 



As w = 0, and 8 = A C, and a = - -- . 7, 

AB ^' 

we have il(7 = ia<^=si -7-^ • fl' ^^ ; 

which is constant, being independent of A C. and 




shows that the time of falling down any chord is 
the same as the time of falling down the diameter. 

§ 54. This proposition enables us to find the 
line of quickest descent from a point to a curve 
or from one line to another. 

The line of quickest descent from a point to a 
straight lino inclined to the horizon may be found 
thus : — Let P be the point (fig. 18), A j^ the straight 
line. Through F draw P^, a horizontal line 
meeting A BSxi A, Bisect the angle P A B hy A 0, 
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Through P draw P C vertical, and from C draw 
C Q perpendicular \x) A B, PQ is the line of 
quickest descent. For it is evident that a circle 
may be described which has C for its centre and 
which touches A B and AP mQ and P ; and since 
the time of falling down all chords of this circle 
from P is the same, PQ must be the line of 
quickest descent. 




Fig. 18 



The problem of finding the line of quickest 
descent from a point to a curve is thus found to 
resolve itself into the geometrical problem of 
drawing a circle, the highest point of which shall 
be the given point, and which shall touch the given 
curve. 

EXERCISES VI 

1. The angle of a plane is 30°, the length 20 feet ; find 
the time occupied in falling from the top to the 
bottom. 
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2. Tlie angle of a plane is 30° ; find the velocity with 

which a body must be proje:jted up it, to reach the 
top, the length of the plane being 20 feet. 

3. Find the velocity of a body that has fallen for 3 

seconds down a plane that rises 2 inches in a length 
of 5 inches. 

4. A body is projected down a plane the inclination of 

which is 45° with a velocity of 10 feet; find the 
distance traversed in 2J seconds. 

5. A steam-engine starts on a downward incline of 1 in 

200 with a velocity of 7^ miles an hour ; neglecting 
friction, find the distance traversed in 2 minutes. 

6. A body projected up an incline of 1 in 100 with a 

velocity of 16 miles an hour just reaches the sum- 
mit ; find the time occupied. 

7. A body is projected with a velocity of 200 feet per 

second in a direction inclined to the horizon at 46° ; 
find the greatest height it reaches, and the distance 
of the point where it touches the ground from the 
point of projection. 

8. Find the distance traversed by a body that slides on 

a plane inclined at 30° to the horizon while the 
velocity changes from 48 to 16 feet per second. 

9. A heavy body on a level plain has simultaneously com- 

municated to it an upward vertical velocity of 48 
feet per second, and a horizontal velocity of 26 feet 
per second. Find its greatest height, its range, and 
its whole time of flight. 

10. A stone projected horizontally with a velocity of 20 

feet per second from the top of a tower strikes the 
ground after 3 seconds; find the distance of the 
point of fall from the point of projection. 

11. A body projected at an angle of 60° to the horizon 
y^ with a velocity of 400 feet per second strikes the 

perpendicular face of a tower at a horizontal dis- 
tance of 200 feet from the point of projection. Find 
the height at which it strikes the tower, (g = ?2.) 
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EXAMINATION QUESTIONS II . I 

1. A heavy particle is dropped from a given point, and 

after it has fallen for one second another particle is 
dropped from the same point. What is the distance 
between the two particles when the first has been 
moving during 5 seconds ? 

2. Through what vertical distance must a heavy body 

fall from rest in order to acquire a velocity of 161 
feet per second ? If it continue falling for another 
second after having acquired the above velocity, 
through what distance will it fall in that time? 
07 = 32-2.) 

3. A balloon has been ascending vertically at a uniform, 

rate for 4*5 seconds, and a stone let fall from it 
reaches the ground in 7 seconds ; find the velocity 
of the balloon and the height from which the stone 
is let falL 

4. If a heavy body is thrown vertically up to a given 

height, and then falls back to the earth, show that,^ 

' neglecting the resistance of the air, it passes each 

point of its path with the same velocity when rising 

and when falling. — Univ. Lond, Matric^ Jan. 1871. 

5. A ball is allowed to fall to the ground from a certain 

height, and at the same instant another ball is 
* thrown upwards with just suflBcient velocity to carry 
» it to the height from which the first one falls ; show 

when and where the two balls will pass each other. — 

Ih. Jan. 1871. 

6. The intensity of gravity at the surface of the planet 

Jupiter being about 2*6 times as great as it is at the 
surface of the earth, find approximately the time 
which a heavy body would occupy in falling from a 
< height of 167 feet to the surface of Jupiter. — Ih: 
Jan. 1873. 

7. If a body is projected upwards with a velocity df 120 

feet in a second, what is the greatest height to 

G 
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which it will rise, and when will it be moving with 
a velocity of 40 feet per second ? — lb, Jan. 1874. 

8. Suppose that at the equator a straight hollow tube were 

thrust vertically down towards the centre of the 
earth, and that a heavy body were dropped through 
the centre of such a tube. It would soon strike one 
side ; find which, giving a reason for your reply. — 
Ih. June 1874. 

9. From a point in a smooth inclined plane a ball is 

rolled up the plane with a velocity of 16-1 feet per 
second. How far will it roll before it comes to rest, 
the inclination of the plane to the horizon being 
30°? Also, how far will the ball be from the 
starting-point after 5 seconds from the beginning of 
the motion ? [^= 32-2.]— 7*. June 1874. 

10. A rifle-bullet is shot vertically downwards from a 

balloon at the rate of 400 feet per second. How 
many feet will it pass through in 2 seconds, and 
what will be its velocity at the end of that time, ne- 
glecting the resistance of the air and estimating the 
acceleration due to gravity as 32 ? — Tb. Jan. 1875. 

11. A stone is let fall from the top of a railway-carriage 

which is travelling at the rate of 30 miles an hour. 
Find what horizontal distance and what vertical 
distance the stone will have passed through in one- 
tenth of a second. — lb, June 1875. 

12. A body projected vertically upwards against gravity 

has risen 120 feet in one second. What was its 
initial velocity of projection, and how far will it rise 
during the next second ? — lb. Jan. 1876. 

13. A stone projected vertically upwards reached the 

ground again in six seconds. What was its height 
above the ground at the end of the first second 1 
ig = 32.)— /d. June 1876. 

14. A stone is thrown into the air, at an angle of 46° to 

the horizon, with a velocity of 128 feet per second. 
Show that the path of the stone will not be a 
straight line ; and determine the amount of vertical 
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deviation from a straight line at the end of two 
seconds, neglecting the resistance of the air. (^ = 32.) 
—7^. June 1876. 

15. A particle is projected in a horizontal direction with 

a velocity of 10 miles per hour, and at the same 
time falls under the action of gravity. Assuming 
that no other forces are acting, and taking ^ » 32 
(feet, seconds), draw a picture representing the posi- 
tion of the particle at the .end of 1, IJ, 2^, and 
3 seconds. — Ih. Jan. 1877. 

16. What is the average velocity of a body during the 

first second of its fall under gravity ; also during 
the first 2 seconds ? Show how, by knowing the 
average velocity, you can find the whole space fallen 
through.— -iJ. Jan. 1878. 

17. A stone dropped into a well reaches the water with a 

velocity of 80 feet per second, and the sound of its 
striking the water is heard 2^ seconds after it is let 
fall. Find from these data the velocity of sound in 
air. 0=:32.)— /ft. Jan. 1879. 

18. A body is projected up a smooth inclined plane, whose 

height is one half of its length, with a velocity of 
60 feet per second, and just reaches the top. Find 
the length of the plane and the time taken in the 
ascent. — Ih, July 1879. 

19. If ^=981 centimetre second units, from what height 

must a body fall in order that it may have a velocity 
of 50 metres per second on striking the ground ? — 
lb. Jan. 1880. 

20. A heavy body starting from rest slides down a smooth 

plane inclined 30° to the horizon. How many seconds 
will it occupy in sliding 240 feet down the plane, 
and what will be its velocity after traversing thia 
distance ? (g = 32.) —lb. June 1 880. 

21. The height of an inclined plane is | of its length ; a 

body is projected up the plane from the bottom 
with a velocity of 50^ feet per second, and slides 
down again. Find the distance attained, and the 

62 
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time before the body arrives at the starting-point. — 
Ih, June 1881. 

22. Define acceleration. If a ball slides without friction 

down an inclined plane, and in the 5th second after 
starting passes over 2207*25 centimetres, find its 
acceleration and the inclination of the plane to the 
horizon. ^=981 (cms., sees.) — Th, Jan. 1884. 

23. A cannon-ball is shot horizontally from the top of 

a tower 49 feet high, with a velocity of 200 feet 
per second. Find at what distance from the towet 
the cannon-ball will strike the ground. — lb. June 
1885. 

24. A stone is projected into the air with a velocity of 

200 feet per second, in a direction inclined at 60® 
to the horizontal plane. With what velocity must 
another stone be projected vertically upwards that 
the two stones may rise to the same height above 
the horizontal plane ? — Ih, Jan. 1886. 

25. A stone is thrown vertically upwards with such a 

velocity as will just raise it to the top of a -tower 
100 feet high. Two seconds afterwards another 
V stone is thrown up from the same place with the 
same velocity. Determine when and where the 
stones will meet. — Ih. Jan. 1887. 

26. A stone is projected up a smooth inclined plane with 

a velocity which will just carry it to the top.. How 
far relatively would a stone ascend a plane of the 
same length but twice the height, if projected with 
half the velocity 1—Ib. June 1887. 
37. A body is projected vertically upwards from a point 
at a height h above the ground with a velocity due 
to a fall through a distance \h. Find when it will 
. strike the ground. — Ih. Jan. 1888. ' \ 

28. Find the ratio of the height to the length of a smooth 
^ . inclined plane down which when a particle slides 
the acceleration of its velocity is \ of the accele- 
ration of the velocity of a body falling freely under 
the action of gravity.— 5. ^' A. Bep.^ 1887. '' 
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29. If a body falling freely describes a distance of 30 

yards in half a second, what was its velocity at the 
beginning of the half-second ? — Ih. 1888. 

30. A body 'slides down a smooth inclined plane, the 

height of which is 10 feet and the length 100 feet ; 

find— 
(fl) The acceleration of the body's velocity while sliding ; 
(d) The velocity which the body acquires in sliding from 

the top to the bottom of the plane ; 
(fi) The time it takes, starting without initial velocity, 

to go from the top to the bottom, ig « 32.) — lb. 1890. 
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CHAPTER III 

MEASUREMENT OF FORCE 

VII. Explanation of Terms 

We have now to consider motion in its connection 
with the quantity of matter moved, and with the 
cause producing it. 

§ 55. Matter, Inertia. — In treating, in the 
previous lessons, of motion in the abstract, we 
have had constantly to refer to moving bodies. 
In the whizzing bullet, in the running stream, and 
in the wind that blows we have examples of 
matter in motion. "Whenever we speak of motion 
it must be in reference to moving matter. It is 
not easy to find a ready answer to the question, 
What is matter ? Our perception of matter arises 
from the muscular feeling of resistance, and, con- 
sequently, whatever produces the feeling of resist- 
ance we call matter. The feeling of resistance 
implies force ; hence the ideas answering to 
the terms matter and force are intimately associ- 



MEASUREMENT OF FORCE 87 

ated. This connection is seen in the fact that it 
is easier to move an empty waggon than one 
filled with goods, and generally that the more matter 
we have to set in motion the more force we have 
to exert. As we ourselves are conscious of putting 
forth effort to change the motion of moving 
bodies, or to set in motion matter apparently at 
rest, so we speak of inanimate bodies which are 
capable of overcoming resistance as exercising force. 
In this way we speak of the force of a bullet in over- 
coming the resistance of a target, or the force of a 
stream and of the wind in overcoming the resist- 
ance of a wheel. This property of matter, uni- 
versally present, by which it requires force to over- 
come its resistance to change of motion, is called 
Inertia, and serves as a measure of the quantity 
of matter in a body. Thus there is more inertia 
in a cannon-ball than in a grape-shot, in an or- 
dinary cricket-ball than in a ball of the same size 
made of cork. 

§ 56. Hass and Density. — The quantity of 
matter a body contains is called its mass^ and, 
consequently, the mass of a body is measured by 
its inertia, i.e. by the force required to give it a 
definite velocity in a given time. 

If we take two bodies of the same material — 
say, a cannon-ball and a grape-shot — the ratio of 
their masses, as measured by their motion, is the 
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ratio of their volumes. But if we take a ball of 
lead and a ball of wood of the same size, we find, 
by applying the same force to each, that the 
inertia, and consequently the mass, of the ball 
of lead is greater than the mass of the ball of 
wood. This difference in the structure of the sub- 
stance of the two bodies is termed a difference in 
density, and is due to the difference in the close- 
ness with which the particles are packed. The 
mass or quantity of matter in a body depends, 
therefore, not only on its size or volume^ but 
also on its density ; and the proper measure of 
density will be the quantity of matter in some 
definite volume of the body. The most convenient 
volume to take is the unit- volume, and therefore 
we define density as tlie mass of a unit-volume^ 
always remembering that the mass must be ulti- 
mately measured by its inertia or resistance to 
motion or change of motion. 

If, then, we call d the mass of a unit-volume, 
and M the mass of V units of volume, we have 

if= Vd] or, d=zM-^ r. - 

The unit of mass is an arbitrary quantity of 
matter, and is taken as the quantity of matter in a 
standard pound avoirdupois, or in a gram^^ ac- 

' The gram is the quantity of matter in a cubic centi- 
metre of pure water at a temperature of 4® C. One pound 
avoirdupois equals 453*59 ^njoa. 
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cording as we adopt the British or what is known 
as the centimetre-gram-second (C.G.S.) system of 
measurement. 

Mass is invariably expressed in terms signify- 
ing weight, but the distinction between mass and 
weight must be carefully kept in view, and will be 
further considered later on, when we shall explain 
under what conditions this is correct. When we 
speak of a pound of lead, the word * pound ' ex- 
presses a definite quantity of matter. Commer- 
cially, weight always stands for mass, and the 
merchant who estimates his stock by cwts. and 
tons understands by those weights nothing more 
than the measure of the quantity of matter he 
possesses. When we use the word * pound' to 
signify weight we shall call it a * pound-weight.* 

§ 57. Momentiim.— Hitherto we have treated 
motion in the abstract, with reference to its rate 
and direction only, but without reference to the 
quantity of matter moved ; and the rate of motion 
or velocity was in that case its correct measure. 
But it is evident that if two bodies are moving 
with the same velocity there will be a greater 
quantity of motion in that which contains the 
greater quantity of matter, just as there is more 
heat in ten gallons of water at 10° C. than in 
one gallon at the same temperature. When 
the motion of a definite amount of matter 
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is thus considered, it is called momentum. Thus, 
the word momentum is employed to express the 
qv4intity of motion in a m^yving body. The differ- 
ence between momentum and velocity is analogous 
to that which exists between the quantity of heat 
a body contains and its temperature. Everyone 
knows that there is more heat in a hundred 
gallons of water at 20° C. than there is in a tea- 
spoonful of boiling water, although the tempera- 
ture of the latter is much higher than that of the 
former. 

In measuring momentum it is necessary to 
take some fixed amount of motion as a unit. The 
unit of momsntum is defined as the quantity of 
motion in a unit of m^ass moving with a unit of 
velocity. The unit of mass in this country is the 
quantity of matter in a standard pound avoirdupois 
or in a gram, and the unit of velocity has been 
already defined. According to the units we 
adopt, therefore, the unit of momentum is the 
quantity of motion in a pound moving with a 
velocity of one foot per second, or the quantity of 
motion in a gram moving with a velocity of one 
centimetre per second. 

If a body contains M units of mass, and is 
moving with a unit of velocity, it will possess M 
units of momentum, and if it is moving with v 
units of velocity it will possess Mv units of mo- 
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mentum. This is what is meant by saying that the 
momentum of a body whose mass is M and 
velocity v equals M v. 

§ 58. Force. — We are now in a position to 
consider what is meant by force. The principal 
properties of matter with which we are concerned 
are, that it moves, and has inertia, or offers resist- 
ance to change of motion. Now, force is the 
name given to the unknown causes of all the 
various phenomena which affect these properties ; 
and as all these phenomena are accompanied by 
motion, or tendency to motion, we define force as 
whatever produces, or tends to produce, motion or 
change of motion. It is evident that of forces, 
per se, we can know absolutely nothing. We can 
only observe their effects ; and of these the most 
general is motion. We have already seen that 
matter and the tendency to motion are always 
conjoined, and this fact has led some writers to 
identify force and matter. It is quite certain that 
matter does not exist apart from force ; and we 
•need not now pause to consider whether force can 
exist apart from matter. 

§ 59. Measurement of Force. — The intimate 
connection that exists between moving matter 
and force enables us to measure force by the 
amount of motion produced or destroyed in a unit 
of time. Having already defined what is meant 
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by quantity of motion, we see that ilie proper 
7)iea8ureof force is tlie momentum generated or 
destroyed in one second. 

\ § 60. TTnit of Force.— The unit of force is that 
force which in a unit of time can produce or 
destroy a unit of momentum. In the British 
system the unit of force is that force which, act- 
ing for one second, will give to a mass of one pound 
a velocity of one foot per second. This unit is called a 
poundal. In the C.G.S. system the unit of force 
is that force which, OA^tingfor one second, will give 
to a mass of one gram a velocity of one centimetre 
2Jer second. This unit is called a dyne. Both the 
poundal and dyne are absolute units of force. 

§ 61. Force of Gravitation. — The forces of 
nature are very various, being due to gravitation, 
cohesion, heat, electricity, and other causes. All 
forces tend to produce motion, some acting between 
bodies widely distant in space, and others between 
the molecules of bodies in intimate juxtaposition. 
Of these forces that which is most easily measured 
is the force of gravitation. This force is universally 
present, and gives rise to the phenomenon known as 
weight. . The force of gravitation acts between all 
bodies, and through any intervening space. The law 
of universal gravitation was established by Newton. 
It asserts that every particle of matter attracts, 
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ajid is attracted to, every other particle of matter, 
wherever situated ; aud that the attractive force 
diminishes as the square of the distance between 
the two bodies increases. The force of gravitation 
explains the motion of the planets and other 
heavenly bodies, as well as the tendency of all 
bodies near the earth to fall to the ground. > This 
force, being universally present, we can use it in 
certain cases as a standard of comparison for 
other forces. It should, however, be clearly under- 
stood that weight is but one of many different 
forces, which, under certain conditions, it may 
serve to measure. Just as gold, which is no more 
wealth than any other commodity, is taken to 
represent and measure other kinds of wealth, on 
account of its easy divisibility, its constancy of 
value, and other properties, so weight is frequently 
taken as the standard by which other physical 
forces are estimated. A sovereign may be regarded 
as a certain amount of wealth in the form of gold, 
and also as the measure of an equal amount of 
wealth in some other form ; and in the same way 
a pound - weight, which represents a definite 
amount of the force due to gravity, may serve also 
to measure other forces capable of producing th^ 
same effect. * 

§ 62. Weight and lEass. — We have seen that 
by the weight of a body is understood the amount 
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of gravitation force acting on the body, and by 
mass the quantity of matter the body contains. 
The word weight, however, has been made to do 
double duty, sometimes standing for force and 
sometimes for mass. These two significations of 
the same word should be carefully distinguished. 
Since the force of gravitation varies inversely with 
the square of the distance from the earth's centre, 
the same amount of matter is heavier at one 
place than at another. Hence, whilst the mass 
of a body remains the same, its weight may 
change. Thus the same amount of matter weighed 
in a spring balance would be found to stretch 
the spring less at the equator than at the poles, 
and less also at the top of a high mountain 
than at the level of the sea. Whenever weight is 
used to measure mass it is tacitly understood that 
the gravitation force is constant, and on this sup- 
position only can weight become a correct measure 
of the quantity of matter in a body. Two masses 
may be compared in a common pair of scales or a 
balance, because the gravitation force acting on 
each particle of the two bodies is the same. The 
ordinary process of weighing is an operation for 
determining whether two masses are equal, or how 
many times the one is greater than the other. The 
accuracy of the method depends on the fact that 
the masses to be compared are practically at the 
same distance from the earth's centre. 
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§ 63. Gravitation Unit of Force.— The pound- 
weight is sometimes taken as a unit of force, and 
^ called the gravitation unit, to distinguish it 
from the absolute unit, which we have already 
defined (§ 60). If a body whose mass is one pound 
fall freely for one second it will acquire a velocity 
of 32*2 feet per second, i.e. the gravitation force 
between the earth and that mass, which we call 
its weigM, will give to the mass of one pound about 
32*2 units of velocity in one second. It follows, 
therefore, that the force of a pound-tceight can 
produce in a second about 32 '2 units of momentum, 
and consists of 32*2 units of force. A force equal 
to ^- pound-weight is consequently sufficient to 

produce in one second one unit of momentum, and 
is equivalent, therefore, to the absolute unit of 
force or poundal. This may be roughly taken as 
the force of a half-ounce weight (avoirdupois) ; so 
that a force equal to a half-ounce weight acting on 
a mass of a pound for one second will give it a velo- 
city of one foot per second. Similarly, it may be 
shown that the force equal to the weight of a gram 
is equivalent to about 981 dynes, or C.G.S. units 
of force. These facts, which will later on be 
experimentally verified, show that the relation 
between gravitation and absolute units of force 
may be expressed by the equation : 

Gravitation unit = g Absolute units. 
Aij the absolute unit of force can be approximately 
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measured by a certain weight, all forces can be 
represented by equivalent weights, provided the 
comparison is made at the same distance from the ^ 
earth's centre, or with the necessary corrections 
for the variation in the gravitation force. 

§ 64. Centre of Gravity. — In connection with 
the word weight it is well to define a term of fre- 
quent occurrence in mechanical problems, and 
which we shall have afterwards to consider more 
carefully in its relation to particular bodies. The 
word * centre of gravity ' is used to express that 
one point at which the whole weight of a body 
may be supposed to act. Such a point is found to 
exist with respect to every body, and, knowing the 
position of this point, we are able to consider the 
weight of the body as a force acting, at that point, 
vertically downwards. Where it is not necessary 
to consider the pulling force due to the weight of 
the particles of which the body consists this point 
is called the centre of mass, or rrMss-centre, 

§ 65. Stress and Strain. — When a solid body 
is acted upon by external forces in such a manner 
that the body, as a whole, does not move, the 
shape of the body is usually more or less altered, 
i.e. the normal position of the particles with respect 
to one another is changed. We see an example of 
this when we stretch a piece of india-rubber. In 
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all bodies this change of the position of the particles, 
provided it be not so great as to cause rupture or 
fracture of the body, causes internal forces to come 
into play, tending to restore the body to its original 
shape. These internal forces are called stresses, and 
the change of shape producing them is called a 
strain. In many mechanical problems the strains 
with their accompanying stresses are neglected, and 
bodies subjected to the action of external forces 
are considered as rigid. Thus a perfectly rigid 
body is one the shape of which is not changed, i.e. 
in which no strain is produced by the action of 
external forces, however great. In nature no such 
body exists, and although in some cases the strains 
and stresses may be neglected, and the body may 
be regarded as rigid, in most practical problems 
they have to be considered and carefully calculated. 
These calculations are usually difficult, and belong 
to a branch of mechanics outside the scope of the 
present work. These considerations, however, 
further illustrate the proposition of the introduc- 
tory chapter of this book, that motion is the uni- 
versal attribute of matter. 

§ 66. Pressure. — When a heavy body rests on 
a hard surface and is prevented from producing 
motion by the stresses set up among the particles 
of the substance on which it rests, it is said to 
exert di> pressure. Pressure may be produced by 

H 
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other forces than weight ; but in all cases the 
tendency of the force to produce motion in the 
mass of a body, as a whole, is counteracted. 
Since pressure has always reference to forces acting 
on a surface, its proper measure is the force per 
unit of area of the surface acted upon, and the 
advantage of this use of the term is clearly seen 
in treating of the dynamics of fluid bodies. 



VIII. Dynamical Formulce — AttvoodHs Machiiie — 

Problems 

§ 67. Suppose a force the magnitude of which 

we will call F is capable of giving to a mass M a 

velocity of a feet per second during every second 

of its action, then the force F will generate in one 

second Ma units of momentum, and Ma will be 

the measure of F, Since the unit of force is that 

force which can produce in one second one unit of 

momentum, the force F which generates in one 

second M a units of momentum must contain M a 

units of force, or 

F=Ma, 

This is the fundamental proposition of dynamics, and 
expresses in absolute units the measure of a force. 

F 

If we write the equation in the form a = ^-^ 

it tells us that, if- a force F act on a mass M, the 
acceleration produced is the ratio of the force 
causing motion to the mass moved. 
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§ 68. Suppose W to be the weight of a body 
having M units of mass at a place where the 
gravity acceleration is g^ then the mass if, if free 
to fall, will acquire in one second a velocity of 
g feet per second. Since the weight W is the 
measure of the force operating between the earth 
and the body and causing M to fall, TT is a force 
which will generate in one second M g units of 
momentum, and consequently 

W=Mg. 

This equation expresses the relation between the 
weight of a body and its mass, and shows that the 
weight of a body equals M g absolute units of 
force. If we substitute the value of M given by 
the equation W^=^Mg in the general equation 
F =-M a^ we obtain 

£ = — .a, 
9 

cr F \W \\ a\ g \ or, a =- g. 

This last equation is most important in the solu- 
tion of kinetic problems, and expresses the fact 
that if a force F act for one second on a certain 
quantity of matter, the weight of which is TF, 
where the acceleration due to gravity is g, then the 
velocity generated in every second of i^^s action is 

F 
a feet per second, where a =-_ . .^. 

In this equation F stands for the measure of a 

h2 
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definite quantity of any one of the physical forces, 
and is supposed to be acting constantly for some 
definite period of time. It may mean a muscular 
force or the elastic force of steam which produces 
motion in a variety of ways, or the force of an 
elastic spring which animates a watch, or a certain 
amount of heat capable of stretching an iron bar. 
It may also represent a resistance such as friction, 
which tends to destroy momentum, and which 
acts in a direction opposite to that in which motion 
is about to take place. In all cases, if ^ be the 
moving or retarding force, and a the velocity pro- 
duced or destroyed in one second, 

and a= .g, 

where W is the weight of the mass M, 

§ 69. In the foregoing proposition F and W 
are supposed to be measured in absolute units of 
force — i.e. in poundah or dynes — but the proposi- 
tion is equally true if F and W are measured in 
gravitation units, provided g is unchanged, since 
the gravitation unit equals g times the absolute 
unit of force. It is essential, however, that both 
F and W should be measured either in absolute or 
in gravitation units. 

Moreover, if P and M be two masses, the 
weights of which in absolute units are F and W 
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respectively, then F-ssiFg and W -=- M cj {% 68), 
and if the action of P's weight on M cause an ac- 

celeration a, then a = - —- = —>, a form of the 

M M 

equation which is of frequent use, where we are 

dealing with the acceleration produced by the 

weight of one mass acting on another mass. 

§ 70. The relation that subsists between the 
quantities of F^ TT, and a, or between P, Jf, and 
a, as given in the above equations, may be verified 
in many different ways, but most conveniently by 
a machine called, after its inventor, Atwood's 
Machine, by means of which we can show that if 
M remains constant a varies with P, and if P 
remains constant a varies inversely with M. 

§ 71. Atwood's Machine. — This consists es- 
sentially of a grooved wheel, revolving with as 
little friction as possible, over which passes a fine 
thread supporting at one end a mass P, and at the 
other end a mass Q, The wheel is fixed at a con- 
siderable height above the floor, and close to it is 
fixed a pillar with a scale graduated in centimetres or 
in feet and inches. To lessen the friction, the axis 
of the revolving wheel is mounted on the circum- 
ference of four smaller wheels. A pendulum beating 
seconds, or some instrument for accurately marking 
time, must be used with the machine. If the two 
masses P and Q are equal they will either remain 
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at rest or move uniformly with the velocity im« 
parted to them. If a small mass be added to 
either, the weight of that masa becomes the moving 
force, and the three masses together represent the 
whole of the mass moved. The additional mass, 
the weight of which serves as a moving force, is 



often in the form of a small bar, so that it may re- 
main on the top of a ring F with which the upright 
pillar A B is furnished, and through which the 
masa P can pass. If now the ring F he placed at 
such a distance below the starting-point that the 
mass P reaches it in one second, the velocity then 
acquired will equal a, the acceleration ; and if the 
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bar be left on the top of the ring, the mass will move 
uniformly with the velocity already acquired. If 
then a stage G be placed so far below the ring as 
to stop the mass P in one second after the bar has 
been moved, the distance F G will measure a, the 
acceleration. Then it will be found that, if the 
mass of the bar be increased whilst the whole mass 
remains the same, the acceleration will vary di- 
rectly with the force causing motion ; and if the 
mass of the bar remain the same, whilst the equal 
masses are increased, the acceleration is correspond- 
ingly diminished. If, also, the value of a be cal- 

Pq 
culated from the formula a = -^^j the distance 

M 

F G will be found to accord with it, and in every 

other respect, by giving values to the symbols in 

this expression, the experiment will illustrate the 

results arrived at in the preceding paragraph. 

One advantage of this machine is that the value 
of a, and consequently the distance FGj can be 
made as small as we please by taking the mass of 
the bar sufficiently small compared with the two 
equal masses. If the two masses P and Q are not 
equal, then the force causing motion is the differ- 
ence between the weights of P and Q = (P — Q)g. 
The mass moved is P -|- Q ', and 

/. since a= ,,, we have a= ^- — z<-* 
M P+Q 

As soon as the acceleration is determined, all 
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problems connected with the motion of the masses 
can be determined by substituting its value for a 
in the fundamental equations 

v^ ^ u^ ss2 as. 

§ 72. fizamples. — (1) To determine the value of 
g, Atwood's machine may be employed in determin- 
ing the value of g. 

Thus, suppose the mass of the bar to be 1 oz., and 
each of the two equal masses to be 15*6 oz., and that 
in this case the distance i^ G is found by experiment 
to be 1 foot. 

Then, since a = -?, and P-1 oz., and ilf = (2 x 

M 

16'6 + 1) oz. = 82*2 oz., we have 

^ = ^ '^ qH;h '9f ^^ 9 = 32'2 (feet, sees.) 

Again, suppose P = 50 grams, and (J = 48 
grams, and that it is found by experiment that P 
starting from rest descends through 40 centimetres in 
2 seconds. Then from the formula 8 = ^ at^we have 
40 *» ^ a X 4, or a =: 20 ; 

P " O 2 

and since a = -- — ^. g, we have 20 = — ^,or 

g = 980 (cents., sees.) 

(2) To find the distance passed over from the 
starting-point by either mass in 3 seconds, when P » 
6 oz. and Q = 8 oz. 

Here, the force producing motion is (5 - 8) ^ *= 
2 oz., weight, and the mass moved is 5 + 8 - 8 oz. ; 

/. a = |32 = 8, taking g = 82. 
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Also, « = -/ = -1— = 86 feet. 
2 2 

(3) A body whose mass is 6 lbs. rests on a perfectly 
smooth horizontal table and is drawn along by a 
weight of 2 lbs., attached to it by a string that passes 
over a smooth pulley at the edge ; find the velocity 
after 4 seconds. 

p 



iilllQ' 

Fia. 20 

Since the weight of P is entirely supported by the 
table, the moving force is the weight of 2 lbs. hanging 
vertically downwards, i.e. 2 lbs. weight, or 2 ^, and the 
mass moved = + 2 = 8 lbs. 

.-. a =|32 = 8; and v^ at = 8x4 = 32 feet per 
8 

second. 

(4) Two masses of 9 oz. and 7 oz. hang over a 
smooth wheel ; motion continues for 5 seconds, when 
the string breaks ; find the height to which the lesser 
mass will rise after the breakage. 

As before, we have 

_ moving fo^ce 
mass moved 

9 + 7 16 ' 

and V = at = 4: x5 = 20; 

.*• each mass has an initial velocity of 20 feet per 
second when the string breaks ; 

.-. v' = 20' -2 X 82 X «; 
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/, 8 = - - = 6J feet, i.e. the lesser 
64 

mass will rise 6^ feet before it begins to descend. 

(5) A steam-engine is moving at the rate of 30 
miles an hour when the steam is turned off; supposing 
the friction to be equivalent to a retarding force of 
■^^js o^ ^^ weight of the engine, find how long and 
how far it will move before it stops. 

Let W be weight of engine, then if i'*' be the re- 
tarding force, 

~ TTyi > ^^^ s^^^ce a = — ^, we have 
W 

W 400 

The initial velocity is 30 miles an hour, i.e. —- — !l^-_ 

^ (50 X 60 

= 44 feet per second. The question is, In how long 

a time will this velocity be destroyed, if the velocity 

32 
be retarded each second --- - feet per second ? Since 

400 

u^atfWe have 

A A 82 , . 17600 ,,^ 
44 == .7,7^ r, or c = — .y,T- = 550 seconds; 
400 32 

04 
alsot*' = 2^8 .*. 44 X 44 = -^^^»; 

400 

44 X 44 X 400 1 o 1 AA fr.^4^ 
or s = ^ . = 12,100 leet. 

64 

(6) For how long a time must a force of 3 oz. 
weight act on a mass of 12 oz. to generate a velocity 
of 40 feet^per second? 

Q 

Here a = -- 82 = 8, and v « a f, 
.', 40 = 8 ^ or ^ « 5 sees. 
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(7) Equal masses of 500 grams hang from the 
extremities of a string passing over a smooth pulley. 
If 20 grams be removed from one of the masses find 
the distance through which either moves in 8 seconds. 

If 20 grams be removed from one of the masses, the 
moving force is 20 g, and the mass moved is 980 
grams; 

. ^ 20 ^ 

••"^"^so'^' 

and taking g equal to 980 (centimetres, seconds) we 
have a = 20. 

To find the distance from rest in 3 seconds, 

« = J a ^* == 10 X 9 = 90 centimetres. 

(8) A body weighing 12 oz. is moving along a 
rough table, on which the firiction is equivalent to a 
force of 3 oz., with a velocity of 20 feet per second. 
After one second, it reaches the edge of the table and 
falls to the ground in 2 seconds ; find the distance of 
the point of fall from, the edge of the table. 

Here the retarding force is equivalent to a weight 
of 8 oz., and the weight of the mass is 12 oz., 

.-.a =^^32 -8. 

If V be the velocity after one secona, v = u — at 
= 20 - 8 = 12. 

The body, therefore, leaves the table with a hori- 
zontal velocity of 12 feet per second. It reaches the 
ground in 2 seconds, in which time it will have fallen 

through = 64 feet. In 2 seconds it will have 

moved horizontally 2 x 12 = 24 feet. 



/. distance required - a/ (64;^ + 24n = 68 feet 
nearly. 
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In the preceding examples data have been given 
respecting the force causing motion and the mass 
moved, and the first step in our calculations has been 
to find the acceleration a from the fundamental dyna- 
mical equation. Any question connected with the 
motion is then resolved by nsing the kinematic equa- 
tions V ^ u = atj ke. In another class of problems 
the data given are those connected with the motion, 
and the problem is to find either the force causing 
motion, or the mass moved, or something on which 
these depend. In these problems the first st«p is to 
find a from the hinematic equations, and then by 
substituting the value of a thus found in the dyna- 
mical equation the problem is solved. 

(9) A force of 4 lbs. weight causes a certain mass 
to move firom rest through 18 feet in 3 seconds ; find 
the mass. 

Since 8 = J a ^^, we have 18 = -^ /, a = 4. 

Also a = ^, or 4 = -"t^- :. ilf = 32 lbs. 
M M 

(10) A mass of 50 lbs. is acted on by a constant 
force which acts for 5 seconds and then ceases to act ; 
the body moves through 60 feet in the next 2 seconds. 
Express the force in absolute imits. 

In this question, when the force ceases to act the 
body moves uniformly through 60 feet in 2 seconds, 
and /. the velocity produced by the action of the force 
is 30 feet per second ; and since this velocity is gained 
in 5 seconds, the acceleration, or increase of velocity 
per second is 6. Taking M = 60, and F = Ma^ we 
have F = 6 X 50 = 300 poundaU, 

(11) What is the measure of the force ecpivalent to 
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the weight of 8 kilograms at a place where a body falls 
freely through 44*1 metres in 8 seconds ? 

Here s = ^ gf^; 
:. 44-1 = ^ X 9 /. gr = ^ "^^f^^^ = 980 (cents., sees.), 

and since W = Jf ^, we have weight of 3 kilograms = 
3 X 1000 X 980 (grams, cents., sees.) = 2,940,000 dynes. 

(12) A plane supporting a weight of 12 lbs. is 
descending with a uniform acceleration of 10 (feet, sees.) ; 
find the force that the weight exerts on the plane. 

When a mass rests on a horizontal surface it exerts 
a downward force equal to its own weight. If the 
surface move downward with an acceleration of 32*2, 
the mass exerts no force whatever. This would be 
the case if we were to place one book on another, and 
then let the lower book fall. During the motion, the 
upper book would exert no force on the lower book, 
since they would both move together. 

Let F be the force with which the body in the 
question presses on the plane when moving vertically 
downwards with an acceleration of 10. Then the force 
causing motion is the difference between the weight 
and the force with which the mass presses on the plane 
= 12^ — JP, and the mass moved is 12, and a = 10 ; 

/. 10 = l?£^lZ, and taking ^^ = 32 we have F = 

264 poundaU. 

The force with which the mass presses on the plane 
is, therefore, 264 poundah, and is equal to the weight 

of^j = 8ilbs. 
32 ^ 

The next two examples belong to the first class of 

problems, but refer to motion on an inclined plane. 
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(13) A mass Q supported on an inclined plane, 
which rises ^ in Z, is pnlled np the plane by the weight 
of a mass P connected with Q by a thread, which 
passes over a wheel at the summit of the plane, and 
hangs vertically downwards. Find the acceleration on 
the plane. 

Let F equal the force with which the body, whoso 




^QP 



Fia. 21 



mass is Q, is urged down the plane, and a its accele* 
ration in that direction, then 

F 
" = «• 

But^='; (§ 50).-. F«^-(3(7. 

If, therefore, the weight of P cause Q to ascend the 
plane, the force causing motion must be P g ^ F == 

P -? Q 

(P — Q) g, and the acceleration a = -^ — ^^ . g. 
I P + 



(14) Two masses P and Q are supported on two 
inclined planes, the lengths of which are I and V and 
the common height Ji. They are connected by a fine 
thread as before ; find the acceleration. 

If P equal the force with which P is urged down the 
plane, then F *= - P (7, as above, and if P' equal theforce 
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with which Q is urged down the plane, then P^ =}. Q g^ 
and if P is able to draw up Q, the force causing motion 
is F - F' = ^P^- ^Q^r, and the acceleration 

(15) A body is projected up an inclined plane which 
rises 1 in 10 with a velocity of 40 feet per second. 
Supposing the effect of friction to be equivalent to a 
uniformly retarding force equal to y^ the weight of 
the body, find how far the body will move up the 
plane. 

Here there are two causes tending to lessen the 

velocity of projection : first, gravity ; secondly, friction. 

Ji 1 
Betardation due to gravity ^ -i9 ^ ^(^9'^ 

„ „ friction - '^- ^ = ilo' ^^^^^ ^ i« 
the weight of the body ; 
/. resultant retardation equals (-^ + r^^) g* 
Since t;' = 2 a s we have 

^loo-^-"' 

/. 8 = 227 ^- feet. 

If we had taken M to be the mass of the body Mg 
would have been the weight of the body, and the re- 
tardation due to fiiction would have been 

iI^--A7^» as before. 

^T^ioo 
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EXERCISES VII 

1. Find the measure of the force that must act on amass 

of 10 kilograms, moving with a velocity of 15 metres 
per second, to bring it to rest in 5 minutes. 

2. In Atwood's machine, if the two masses are 119 grams 

and 121 grams^ and the distance passed over in the 
third second is 8 inches : find the value of g. 

3. Find the force which, acting on a mass of 3 kilograms 

for 4i seconds, gives it a velocity of 23 metres per 
second, {g = 980.) 

4. A force F acting on a mass of 5 lbs. increases its 

velocity every second by 12 feet per second ; another 
force F' acting on a mass of 28 lbs. increases its 
velocity in every second by 1\ feet per second ; find 
the ratio of Fto F^. 

5. A mass of 200 grams is acted on by a force equal to 

the weight of 10 grams for 20 seconds. What dis- 
tance will the mass have passed through, and what 
velocity will it have acquired ? (^ = 980.) 

6. Two bodies the masses of which are as 3 : 2 are found 

by a spring balance to weigh in two different places 
963 grams and 628 grams respectively. Compare 
the velocities acquired by a body falling for 1 
second in each of the two places. 

7. If the unit of length were a yard and the unit of time 

were a minute, how would the number expressing the 
value of g be correspondingly changed ? 

8. Two masses 15-26 and 16*75 hang over a pulley; find 

their velocity after 4 seconds. 

9. Find in what time a force* of 5 lbs. will move a mass 

of 16 lbs. through 45 feet along a smooth horizontal 
plane. 

* k force of 5 lbs. means a force of 5 lbs. weight, and 
produces the same effect as a weight of 5 lbs. acting 
vertically downwards ; its equivalent is 5 g pouTidaU, 
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10. Find in what time a mass weighing 5 lbs. hanging 

vertically downwards will move a mass of 11 lbs., 
with which it is connected bj a string passing over 
a pulley through 45 feet along a smooth horizontal 
plane. 

11. Two bodies whose masses are m and ^m are moved 

by forces 3 p and p respectively ; compare the dis- 
tances they pass over in t seconds. 

12. What force must act on a mass of 48 lbs. to increase 

its velocity from 30 to 40 feet per second, whilst it 
passes over 80 feet ? 

13. A steam engine is moving on a level road at the rate 

of 30 miles an hour; And the ratio of the brake 
power to the weight of the engine, if the engine is 
brought to rest in 200 yards. 

14. If the weight of a certain mass is 10 at a place where 

a body falls through 64 feet in 2 secon^S) what will 
be the weight of the same mass at a place where a 
body falls through 101*25 feet in 2*5 seconds ? 

15. What mass hanging vertically downwards will draw a 

mass of 3^ lbs. across a perfectly smooth table 
8 feet wide in 2 seconds 7 

16. Through what distance must a force of 3 lbs. act on 

a mass of 16 lbs. to give it a velocity of 6 feet per 
second 7 

17. Two masses hang over a pulley ; the greater weighs 

12 oz., and it moves the smaller through 3G feet in 
3 seconds ; find the smaller. 

18. What is the force of friction if a body whose mass is 

20 lbs. projected along a rough horizontal plane 
with a velocity of 48 feet per second, come to rest 
after 5 seconds 7 

19. What mass must be added to one of two equal masses 

of 6 oz. which hang over a smooth wheel so that 
they may move through 16 feet in 5 seconds 7 

20. Required the force that will cause a mass of 25 lbs. 

to move through 320 feet in 10 seconds. 

21. The velocity of a body of mass 12 lbs. increases from 10 
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feet per second to 20 feet per second whilst the 
body passes over 15 feet; what is the moving 
force ? 
•22. Two masses, one of which is 4 oz., hang over a 
pulley; the mass of 4 oz. ascends with a uniform 
acceleration of 5 (feet, seconds). Find the other 
mass. 

23. Two masses of 7j oz. and 8^^ oz. connected by a 

thread hang over a pulley ; motion continues for 3 
. seconds, when the string breaks. To what height 
r^ will the smaller mass ascend, and how far will the 

larger mass fall in 4 seconds after the breaking of 

the string ? 

24. If we take a pound as unit of mass, and a foot-second 

as unit of velocity, how many units of force actiog 
for 2 seconds will be required to give a mass of 10 
lbs. a velocity of 50 feet per second ? 

25. Two masses, of 7\ and 8J, hang over the wheel of 

Atwood's machine, and are set in motion from the 
same horizontal level; how far will they be apart 
in 21 seconds ? 
2Q. For how long a time must a force of 1 lb. weight 
act on a mass of 40 lbs. to give to it a velocity of 
600 feet per second ? 

27. A mass of 100 lbs. is moving horizontally with a 

velocity of 20 feet per second, and is retarded by 
friction which is equivalent to a force of 5 lbs. How 
far will it move ? 

28. To one end of a string hanging over a pulley is attached 

a mass of 5, and to the other end two masses of 3 
and 4. Motion takes place for 3 seconds, when the 
mass of 4 is removed ; for how long will the mass 
of 5 continue to ascend ? 

20. Two masses P and Q hang over a smooth wheel, 
connected by a string, and P descends 18 feet in 3 
seconds. If, however, 5 oz. had been added to Q^ 
Q would have descended through the same space in 

' 4| seconds ; find P and Q, 
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30. A steam engine is moving at the rate 20 miles an 

hour when the steam is shut off ; if the force of 
friction be equivalent to ^J^ of the weight of the 
engine, after what time will it stop ? 

31. A plane sustaining a weight of 20 lbs. is descending: 

with a uniform acceleration of 10 (feet, sees.) ; find 
the force pressing on the plane. 

32. A body weighing 1 C'wt. goes up and down on a lift 

with a uniform acceleration of 4 (feet, seconds) ; 
find the force pressing on the lift in each case. 

o3. A mass of 20 oz. is moved on a smooth horizontal table 
by a weight of 4 oz. connected with it by a string 
which passes over a pulley at the edge of the table 
and hangs vertically downwards. After 3 seconds 
the mass of 20 oz. reaches the edge of the table, 
and the string breaks. At what distance from the 
top of the table will it strike the ground, supposing 
it to reach the ground in 1 second 7 

34. If a force of 6 lbs. gives to a certain mass a velocity 
of 20 feet per second in 4 seconds, what velocity 
will a force of 4 lbs. give to twice the mass in 6 
seconds ? 

35 . For how long a time must a force of 3 lbs. act on a 
mass of 120 lbs. to give to it a velocity of 960 yards 
per minute ? 

'36. The last carriage of a railway train gets loose whilst 
the train is running at the rate of 30 miles an hour 
up an incline of 1 in 150. Supposing the effect of 
friction upon the motion of the carriage to be 
equivalent to a uniformly retarding force equal to 
3^5 the weight of the carriage, find, first, the length 
of time during which the carriage will continue 
running up the incline, and, secondly, the velocity 
with which it will be running down after the lapse 
of twice this interval from the instant of its getting 
loose. 

37. A body weighing lbs. is drawn up along the lid, 4 
feet long, and rising 2 in 9, of a smooth desk by.a 

12 
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weight of 6 lbs. which, attached to the mass of 6 lbs. 
by a string, hangs over the top of the desk and de- 
scends vertically. Find the velocity acquired when 
the 6-lb. mass reaches the top of the desk. 

38. If the mass 10 lbs. be the nnit of mass, and 1 yard and 
1 minute be the units of length and time, how would, 
you define the unit of force 7 and how many such 
units of force are there in the weight of 3 tons 7 

30. Two planes, inclined at one-third and two-thirds of a 
right angle to the horizon respectively, meet at the 
top and slope opposite ways. If bodies of equal 
mass fall down these planes, starting at the same 
instant, find their accelerations. 

40. The weights at the extremities of a string which 
passes over the pulley of an Atwood's machine are 
600 and 502 grams. The larger weight is allowed 
to descend, and 3 seconds after the motion has 
begun 3 grams are removed from the descend- 
ing weight. What time will elapse before the 
weights are again at rest 7 



IX. Impulsive Forces — Impulse 

§ 73. Impulse. — The forces we have hitherto 
considered have been sucli as, acting for a second 
of time at least, produce a certain momentum or 
change of momentum, by which they have been 
numerically expressed. These forces are some- 
times called moving forces — a term which expresses 
no more than force itself, since all forces necessarily 
tend to produce motion — they are constant or 
uniform forces. We have now to consider a class 
of forces which continue to act for an almost 
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infinitely short space of time, and cease to act as 
soon as they have imparted a certain velocity to 
the mass which they set in motion. We have 
instances of the effect of such forces when a hall 
is thrown from the hand, or struck by a bat, when 
an arrow is shot from a bow or a bullet from a 
gun, when a nail is hammered into the wall, or 
when piles are driven into the ground. These 
forces are called impulsive forces^ and it is clear 
we cannot measure their magnitude by the 
momentum produced in a second, since their action 
is limited to a much shorter period of time. Their 
effect can, however, be measured by the total 
change of momentum produced, and this new 
momentum will remain constant unless changed 
by some other force. Thus if a bat strike a moving 
ball, the momentum of the ball is changed by the 
blow in the immeasurably short space of time that 
the bat is in contact with the ball. As a fact the 
particles of both bodies undergo considerable dis- 
placement in this short interval of time, but the 
resultant or aggregate effect of the internal stresses 
called into action is the change of momentum 
produced in the two bodies brought into momen- 
tary contact. This effect is called an impulse, 

§ 74. Measure of Impulse. — ^We have seen 
that any constant force is measured by the change 
<^ momentum, in one second, of the mass it acts 
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upon, or, more briefly, by the rate of change of 
momentum. But the eflect of a constant force 
acting for t seconds on a mass M is to produce 
a total change of momentum which is measured 
by Ft = Mat = Mv, where F=M a is the 
change of momentum in one second. 

Now Ft = 31 V is equally the measure of the 
effect of an impulsive force, or more correctly of the 
impulsive forces, which produce a blow or impulse ; 
but in this case i, instead of being any definite 
period of time, is a period of time too small to be 
measured. As a fact F^ which represents the 
molecular forces called into action by the impact, 
is continuously changing even throughout this 
small interval of time, rising and falling in value. 
The aggregate effect, however, of the action of F 
throughout the small period of time is to produce 
a momentum M v on the mass acted upon, that is, 
to cause a body whose mass is M to move with a 
velocity v, which velocity remains constant with 
the cessation of the action of the force. If we 
call P the measure of the effect of these impulsive 
forces acting for an indefinitely short period of 
time P = Mvy and this equation is analogous to 
the fundamental equation F = J/ a, the difference 
being that in the case of the impulsive forces the 
velocity v is generated in a time t too small to be 
measured, and then remains constant j and in the 
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case of the constant force the velocity a is pi-o- . 
duced in one second, and the same amount of 
velocity is given to the mass Jf during every second 
of the action of the force. An impulse is always 
measured in units of momentum.^ 

With this explanation we may use the equation 
P = Jf t? to measure the effect of an impulsive 
force and to represent the relation between the' 
forces and the change of momentum they produce. 

§ 75. Bzvnples. — (1) If a hundred-pound shot 
projected from a gun ascend vertically for 3 seconds, 
through what height will a fifty-pound shot ascend 
if projected with three times the charge ? 

« 

Let P be the impulse given by the powder in the 
first case, and let P^ be the impulse in the sepond case. 

Then if u be the velocity with which the shot leaves 
the gun in the first case, and v/ the corresponding 
velocity in the second case, 

P P 

w = — , and u' = - 

100' 50 



But P' = 8 P supposing the impulse proportional to 

3P 
50 



3 P 
the charge. /. u' = -^ -- 



and 



ti ^1 



' It has been proposed to call the unit of momentum a 
poundem or a grammem^ according to the unit of mass 
adopted. 
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Now, since the shot ascends in the first case for 8 
aeconds, u ^ Sg; 

.\u' ^ 6u = ISg ^ tJ^gJi^ where % is the height re< 
quired; 

/. h » 5,184 feet nearly. 

(2) A shot of 2 lbs. mass projected from a gun 
rises to a height of 100 feet ; to what height will a shot 
rise of 5 lbs. mass, if projected with three times the 
charge ? 

Using the same symbols as in the last example, 

we have 

P P' P 1 

. u _6 
u 6 

and ^J^A^'^JL^. 

w'2 86 IgK 

.\ since h = 100, h' = 144 feet. 

§ 76. Equivalent Constant Force. — If tne dis- 
tance through which the body moves whilst under 
the influence of the impulsive forces is given, the 
average constant force which under the same cir- 
cumstances would have produced the same effect 
can be calculated. For instance, if we know the 
length of the bore of a gun and can find the 
velocity with which the shot leaves the muzzle, we 
can find the constant force which, acting through 
the whole length of the bore, would have produced 
the same eflect. Or, again, if we know the im- 
pulse with which a shot strikes a wall and the 
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distance it penetrates, we can find the constant 
force which would have produced the same effect, 
or the uniform resistance which the wall offers to 
the passage of the ball, 

§ 77. Bzample. — A shot whose mass is 112 lbs. 
is fired from a fixed gun with a muzzle velocity of 
1,500 feet per second, and travels over a distance of 
16 feet whilst in the gun ; find the measure of the im- 
pulse on the shot, and the imiform force which, acting 
inside the gun, would have given it the same velocity. 

The impulse ^Mv= 112 x 1500 = 168000. 

To find the equivalent force we note that a velocity 
of 1,500 is acquired in passing over 16 feet, and since 

t;' = 2 a «, we have 
(1500)^ = 2 a X 16, or a = 70312-5. 

If F be the measure of the uniform force, 

F = Ma^Ua, X 70312-5 - 7,876,000 poundals. 

Or, taking g = 32, the force equals 7,875,000 -J- 32 
« 246,094 lbs. weight nearly. 

Problems of this kind involve the consideration of 
what is meant by worTc and energy ^ and wiU be better 
understood after an explanation of Newton's third law 
of motion. 

EXERCISES VIII 

1. An arrow shot from a bow starts off with a velocity of 

120 feet per second; with what velocity will an 
arrow of twice the mass leave the bow, if sent off 
with an impulse 3 times as great ? 

2. If a ball of mass 2 m fired from a gun rise to a height 

of 150 feet, to what height will a ball of mass 3 m 
rise, if fired with twice the charge of powder ? 
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3. Two balls whose masses are 8 oz. and 6 oz. respec- 

tively are simultaneously projected upwards, and 
the former rises to a height of 324 feet and the 
latter to 256 feet ; compare the impulses with which 
they are projected. 

4. What is the measure of the blow given to a ball weigh- 

ing 1 lb. if it start off with a velocity of 224 feet 
per second ? 

5. Two balls whose masses are as 2 : 3 are projected ver- 

ticallj' upwards with the same force ; compare the 
heights to which they rise. 

6. A cannon-shot of 1,000 lbs. strikes directly a target 

with a velocity of 1,500 feet per second, and comes . 
to rest ; what is the measure of the impulse ? 

7. A hammer whose mass is 3 lbs. strikes a nail with a 

velocity of 20 feet per second, and drives it 1 inch 
into a board; find the average resistance of the > 
board. 

8. A mass of 10 lbs. falls 100 feet, and is then brought 

to rest by penetrating 1 foot into the sand ; find the 
average resistance on the sand. 



EXAMINATION QUESTIONS III 

1. A mass originally at rest is acted on by a force which 
in ijj^th of a second gives to it a velocity of 5J- 
inches per second ; show what proportion the force 
bears to the weight of the mass. (<7 = 32'2.) — Univ, 
of Lond. Matric. Jan. 1871. 

2 If a particle moves in consequence of the continued 
action upon it of a constant force, show what is the 
character of the resulting motion, and in what 
manner it depends on the magnitude of the force 
and the mass of the particle. — lb. Jan. 1872. 

S. As a special case show how the resulting motion 
would be changed if the mass of the particle were 
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trebled, and the intensity of the force acting upon 
it were doubled. — lb. Jan. 1872. 

4. The speed of a railway train increases uniformly for 
the first 8 minutes after starting, and during this 
time it travels 1 mile. What speed (in miles per 
hour) has it now gained, and what distance did it 
traverse in the first 2 mins. ? — Ih, June 1872. 

C. in the last question, supposing the line level and dis- 
regarding friction and the resistance of the air, 
compare the force exerted by the engine with the 
weight of the train. — Ih. June 1872. 

6. Which could you throw further, a small ball of lead 

or a ball of cork of the same size ? and why ? — 
Ih. Jan. 1873. 

7. Find the ' tension ' on a rope which draws a carriage 

of 8 tons weight up a smooth incline of 1 in 5, and 
causes an increase of velocity of 3 feet per second. 
—Ih, June 1873. 

8.. If, on the same incline, the rope breaks when the! 
carriage has a velocity of 48*3 feet per second, how 
far will the carriage continue to move up the in- 
cline 1~Ih. June 1873. 

9. When a body changes its rate of motion under the 
action of a constant force, show that the space 
described in any time is the same as the space de- 
scribed by a body moving uniformly with the mean 
velocity for the same time. — Ih. Jan. 1874. 

10. I suddenly jump off a platform with a 20-lb. weight 

in my hand. What will be the pressure of the 
weight upon my arm while I am in the air ? Give 
a reason for j^our reply. — Ih. Jan. 1874. 

11. In Atwood's machine one of the boxes is heavier than 

the other by half an ounce. What must be the load 
of each in order that the overweighted box may fall 
through 1 foot during the first second? — Ih, Jan. 
1874. 

12. Two masses of 48 and 50 grams respectively are 

attached to the string of an Atvrood's machine, and, 
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starting from rest, the larger mass passes through 
10 centimetres in 1 second. Determine from these 
data the value of the acceleration due to gravity, 
your units being centimetres and seconds. — Ih, Jan« 
1876. 

13. There are two chambers, one of which is in the act 

of dropping freely under gravity down a pit, while 
the other is made to descend with uniform velocity. 
A man in each chamber during the descent lets go 
a stone which he has been holding in his hand. 
What will be the motion of the stone in each case 7 
—Ih, Jan. 1877. 

14. A mass of 488 grams is fastened to one end of a 

cord which passes over a sniooth pulley. What 
mass must be attached to the other end in order 
that the 488 grams may rise through a height of 200 
centimetres in 10 seconds? (^ = 980.) — lb, June 
1878. 

15. A mass of 6 oz. slides down a smooth inclined plane 

whose height is half its length, and draws another 
toass from rest, over a distance of 3 feet in 5 
seconds, along a horizontal table which is level 
with the top of the plane, the string passing over 
the top of the plane. Find the mass on the table. 
—J*. Jan. 1879. 

16. A smooth inclined plane, whose height is one half of 

its length, has a small pulley at the top, over which 
a string passes. To one end of the string is attached 
a mass of 12 lbs., which rests on the plane; while 
from the other end, which hangs vertically, is sus- 
pended a mass of 8 lbs. ; and the masses are left 
free to move. Find the acceleration and the dis- 
tance traversed from rest by either mass in 6 
seconds. — Ih. Jan. 1881. 

17. Two bodies whose masses are 31 oz. and 33 oz. 

respectively, suspended at the top ends of a thin 
string passing over a smooth pulley, are allowed 
to move freely for three seconds. What will be 
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the velocity acquired, and what will be* the discance 
traversed by each body 7 — lb. Jan. 1882. 

18. Two scale-pans, each weighing 2 oz., are suspended 

by a weightless string over a smooth pulley. A 
mass of 10 oz. is placed in one and 4 oz. in the 
other. Find the 'tension* of the string and the 
pressure on each scale-pan. — Ih, June 1883. 

19. A certain force acting on a mass of 10 lbs. for B 

seconds produces in it a velocity of 100 feet per 
second. Compare the force with the weight of 

1 lb., and find the acceleration it would produce 
if it acted on a ton. — Tb, June 1883. 

20. The horizontal and vertical components of a certain 

force are equal to the weights of 5 lbs. and 12 lbs. 
respectively. "What is the magnitude of the force 7 
Supposing this force to act for 10 seconds on a 
mass of 8 lbs., which is also exposed to the action 
of gravity and is initially at rest,* what velocity 
will be communicated to the mass, the vertical com- 
ponent of the force acting upwards? — Ih. June 1883. 

21. A mass of 19 lbs. and a mass of 5 lbs. are connected 

by a string which passes over a pulley at the edge 
of a horizontal table, so that the smaller mass hangs 
vertically, and, by its weight, pulls the larger mass 
along the table. Determine the acceleration, fric- 
tion being neglected. — Ih. Jan. 1885. 

22. While a railway train travels half a mile on a level 

line, its speed increases uniformly from 15 miles an 
hour to 30 miles an hour; show what proportion 
the pull of the engine bears to the weight of the 
train [neglect friction]. — Ih. Jan. 1886. 

23. A ball whose mass is 3 lbs. is falling at Ihe rate 

of 100 feet per second. What force, expressed in 
pounds weight, will stop it (1) in 2 seconds, (2) in 

2 feet?— /A. June 1886. 

24. If a force equal to the weight of 10 lbs. act upon a 

mass of 10 lbs. for 10 seconds, what will be the 
momentum acquired ? — lb, Jan. 1887. 
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25. A railway train, whose mass is ICO tons, moving at 
the rate of a mile a minute, is brought to rest in 
10 seconds by the action of a uniform force. Find 
how far the train runs during the time for which 
the force is applied. — Ih. Jan. 1888. 

2G. A bullet of mass 1 oz. leaves the muzzle of a gun 
3 feet in length with a velocity of 1,000 feeL per 
second. Find the average pressure of the powder 
on the ballet. — Ih. June 1 889. 

27. A body falling freely acquires in 1 second a velocity 

of 981 cm. per second. If a force equal to the 
weight of 1 gr<am pull a mass of 1 kilogram along 
a smooth level surface, find the velocity when the 
mass has moved 1 metre. — Ih. June 1890. 

28. Does the rope of a colliery hoist have to bear more 

strain when the cage is at the top or at the bottom of 
the shaft ? To eliminate the weight of the rope itself, 
consider only the portion immediately above the 
cage. Explain under what circumstances the stress 
may be greater than the weight of the cage attached 
to it.— Ih, Jan. 1891. 

29. There are two bodies whose masses are in the ratio 

of 2 to 3, and their velocities in the ratio of 21 to 16 ; 
what is the ratio of their momenta? If their 
momenta are due to forces P and Q acting on the 
bodies for equal times, what is the ratio of P to Q1 
—S. S' A, Dejf., 1890. 

30. Equal forces act on two bodies whose masses are 3/ 

and m ; at the end of a second, the former is moving 
at the rate of 10 miles an hour, and the latter at the 
rate of 110 feet per second. Find the ratio of .3/ to 
m,-Ih, 1891. 
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CHAPTEPw IV 

NEWTOS'S LAWS OP MOTIOIT 

X. The First and Second Laws 

§ 78. Three laws have been enunciated by 
Newton as the principles in accordance with which 
motion takes place, and have generally been made 
the basis of Dynamical Science. In the preceding 
pages we have assumed some of the principles 
involved in these laws, but there are others of 
great importance which we shall now be able to 
consider. These laws are the following : — 

§ 79. law I. — Every body continues in its state 
of rest, or of uniform motion in a straight line, 
except in so far as it is compelled by imjyressed 
forces to change that state. 

This law, as founded on experience, is supported 
by negative evidence only. It tells us that matter 
is that which possesses inertia, and has been called 
the Law of Inertia. It consists of two distinct 
parfcs. The first part asserts that a body in a 
state of rest will continue in that state unless 
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made to move by external force. Now, we hare 
already seen that absolute rest nowhere exists, and 
that what we call rest is a complex state resulting 
from the combined action of several forces. Since 
there is no matter without force and no force 
without the tendency to motion, the state of rest 
cannot be regarded as the normal condition of 
bodies. What this law, therefore, asserts is, that 
when a body is maintained in a state of rest by 
the combined action of two or more forces, that 
state of rest will be continuously preserved unless 
some other force change the conditions. 

The second part of the law asserts what we hare 
already been compelled to assume, that all bodies 
tend * to move uniformly, and in a straight line ; 
that it is not motion but change of motion which 
is produced by force, and that the forces which 
change a body's state of rest or motion are * im- 
pressed,* i.e. external forces, and not stresses or 
forces between the parts of a body. In other 
words, a body once in motion tends to preserve 
that condition, and to maintain its original 

* By introducing some word signifying * tendency * in 
the propositions of dynamics, we save the necessity of 
providing for cases in which other forces change the 
motion of the body. Thus it is incorrect to say that all 
bodies fall to the earth, because a balloon contradicts this 
law ; but it is perfectly correct to say that all bodies t^md 
to fall to the earth, and to this law the motion of the 
baMoon forms no exception. 
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momentum. In support of this law, which ob- 
servation abundantly verifies, an appeal is made to 
the experience acquired by gradually removing the 
several external causes, which practically, to a 
greater or less extent, always impede motion. 
Thus it is found that the smoother the road along 
which a stone is rolled the further the stone will 
roll; that the more the air is removed from a 
chamber in which a pendulum is suspended^ the 
longer it will continue to oscillate ; that in all 
cases where a body once in motion is gradually 
brought to rest, some external force, such as fric- 
tion, is known to exist, and that as this force is 
diminished the duration of the motion in increased. 
This law asserts not only that the speed or rate of 
motion will be preserved, but likewise the direction 
of the motion ; and that a body cannot move 
otherwise than in a straight line except by the 
continuous action of some external cause. 

§ 80. Law II. — Change of motion is propor- 
tional to the impressed forcCy and takes place along 
the straight line in which that force is impressed. 

This law asserts that whatever motion (and by 
motion is here understood quantity of motion or 
momentum) a certain force produces, double as 
much motion will be produced by twice the force, 
three times as much by a force three times as 
great, and so on. It also implies that if a certain 

K 
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force acting lor one second can produce a certain 
amount of motion, the same force acting for two 
seconds will produce twice that quantity. This 
explains how it is that a constant force such as 
gravity produces an accelerative effect, adding 6n 
a fixed increment of momentum every second to 
the falling body. It also shows us how forces may 
be measured, for it tells us that equal changes of 
momentum are due to equal forces acting for equal 
times, and hence equal forces are such as, applied 
to the same mass, generate equal increments of 
speed in the same time. This law is really the 
fundamental principle of mechanical science; for, 
since change of motion is proportional to the 
moving force, when several forces act together the 
change of motion due to each is proportional to 
each, and this is the principle which underUes all 
rules for the composition of mechanical forces. 
This principle may be enunciated thus : — 

When aeveraXforces act simultaneously on a hody^ 
each produces the same effect as if it had acted 
separately. 

The operations of this law have been already 
considered in Lessons I. to Vl. on Kinematics ; but 
quantity of motion was there understood to mean 
velocity only, since the mass of the body was not 
taken into account. This law includes, therefore, 
as a special case, the law of the composition q£ 
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velocities, already referred to. One consequence 
of this law is that a given force produces the same 
effect upon a body, whether the body be at rest or 
in motion. It also follows that the resultant of 
any number of forces may be found by the same 
process as the resultant of any number of velo- 
cities, and thus the parallelogram and polygon 
laws are found to apply to forces as well as to 
velocities. 

The law is illustrated by a variety of phe- 
nomena. A ball thrown vertically upwards from 
the hand of a person in motion will return to him 
just the same as if he had been stationary : a 
stone dropped from the top of the mast of a ship 
falls at the foot of the mast, whether the vessel 
be sailing or at rest : a body projected horizontally 
from the top of a cliff reaches the ground at the 
same point as if it had first moved horizontally 
with the velocity of projection, and then vertically 
downwards under the action of gravity for the 
whole time of flight. Other consequences of this 
law have been already considered in Chapter I., 
and further illustrations will be found in the 
section on the Composition of Forces, Chap- 
ter VII. 

§ 81. Hotion in a Circle. — An illustration of 
this law not yet considered is the case of a body 
moving with a uniform acceleration towards a 

k2 
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iixed point and with a uniform velocity in a dii^* 
tion at right angles to the direction of the accele- 
ration. 

Let P and Q be two positions of the body. 
Then at P and Q the body is tending to move 
with a uniform acceleration towards 0, and a 




Fig. 22 

Uniform velocity at P along P T and at Q along 
Q T\ 

Now it is evident that the real path of the 
body will be a curve of which P T and Q T' are 
tangents, and, since the tangential velocity is 
uniform at all points in the path, the body will 
move along a circle of which is the centre with 
a uniform velocity. 

Suppose V to be the constant tangential velocity 
•and a the acceleration towards the centre, and 
P § to be the path described in a very small time 
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t. Join F Q and draw Q M perpendicular to P, 
and join QA, 

Then the arc FQ^vt, and, since FM is the 
distance traversed in the direction of the accelera- 
tion a, 

FM=^\at\ 




Fig. 23 



And by taking F Q small enough, the arc F Q may 
be supposed equal to the chord F Q, 

F M F 

*^^ F~Q " FJ ^^ similarity of triangles ; 

.% FQ^^FMxFA,oTvH^^\at'^ x 2r, 
where r is the radius of the circle. 

Hence a =— , which is the value of the accelq. 
ration tQW8|,rds the centra, 



134 DYNAMICS— FORCE 

§ 82. Centripetal and Centrifagal Forces.— 

When a body of mass m moves iix a circle o£ 
radius r with a uniform velocity t?, owing to the 
action of a force F directed towards the centre, 

* 2 

the value of F \&ma'=> , and the force is 

r 

called the centripeial force. 

The equal force which a revolving body exerts 
in the opposite direction, and by virtue of which it 
tends to fly away from the centre, is called the 
centrifugal force. 

Now since F =: it is clear that F increases 

r 

more rapidly with any increase of v tlian it 
diminishes with any corresponding increase of r. 
Where the angular velocity of several particles is 
constant whilst the linear velocity varies, the cen- 
trifugal force may be shown to vary directly with 

the radius. 

A' 




Thus suppose the line OA (% 24) revolves 
about ; the linear velocity of any particle at P is 
greater than at Q, and is greatest at A, but the 
angular velocity of all points along OAi& the same. 
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Let (a = this angular velocity. Then, since v = r w 

(§ 9), we havei^= = = wrw^: which 

r r 

shows that for the same angular velocity F varies 

directly w^ith r. If we apply this to the motion of 

particles on the surface of the eai*th we shall see 

that F is greatest at the equator, and diminishes 

as we pass from the equator to the poles. 

Here we have a further reason for the fact 
that the value of force of gravitation, and con- 
sequently of g^ is least at the equator and greatest 
at the poles. Eor gravity is diminished by the 
whole of the centrifugal force at the equator, and 
at the poles this force is zero. Moreover, whilst 
at the equator the centrifugal force acts in a 
direction exactly opposite to that of gravity, the 
line of action of this force as we approach the 
poles is inclined at an increasing angle to that 
of gravitation ; and consequently not only is the 
force itself less, but gravity is diminished by a 
part only of its value. 



XI. Tlie Third Law of Motion 

§ 83, Law III. — To every action tliere is an 
equal and contrary reaction ; or tJie muttcal actions 
of ttvo bodies on one another are always equal and 
in opposite directions. 
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This law asserts that if A exerts a force on Bj 
B exerts an equal force in the opposite direction 
upon A ; that every force is one of a pair of 
forces. Such a pair of forces is termed a stress. 
The stresses between the different parts of a body 
or system are called internal forces. A force which 
acts on a body, and which is one of the pair of forces 
forming a stress between it and another body, is 
an ' impressed ' or external force. Such a pair of 
forces are the centrifugal and centripetal forces 
considered in the last lesson. This law is illus- 
trated by a variety of phenomena. 

§ 8L Statical Beaction. — If one body presses 
another it is at the same time equally pressed by 
the other body, but in an opposite direction. If 
a heavy body rest on a hard surface it presses 
against that surface, and is, aib the same time, 
equally pressed by the surface in the opposite 
direction. This opposing pressure of the hard 
surface is called Statical Beaction and is always 
perpendicular to the surface, and exactly equal to 
the pressing force which the body causes in that 
direction. This is true whether a body rests on a 
surface that is horizontal or inclined at an angle 
to the horizon. In the former case the reaction is 
equal to the whole weight of the body ; but in all 
other cases it is equal to the efficient pressing force 
exerted, itC, to th^ resolved part, according to thg 
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parallelogram law, of the weight which acts in a 
direction perpendicular to the surface. The weight, 
or the resolved part of it, and the reaction form 
the stress or pair of forces acting between the 
heavy mass and the surface of the body support* 
ing it. 

§ 85. 'Tension,' Pull. — In the case of a 
stretched cord we have another instance of the 
&ct that every force is one of a pair of equal 
forces acting in opposite directions. If a horse 
draw a tram car by means of a rope, the horse is 
drawn in the opposite direction by a force equal to 
that exerted by the horse through the rope. To 
the force acting through the stretched cord the 
name * tension ' has usually been given ; but the 
word * tension ' has acquired in Hydrostatics a 
distinct and definite meaning, and we shall use 
the word pull to designate a force acting through 
a stretched string. That a pull is a force which 
acts equally in both directions, and at any point of 
a stretched string, may be seen if a string be 
attached to a fixed wall and stretched, and after- 
wards removed from tl^e wall and stretched in the 
opposite direction by a force sufficient to keep the 
original force in equilibrium. If the string be 
cut at any point, a force equal and opposite to the 
stretching force would similarly be required to 
preserve equilibrium, showing that the stretching 
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force, or puUf is the same at all points of the 
string. The string along which the pull acts is 
supposed to be perfectly flexible, inextensible, and 
weightless. 

§ 8C. Bxample. — Two masses m and m^ hang by 
a flexible thread over a smooth wheel, as in Atwood's 
machine, and m is greater than m^ ; what is the force 
by which the string is stretched ? 

Let T equal the stretching force. We must con- 
sider the motion of each mass separately. Since m is 
greater than m', the mass m will move downwards and 
m' upwards. 

The mass m is pulled upwards by the stretching 
force T, and downwards by the weight mg. The 
forco causing motion in the mass m is mg-T, and 

• . t* — ■ , 

m 

and since the pull is the same throughout the whole 
length of the string, and the mass m' ascends with the 
same acceleration as the mass m descends, both being 
connected by a string, T—m^g is the force causin'^the 
mass m^ to ascend. Hence 



^ T-^m'g 
a = ^ 



m' 



and 



mg-T ^ T-m'g 



or T - ^^^'f absolute units ; 



m + iw 



or if m and vnf be gram weights, the pull is a stretching 

force equal to the weight of -, grams. 

m + m 
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§ 87. Iinpa4St. — The case of two impinging 
bodies is a good illustration of the application of 
the third law of motion. 

If one body strike another body and change 
in any way the motion of the other body, its own 
motion will be changed in an equal quantity and 
in the opposite direction. Thus if a body A 
strike or impinge on another body B, the force 
which A exerts on ^ is equal to the force which 
£ exerts, in the opposite direction, on -4 j or the 
momentum which A loses is equal to that which 
JS gains ; and the total momentum of the two 
bodies is unchanged. We shall only consider the 
case of two bodies moving in the same straight 
line ; but the same principles are applicable to 
any relative direction of motion, and it is only 
the mathematical calculations that are beyond the 
scope of the present work. 

§ 88. Perfectly Inelastic Bodies. — Let the 
two bodies A and B be moving in the direction 







© 



Fig. 25 



XT with such velocities that A overtakes B. 
Then, if the bodies are 27erf€ctly inelastic, i.e. if 
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the stresses set up in the bodies are too feeble to 
restore the bodies to their original shape, and can 
therefore be neglected, the two bodies will move 
on together with a common velooity, which may be 
thus determined : — 

Let the velocity of ^ be u and its mass 9n, 
and „ „ B „ u' „ „ m\ 

Then the body A has m u units of momentum 
and „ „ B m' u' „ „ 

Let V be their common velocity after having im- 
pinged ; then, since action and reaction are equal 
and opposite, the momentum lost by A equals the 
momentum gained by B, or 

in (u — v) = m' (v — u'), 
or (in + ^') v= mu •{• m' u' I 

i.e. the total momentum after impact equals the 
total momentum before impact, whence 

m -\- m 

If the bodies are moving in opposite directions 
before impact, then one of the velocities — sayw' — 
must be considered negative, in which case 



v = 






If, in this case, m tt = m' u\ v = 0, i.e. if 
the two bodies before impact are moving iu 
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Opposite directions, but so that the momentum of 
the one equals the momentum of the other, the 
eflTect of the collision will be to bring the two 
bodies to rest. 

§ 89. Bxamples. — (1) Two inelastic bodies the 
masses of which are 5 lbs. and 9 lbs. are moving in the 
same direction with velocities of 10 and 6 reispectively ; 
what is their common velocity after impact ? 

Here m = 5, m' = 9, «* = 10, and t*' = 5 ; .'. total 
momentum before impact equals 5x10 + 9 x 5= 95, 
and total momentum after impact = 14 v. 

• t) = ^^ = fii* 
■ 14 "' 

(2) Two bodies whose masses are 10 lbs. and 8 lbs. 
are moving in opposite directions with velocities of 4 
and 6 respectively ; find the velocity and direction of 
the motion after impact. 

Here v - — ~ . ^ — = — i foot per second. 

The motion is thus in the same direction as that of the 
mass of 8 lbs. 

§ 90. Elastic Bodies.— If the impinging bodies 
are not perfectly inelastic, but are perfectly or 
imperfectly elastic, i.e. if the internal stresses 
set up by impact are sufficient to wholly or 
partially restore the bodies to their original form, 
the two bodies will rebound or separate from one 
another and move with different velocities. This 
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is what happens when two billiard-balls strike 
one another, and is what usually occurs when one 
body impinges on another. In this case the 
motion after impact may be thus determined : — 



Let V be tlie velocity of the body A after impact, 



Then the total momentum after impact is 
w V + m' v\ and from the third law of motion it 
follows that 

where u and u' are the velocities of A and JB 
before impact. Now, by actual experiment, it is 
found that, for any two materials, the relative 
velocity, i.e. the rate at which the two bodies 
approach each other, he/ore impact always bears a 
constant ratio to the relative velocity, i.e. the 
velocity with which they recede from each other, 
after impact. 

The velocity of approach before impact is 
u ^u\M A overtakes B, 

The velocity of separation after impact is 
— (v — v'), and experiment shows that the ratio 

of these two velocities is constant, or "^ \^ ~" y ) — ^^ 

u -^ u 

where e is constant between any two materials. 
If the bodies were perfectly elastic e would equal 
unity, but for all bodies imperfectly elastic it \» 
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less than one. The number e is called the coefficient 
of restitution. 

From the equations rau -r m' u' ^=i mv •\' m' v' 
and e (w — u') + 1; — -y' = 0, v and v' may be 
found in any given case. If the bodies are 
perfectly inelastic, as previously supposed, e = 
and V = i/ ; i.e. the bodies move on together with 
a common velocity. 

§ 91. Impnlse.' — The case of impact ^hich we 
have considered in the foregoing paragraph is very 
similar to the effect which we have called an im- 
pulsCj and have discussed in a previous section. 
An impulse is generally an instance of impact in 
which one of the impinging bodies is restrained. 
Thus when a bat strikes a ball the effect of the 
blow is to transfer momentum from the bat to the 
ball, but whilst the ball moves off with the velocity 
imparted to it the motion of the bat in the 
opposite direction is restrained. 

§ 92. Becoil. — The third law of motion is 
also well illustrated by the recoil of a gun when 
a shot is projected from it. This, again, is a case 
of impulse. Without considering the exact action 
that takes place in consequence of the expansion 
of the gases which the ignited powder evolves, 
the total effect is such that the momentum of the 
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shot is ^qtlal in magnitude and opposite in direction 
to the momentum of the gun. 

§ 93. Bsample. — Suppose a 48-lb. shot to start 
firom a gun of 4 tons mass with a velocity of 200 feet 
per second ; the velocity of recoil can be easily deter- 
mined ; for if V equal the velocity, 

the total momentum before explosion = 

„ „ after „ = 8960 v + 48 

X 200 ; since 4 tons = 8960 lbs. 

/. 8960 i? + 9600 = 0, or v « - 1^ foot per second; 
e.g. the gun moves in an opposite direction to the shot 
with a velocity of 1^ foot per second. 

It follows as a corollary from the third law of 
motion that the mutual actions and reactions of the 
different members of a system of bodies cannot change 
the total momentum of the system. 

EXERCISES IX 

1. Two masses of 120 grams and 140 grams are 

connected by a fine thread which passes over a 
smooth wheel that revolves without friction ; find 
the acceleration, and the poll in the string. 
(g = 980.) 

2. Show how to find the pull, or so-called * tension,' of the 

string and the acceleration when one ball is drawn up 
an inclined plane by another which hangs by a string 
passing over a fixed pulley at the top of the plane. 

3. Apply the third law of motion to determine the 

velocity gained per second when masses of 6 oz. 
and 4 oz. are attached to the two ends of a string 
passing over the edge of a smooth table, the greater 
being drawn along the table by the smaller, which 
descends vertically. 
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4. A rifle is pointed horizontally with its barrel 5 feet 

above a lake. When discharged the ball is found to 
strike the water 400 feet off. Find approximately 
the velocity of the ball. 

5. Two bodies, perfectly inelastic, of different masses, 

are moving towards each other with velocities of 10 
and 12 respectively, and continue to move after impact 
with a velocity of 1*2 in the direction of the greater. 
Compare their masses. 

6. Two bodies of equal masses are moving in the same 

direction, and the velocity of the one is 10 feet per 
second, of the other 15 feet per second ; find their 
velocity after impact. 

7. Two bodies whose masses are to one another as 3 : 2 

are moving with velocities of 20 and 25 respectively 
(1) in the same direction, (2) in opposite directions ; 
compare their velocities after impact. 

8. A body the mass of which is 10 lbs. is projected along 

a smooth horizontal plane with a velocity of 20 feet 
per second and strikes another body at rest the mass 
of which is 40 lbs. ; find the velocity v^dth which 
they move on together. 

9. Three bodies of equal masses are placed at equal dis- 

tances in a straight line on a smooth horizontal 
plane, a fourth body of equal mass is projected in 
the same line with a velocity of v feet per second ; 
find the velocities after successive impacts. 

10. If a shot of mass 20 lbs. leave a gun of mass 3 tons 

with a velocity of 1,200 feet per second, find the 
velocity of the gun's recoil. 

11. If a shot weighing 32 lbs. be fired from a gun weigh- 

ing 2 tons with a velocity of 1,120 feet per second, 
and if the friction between the gun and the ground 
be equal to a force of 1 ton, how far will the gun 
recoil ? 

12. Equal spherical inelastic bodies are placed at short 

equal intervals in a smooth horizontal groove. The 
first is projected from an end along the groove with 
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a velocity of 20 feet per second. Find the velocities 
after successive impacts. 

13. Determine the velocities after impact of two balls 

whose masses are 300 grams and 500 grams, 
moving in the same straight line with velocities of' 
120 and 160 cents, per sec. respectively, (1) when 
they are moving in the same direction, (2) when they 
are moving in opposite directions. («=§.) 

14. The masses of two balls A and B in the same straight 

line are 60 grams and 100 grams respectively. 
Before impact A is at rest, and B is moving towards 
it with a velocity of 160 cents, per sec. Find the 
velocities of the balls after the impact, {e = \.) 

15. An elastic ball mass m strikes a hard surface at right 

angles to its direction with a velocity n ; find the 
velocity of rebound if <? be the coefficient of resti- 
tution between the ball and the surface. 

16. Find the coefficient of restitution if a ball fall on a 

hard surface from a height of 16 feet and rebound 
to a height of 9 feet, (g — 32.) 

17. In a large hotel there is a lift-chamber, from the roof 

of which a mass hangs by means of an india- 
rubber string. Suddenly the support of the lift- 
chamber gives way, and the chamber, with all 
that it contains, falls freely down under the action 
of gravity. What will now first happen to the 
mass and its india-rubber support ? 



EXAMINATION QUESTIONS IV 

1. The two ends of a string passing over' the pulley 
of an Atwood*s machine are loaded as follows: 
A with 16i, B with 16 J oz. Find the * tension ' at 
^ when it is in motion downwards. — Univ, of LotuI.- 
Matric.9 June 1877. 

■8. A half -ton shot is discharged from an eighty-ooe-ton 
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gun with a velocity of 1,620 feet per second. What 
will be the velocity with which the gun wiU. recoil, 
if the mass of the powder be neglected? — Ih, 
Jan. 1882. 

3. Two heavy bodies are connected by a flexible string 

which passes over a fixed pulley. Show how to 
find the acceleration with which the heavier body 
will descend. 

If the masses of the two bodies are respectively 
17 oz. and 15 ox., find the * tension * of the string. — 
Ih. June 1881. 

4. Two weights, of 6 lbs. and 7 lbs. respectively, are 

fastened to the ends of a cord passing over a fric- 
tionless pulley supported by a hook. Show that 
when they are free to move the pull on the hook 
is equal to 11§ lbs. weight. — lb. Jan. 1886. 

5. A particle whose mass is 10, moving with a velocity 

5, meets and impinges directly on another particlfe 

whose mass is 20 and velocity 3, the coefficient of 

I restitution being 0*125. Find from first principles 

the velocities of the particles at the end of the im- 
pact. — S. ^' A. Dep. 

6. A body is constrained to move in a circle by means of 

a string fastened to the centre ; the radius of the 
circle is 3 feet, the mass of the body 12 lbs., and the 
velocity 40 feet a second. Find the * tension ' of the 
string (o) in poundals, (J) in pounds. — lb. 1887- 
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CHAPTER V 

ENERGY 

XII. Work—Power 

§ 94, Work. — Whenever a body moves through 
any distance in consequence of the action of a 
force upon it, the force is said to do work. If 
a horse draw a cart along a rough level road, 
the horse does a certain amount of work, which 
depends on the force exerted by the horse and on 
the distance through which the cart is moved. 
When the body moves in the opposite direction to 
that in which the force is acting, the force is said 
to have work done against it. Thus suppose a 
heavy mass to be raised against the action of its 
weight, work would be done against the weight. 
In the former case the work is reckoned as positive, 
in the latter case as negative, A force which acts 
in the direction in which its point of application 
moves is sometimes called an effort, and when it 
acts in the opposite direction to that in which its 
point of application moves it is called a resistance. 
Thus the force exerted by the horse when clr«vwing 
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the cart is an effort, and the force against whicii 
he exerts this effort is the resistance due to the 
friction between the cart and the road. 

§ 95. "Units of Work.— The unit of work is 
the work done by a unit force acting through a 
unit distance. This unit depends on the units 
adopted for force and length. Thus if a poundal 
act through a foot the unit of work is a foot- 
poundal, and if a dyne act through a centimetre 
the work done is a dyne-centimetre, or erg, the 
name given to the unit of work in the C.G.S. system. 
The erg is a very small quantity, and is not much 
used in actual practice. A more convenient unit 
is that obtained by considering the work done in 
raising a pound against gravity through one foot. 
In this case the measure of the force of gravitation 
is one pound weight, and the distance moved through 
is one foot. This unit is called a foot-pound, and 
is the unit commonly adopted by engineers. 

In the metric system the corresponding unit 
is the kUogram-metre, which may be defined as the 
work done against gravity in the ascent (or that 
done by gravity in the descent) of one kilogram 
through one metre. 

The foot-pound = 32*2 foot-poundals, taking 
g = 32-2 (feet, seconds) = 32-2 (f., s.) 

The kilogram-metre == 981 x 10*^ ergs, taking 
^ =s 981 (centimetres, seconds) =981 (c, s.) 
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The gravitation units of work, like the gravi- 
tation units of force, are subject to variation 
according to the distance of the place from the 
earth's centre. 

It will be seen that whether we fix our attention 
on the effort exerted to raise a pound through a 
foot, or on the resistance offered by gravitation to 
the motion, the result is the same. 

§ 96. Measure of Work.— Since the unit of 
work is the work done by a unit force acting 
through a unit of distance, if a force F act, in its 
own direction, through a distance *, the measure 
of the work done will be Fs^ and this is equally 
the case if F act in the opposite direction to that 
in which motion takes place. The work done is 
measured, therefore, by the product of the effort 
or resistance and the effectual distance through 
vrhich the body moves. By effectual distance is 
meant the distance measured in the direction in 
which the force acts. Thus if a man pull a mass 
of 100 lbs. up a smooth incline 200 feet in length 
and 80 feet in height, the effectual distance through 
which the gravitational resistance has been over- 
come is 80 feet, although the distance traversed by 
the mass is 200 feet. Hence the measure of the 
work is 80 x 100 ^r foot-poundals, or 8,000 foot- 
pounds. Generally if a force F act on a body at 
the point A in the direction A T^ and the point of 
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application A move from A to B, then the effect 
tual distance through which A is moved, i.e. the 
distance in the direction of the action of the 
force, is A J/, where B M \b perpendicular to A T. 
Hence the measure of the work done i^ F x A M, 

T 




It follows that a force acting on a body does 
no wbrk when the body (or more correctly the 
point in the body at which the force is applied) 
moves in a direction at right angles to that in 
which the force acts, for in that case the effectual 
distance il if = 0. 

§ 97. Power. — The power of an agent is 
measured by the quantity of work it can perform 
in a given time. Thus if one labourer can do 
more work in an hour than another, the former is 
said to be more powerful. Power is thus the rate 
of doing work, and may be measured by the work 
done in one second. 

• 

The unit of power, accordingly, is the power 
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exerted by a force that does one unit of work in 
a second. This unit may be expressed as an erg 
per second or a foot-poundal per second ; or, if 
we take gravitation units, as a kilogram-metre or 
a foot-pound per second. 

James Watt came to the conclusion that the 
power of a good horse was 33,000 foot-pounds per 
minute, or 550 foot-pounds per second ; and since his 
time it has been usual, especially among engineers, 
to call this rate of working one horse-power^ 
denoted by the symbol FP. This unit is found 
very convenient for expressing the power of steam 
engines, gas engines, and prime movers generally. 
It is equivalent to 7*46 x 10* ergs per second 
{g = 981). 

If we call P the power of an agent which does 

E units of work in t seconds, P = —, or E = P,t 

t 

§ 98. «x«mpl6«.— (1) What is the horse-power 
of an engine that can raise every minute and a half 
2 tons of water to a height of 100 feet ? 

The work done in IJ minute is 2 x 20 x 112 x 100 
foot-pounds ; and since one horse-power does 38,000 
foot-pounds in a minute, the required horse-power is 

The rM= ofworkji!. ■"'■«',- '"lig . tmt 

^ I X 60 

foot-pounds per second. 
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(2) How much work is done when an engine 
weighing 10 tons moves half a mile on a horizontal 
road, if the total resistance is equal to a retarding force 
of 8 lbs. weight per ton ? 

The resistance is equal to 80 lbs. weight, and distance 
traversed is 2,640 feet ; 

.*. work done = 80 x 2640 foot-pounds. 

(8) If a mass weighing a half-ton be raised by 20 
men to a vertical height of 20 feet twice in a minute, 
how much work does each man do per hour; an4 
what is the equivalent horse-power of the gang ? 

Here the resistance due to the weight of the mass 
is 1,120 lbs. weight, and the distance moved through 
is 40 feet per minute ; 

w 

.•. the power exerted, or work done per minute, is 
1120 X 40 = 44,800 foot-pounds ; and the work done 
per hour is 60 x 1120 x 40 = 2,688,000 foot-pounds; 

.*. each man does 134,400 foot-pounds per hour, 

and the equivalent horse-power of the gang is ^^^^ =* 

ooOOO ■ 

li?W horse-power. 

(4) If a train whose mass is 40,000 kilograms, 
moving on a level road at the rate of 8,000 metres per 
hour, is brought to rest, find the work done against 
the resistance, if the total resistance is equal to ^J^ 
of the weight of the train. 

The weight of the train is 4 x 10^ • ^ dynes, 
and .*. the total resistance is 2 x 10^ . ^ dynes ; 

• , the retardation a == -^ — -' ? = -^ (c, s.), 

4 X 10' 200 
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-..v^ t 300000 lOf* 

andv = 3000m- per hr. =-_—_^= -cents. pa* aec; 

and mnee tr = 2a9, where s is the distanee tntYeraed, 

we hare YTi==*i?w^-'» or » =« -——centimetres; 
144 200 1444^ 

/. the work done against the resistance eqnals 

10* 10>' 

2^10*-i7Xj— ergs = -^^^^ 

The kilogram-metre = 981 x 10^ ergs ; 

ins 
/. the work done is --, — —- = 1415 kilogram-metres 

081 X 72 

nearly. 



EXERCISES X 

1. How much work is done per hour if a mass of 100 lbs. 

be raised 3 feet in 1 minnte 7 

2. A man weighing 140 lbs. carries a load of 100 lbs. up 

a ladder to a height of 50 feet ; how many f oot-ponnds 
of work does he do altogether, and what part of his 
work is done nsefoUy ? 

3. If a pit 10 feet deep and with an area of 4 square feet 

be excavated, and the earth thrown up, how much 
work will hare been done, supposing a cubic foot of 
earth to weigh 90 lbs. ? 

4. What power must be exerted by an engine to draw a 

train weighing 55 tons along level rails at a uniform 
speed of 30 miles per hour, the total resistance 
being equal to ^ of the weight of the train ? 

6. If a man does 1,056,000 foot-pouuds of work in a day 
of 8 hours, at what fraction of a K* does he work 
on the average ? 

6. What is the H> of a waterfall of 18 feet height when 
the stream above the fall passes through a section 
of 6 square feet at .the rate 2| miles an Hour t 
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7. A body weighing 8 cwt. is drawn along 100 feet up a 

smooth incline which rises 2 feet in height for every 
6 feet along the incline ; how much work is done ? 

8. How many foot-pounds of work are required to raise 

•30,000 lbs. of water from the depth of a furlong, and 
how many HP's to do it in five minutes ? 

9. A train weighing 10 tons moves for 20 minutes at a 

uniform rate of 30 miles an hour ; if the friction, 
&o., be 10 lbs. per ton, how much work is done 
during the time 'I 
lU. Compare the erff with a foot-pound where ^ = 981 
(c, s.)» having given 1 foot = 30*48 centimetres and 
1 lb. = 453'6 grams. 



XIII. Friction 



§ 99. Friction. — The resistance which a force 
has to overcome in moving a body may be due to 
various causes, one of which, viz. gravitation, has 
already been considered. Another, quite as com- 
mon, is friction, which is brought into play when- 
ever one rough body is made to slide over another. 
Practically all bodies are rough ; for although 
there exists hardly any limit to the degree of 
polish that can be imparted to certain substances, 
still no surface can ever be absolutely smooth. 

§ 100. Measure of Friction. — It is evident 
that the resistance of friction acts in the opposite 
direction to that in which the body tends to move. 
It can be measured, therefore, by the force that is 
necessary to move the body on a horizontal plane. 
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since in this case no part of the force used is 
employed in raising the body against its weight. 
Suppose we require to know the resistance of 
friction that exists between a body of weight W 
and the surface ^ ^ on which it rests. liet a fine 
thread be attached to the body and passed over a 
small wheel, as in fig. 27, and let the other end of 
the thread support a mass of weight P. If P be 
the least weight which will cause the body to slide 
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along the plane, P is the measure of the friction 
between the two surfaces 

§ 101. Another method of measuring the resist- 
ance due to friction is by elevating the plane A B 
till the body begins to slide, li A B G h^ the 
angle of elevation of the plane at which sliding 
commences, the resistance of friction is equal to 
that force which, acting parallel to the plane, 
would support the weight IT, the plane being 
supposed perfectly smooth. If P be this force 
F \ W :: h :l^ where h and I are the height and 

length of the plane (§ 72, Ex. 13) ; /. P = ^ If. 
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If B be the normal or statical reaction of the 
surface it can be shown that El W :: b : I where 
b ^= BC the base of the plane, and hence 

Jf =-7 , — IC ^ J JC, 

Co 

The angle ABC \& called the angle of frictrmu 




§ 102. Laws of Friction. — By these means the 
friction between the surfaces of different sub- 
stances has been determined, and the following 
laws have been established as the results of 
experiments by Coulomb and Morin ; — 

1. The friction depends on the nature of the 
surfaces, but is independent of the extent of the 
areas in contact. 

1i The friction varies with the normal reaction 
when the materials of the surfaces in contact 
remain the same. 

3. The friction is independent of the velocity 
when there is sliding motion. 
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These laws must not, however, be regarded as 
rigorously true under aU drcnnurtauoes. As 
regards Law 3, subsequent expenments have 
shown that the friction diminishes as the velocity 
increases beyond a certain limit, and that the 
force necessary to overcome friction when sliding 
is about to take place is greater than when one 
body is actually sliding on another. In the former 
case the friction is called static and in the latter 
kinetic friction. 

§ 103. CoefficieEt of Friction.— The ratio of 
the friction to the normal reaction, when sliding 
is about to take place, is called the coefficient of 
frictiony and is represented by the Greek letter //. 
Thus, if F be the force parallel to the surfaces in 
contact, which is just sufficient to produce sliding 

motion, and if i? be the normal reaction,| =„ 

or F = /i 7?. 

If a heavy body rest on a horizontal surface 
the normal reaction equals the weight, or F — fi W; 
but if it rest on an inclined plane, as in fig. 28, 

It follows from § 101 that the coefficient of 
friction is the ratio of the height to the base of 
the plane on which sliding is about to commence. 

§ 104. Bzamples. — (1) If the smallest force which 
will move a body of 10 lbs. weight along a rough hori- 
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zontal plane be equal to the weight of 5 >/ 2 lbs., find 

the angle of friction. 

Since F = /i W, we have 5 ^/ 2 = ft 10, or ft = /^. 

The plane may be inclined through an angle of 45° be- 
fore the body will commence to shp down the plane. 

(2) A body is projected along a rough horizontal 
plane with a velocity of 100 feet per second ; if the 
coefficient of friction between the body and the plane 
is f , how far will it move before coming to rest ? 

Let m be the mass of the body, then m ^ is its weight, 

and since F = fiW, F ^ ^mg; 

.'. retardation a due to friction = lZ!L?«^ 

m 5 

2 a 
and since «*^ = 2 a », we have (100)^ =» - ^ . «, 

5 

or « = 781 J feet, taking g = 32. 

(3) Find the work done in drawing a body of 
weight W up a rough incHned plane the height of 
which is h and length I. 

Let ft be the coefficient of friction. The work done 
against gravity is Wh, since the body of weight W is 
lifted through height h. The work done against fric- 
tion is F If where F is the resistance parallel to the 
plane due to friction. Now, we have seen that F = 

ft - Wf where b is the base of the plane. Therefore 
c 

the work done against friction is fi & W; and the total 

work done equals Wh + fib W, or the some amount 

as would have been done if the body had been moved 

along the base of the plane horizontally against 

friction, and then elevated against gravity through a 

height h. 
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EXERCISES XI 

1. Find the work done in sliding a cast-iron body of 66 

lbs. weight along a horizontal plane of 15 feet long, 
the coefficient of friction being 0*55. 

2. A mass of 600 lbs. by falling through 36 feet lifts by 

means of a machine a mass of 60 lbs. to a height of 
200 feet. How many units of work have been ex- 
pended on friction, and what proportion does the 
expenditure bear to the whole amount of work 
done? 

3. A heavy body is just on the point of sliding on a rough 

plane that rises 3 in a length of 5 ; find the coeffi- 
cient of friction. 

4. What is the pull of a string which, being stretched, 

is just able to move a body weighing 10 oz.» over 
a rough horizontal plane, coefficient of friction 
being I ? 

5. A rough plane rises 3 in 10, and a body weighing 12 

oz. is just supported by friction ; find the force of 
friction. 

6. Find the work expended in pulling a body weighing 

3 cwt. 100 yards up an incline that rises 1 in 10, if 
the force of friction be 10 lbs. per cwt. 

7. An inclined plane has a base 120 feet long, and is 

50 feet high ; the coefficient of friction between it 
and a body weighing 56 lbs. placed on it is 0*5 : how 
many units of work are required to draw the body 
up the plane, and how many to draw it down the 
plane? 

8. A body weighing 12 oz. is partly supported on a 

rough inclined plane that rises 1 in 2 by a force of 
friction and partly by a force parallel to the plane ; 
if the plane be lowered so as to rise 2 in 5, the force 
of friction alone will support it ; find the additional 
force in the former case. 
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XIV. Varieties of Energy — Relation between 

Units 

§ 105. Definition of Energy. — The energy of a 
body is its capacity for doing work. Every moving 
body possesses energy, i.e. it is capable of over- 
coming resistance. Instances of bodies possessing 
energy are numberless. The flying bullet can 
pierce a sheet of iron by overcoming the cohe- 
sion between its particles ; the running stream is 
able to turn the wheel of the water-mill, and the 
energy it possesses may be utilised in grinding 
com ; the moving air drives the ship through the 
water and overcomes the resistance offered to its 
passage. Wherever we find matter in motion, be 
it solid, liquid, or gaseous, we have a certain 
amount of energy which can be utilised in endless 
ways. There are other forms of energy besides 
matter in motion, some of which we shall here 
consider. 

§ 106. Measure of Kinetic Energy. ~ The 

energy of moving matter is called Kinetic Energy, 
or Energy of Motion ; it is energy ready for use — 
energy that is generally being spent, though it 
may not be economically employed. The rivulet 
will flow from the highlands to the lowlands, 
whether we give it work to do or not. We know 
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all about the motion of a body if we know its 
velocity and mass ; we can, therefore, express its 
energy in terms of these two quantities. Let m 
be the mass of the body, and v its velocity, and 
suppose the force F acting on the mass m through 
the distance s reduces the velocity v to zero. 
Then, if a equals the retardation, F := m a. 

Also i;2 = 2 a «, /. F^ ^, or i^s = !^, But 

Fs equals the total work done against the resist- 
ance F, .*, -- — equals the total number of units 

of work in the mass m moving with a velocity v. 

The quantity - is therefore the measure of the 

kinetic energy of the mass m. It will be seen 
that this energy is expressed in units of work, and 
the unit of energy may be defined as the energy of 
a moving mass which is capable of doing a unit of 
work, or of transferring a unit of work to some 
other body in coming to rest. 

In gravitation units the kinetic energy of a 
mass m moving with a velocity v = -—— , the units 

if 

being Jbot-jxmnds, or gram-centhnetres, or kito- 
gram-metres^ according to the system of units 
adopted. 

If the force t^ change the velocity of the mass 
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m from i? to t« in passing over a distance 8, we 
have . 

2 2 ' 

or the work done by a mass m, moving against a 
resistance which changes its velocity from v to w. 
is ^ w (i;^ — u^), 

§ 107. Potential Energy.— Matter is not de- 
prived of energy even when at rest. We have 
seen that, because of the mutual forces or stre88e8 
existing between all bodies in the universe, and 
also between the particles of bodies, bodies at rest 
have a tendency to motion, which the removal of a 
force, or the application of a force, can always 
render actual ; and the moving body, in virtue of 
this motion, will be capable of doing work. Now 
this capability of doing work must have existed in 
the apparently inert body before the opposing 
force was removed or the new force applied ; and 
the body, therefore, must have possessed a store of 
energy due to its position relatively to other bodies 
(as, for example, the earth) or to the relative posi- 
tion of its particles, and this energy is called 
Potential Energy^ or Energy of Position, Suppose 
a mass weighing 1 lb. be projected vertically up- 
wards with a velocity of 32*2 feet per second. 
The energy imparted to the body will have carried 
it to a height of 16*1 feet, and the body will then 

M 2 
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cease to have any velocity. The whole of its kinetic 
energy - -— will have been expended in raising the 
mass m to a height of 16'1 feet against the resist- 
ance mg, i.e. ^(^^'^)^ = m x 32-2 x 16'1 ; but 

the body will have acquired, instead, a new position, 
a vantage-ground ; and, if free to fall from this 
position it will obtain in reaching the point of 
projection a velocity of 32*2 feet per second, and 
thus re-acquire the energy which it originally 
received. Now, we may suppose the body to be 
lodged for any length of time at an elevation 
of 16*1 feet above its point of projection, and 
during this time its energy will be potential 
— stored up and ready to be freed whenever it 
shall be permitted to fall. The energy which 
in bygone years has been expended in raising walls 
and towers on the tops of hills and elsewhere still 
survives, and when the stones of which they are 
composed shall fall from their places there will be 
expended in the fall the same amount of energy 
as was employed in raising them. In the boulder 
embedded in the sea-shore we have evidence of 
kinetic energy that has been spent ; in the over- 
hanging crag we see a mass endowed with the 
energy of position, which at any moment, by the 
loosening of forces, may be changed into destructive 
work. Nature by her own processes is continually 
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modifying the relative position of the matter of 
which this earth is formed, and in every change 
there is a readjustment of energy, but neither gain 
nor loss. Energy may exist in many forms, but 
they all fall under one or other of the two classes 
already named — energy of motion or of position. 

§ 108. Conversion of Heat into Hechanical 
Work. — Of the various forms of energy none is 
more universal than that of heat. Our chief 
sources of heat are the sun and the combustion of 
fuel. The sun's heat is being constantly changed 
into mechanical energy. The wind that turns the 
sails of the mill and drives the ship through the sea 
receives its motive power from the sun's heat. The 
energy of a running stream has been derived from 
the same source. The clouds that settle on the 
ridges of the hills and on the mountain-peaks have 
been raised by the energy of the sun's heat from 
the waters of the sea ; and the falling rain feeds 
the streams and rivulets which, after having 
expended some part of their energy, find their way 
back to the sea. The havoc which so often follows 
the avalanche in its fall is caused by the release of 
the sun's energy stored up in the snow and ice. 

When wood or coal is burned, the heat evolved 
can be made to perform work. The steam engine 
is the most important instrument for converting 
beat-energy into mechanical energy. A portion of 
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this mechanical energy is employed in overcoming 
certain resistances incidental to the working of 
the machine ; the remainder may be spent directly 
in work, as in raising heavy loads by the steam 
crane, or in giving motion to other bodies, as in the 
ordinary locomotive. In either case the heat is 
transmuted into work. 

§ 109. Conversion of Hechanical Energy into 

Heat. — In discussing Newton's third law of motion 
we showed that when one inelastic body impinges 
on another, the momentum lost by one body is 
gained by the other, and that if they are moving 
in the same direction the momentum of the two 
bodies is the same before and after impact, having 
regard to the algebraic signs of the velocities in- 
volved. But although the momentum is unchanged 
by the impact, it is not so with the kinetic energy. 
If we suppose two bodies, the masses of which are 
4 lbs. and 10 lbs., to be moving in the same direc- 
tion, with velocities of 15 and 8 feet per second re- 
spectively, their common velocity after impact will 
be 10 feet per second (§ 88). Now the kinetic energy 
before impact =i(4xl52 + 10x 8^)= 770, and 
the kinetic energy after impact = ^ (10 -f 4) x 10* 
s= 700. Thus there is a loss of visible kinetic 
energy. If the two bodies are moving in opposite 
directions, or if an inelastic body in motion strike 
a similar body at rest, there will be a still greatei^ 
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loss of kinetic energy. In all these cases, how- 
ever, heat is generated by the impact, and careful 
experimental investigation has shown that the heat 
generated is proportional to the kinetic energy lost. 

We have seen that when one body moves on 
the surface of another body a resistance is offered 
to the motion, which is due to friction. If a body 
be projected along a rough road with a certain 
velocity, it will after a time come to rest, and the 
kinetic energy of the body will have been destroyed 
by friction. Now in this case a corresponding 
amount of heat is found to have been produced, 
exactly equivalent to the energy apparently lost. 
One of the earliest ways of obtaining heat was by 
rubbing sticks together — ^in other words, by evolv- 
ing it from mechanical energy. We have seen that 
in a locomotive engine heat-energy is changed into 
kinetic energy ; but the heat employed must be 
in excess of the kinetic energy required, as a large 
amount of friction has to be ovecome, and this 
friction reproduces heat. Hence part of the heat- 
energy evolved from the coals, after having been 
transformed into mechanical energy, reappears in 
the increased temperature of the rails, axles, and 
other parts of the machinery. If the speed of the 
engine remain uniform, the heat of the furnace is 
wholly employed in overcoming these resistances, 
and is spread over the rails and macliinery ; and 
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if the steam be turned off and brakes applied, the 
kinetic energy of the engine is gradually converted 
into heat, and the locomotive stops. Whenever a 
body is brought to rest by moving over a rough 
surface, by passing through water or air, or by 
striking against another body, the energy of the 
moving body is not destroyed, but is converted 
into a new form of energy, equal in amount to 
that which is apparently lost. 

§ 110. Selation between Units of Work and 

Heat. — Careful experiments have shown the exact 
amount of heat that is equivalent to a unit of work. 
The details of these experiments are given in 
treatises on Physics, to which the student is 
referred for full information respecting other forms 
of energy. By these experiments it has been 
proved that the quantity of heat necessary to 
raise the temperature of a pound of water through 
1^ F. possesses the same amount of energy as is 
required to lift 772 lbs. against gravitation through 
one foot. In other words, the energy of this 
unit of heat is equivalent to 772 foot-pounds. 
If 1° C. be taken instead of 1° F., the energy 
would be 1,390 foot-pounds. In the C.G.S. system, 
the unit of heat is the calorie, and is the quantity 
of heat required to raise the temperature of one 
gram of water from 4** C. (its temperature of maxi- 
mum density) to 5® C. The mechanical equivalent 
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of this uiiit of heat, which is usually denoted by 
the letter /, after Joule, to whose experiments 
these results are largely due, is about 42,400 
gram -centimetres, or 42 x 10^ ergs. In other 
words, a calorie can generate 42,000,000 ergs, and 
in the destruction of 42,000,000 (C.G.S.) units of 
mechanical energy one calorie is produced. 

§ 111. Belaticn between Force, Momentam, 
and Energy. — From what has gone before, it 
appears that a body, can only be brought to rest 
by the action of a force or resistance in a direction 
opposite to its motion. In considering the action 
of the force, we may have regard to the time 
during which the force acts, or to the distance 
through which it acts. In the former case it may 
be measured by the change of momentum in a unit 
of time, in the latter case by the change of energy 
in a unit of distance. Thus, if a force F, acting 
for t seconds on a mass 3f, gives it a velocity of v, 
we know that F=Ma and v = at, so that 

F =^^ or Ft =z Mv. And if a force F, acting 
t ° 

through a distance a on a mass M, gives it a velo- 

m V^ -n lit V 

city r, we know that F s =: — — . or F= -^^— * 
•^ 2 2* 

The two expressions F == — and F = -^ — show 

us that the force F may be considered as the change 
of momentum with respect to tims, or as the change 
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of energy with respect to distance ; and if we make 
F^ t, and s each equal unity, we see that the unit 
of momentum is produced by a unit of force, acting 
for a unit of tim^, and that the unit of energy is 
produced by a unit of force acting through a unit 
of length. 

It follows from the above, that if two masses 
have the same momentum, that which has the 
greater velocity, and consequently the less mass, 
has the greater kinetic energy. For if Mv = Jf t/ 

and V is greater than v\ - will be greater than 

-, and therefore — -- is greater than — - — . In 

discussing the third law of motion we saw that 
in firing a gun the momentum of the shot forward 
is equal to that of the gun backward ; but the 
kinetic energy of the shot, i.e. the work it is 
capable of doing against a resistance, is greater 
than the kinetic energy of the recoiling gun. 

§ 112. Batamples. — (1) A body is projected up a 
rough inclined plane which rises 1 in 10 with a velocity 
of 40 feet per second. If the resistance due to friction 
is yJ^ the weight of the body, find how far the body 
will move up the plane. 

Here the kinetic energy of the body on starting is 
hMv^ = i Jlf X (40)^ = 800 ilf; and this energy is em- 
ployed in overcoming the resistance due to friction and 
to gravitation. , 
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The resistance due to friction is - - ^ ; 

/. the work done against friction is -^ . a, where s is 

the distance moved through up the plane. 
The work done against gravity is — -^ . b ; 

. ^ ^ 80000 ^ 227 T^r feet, taking ^ » 82 (f., s.) 

(2) A bullet of mass 1 oz. leaves the muzzle of 
a gim 8 feet in length with a velocity of 1,000 feet per 
second ; find the average force of the powder on the 
bullet. 

Here the force acts through 8 feet, and in doing so 
gives to the bullet a velocity of 1000. 

The work done by the explosive force of the powder 
is 81^ foot-poundals, and the energy imported to the 

bullet is (^^?I' X i foot-poundals ; or 3 F = ^', 
2 16 82 

10° 10^' 

.*. F ^ -—- poundals, or -- - pounds weight. 

Uo vQff 

(8) A heavy body slides down the whole length of 
a rough inclined plane, and with the energy acquired 
slides up another rough inclined plane in contact with 
it ; find the distance through which it ascends the 
second plane. 

Let h, h, and fi be the height, base, and coefficient 
of friction on one plane. Let h\ b\ and ti' be the 
height, base, and coefficient of friction on the other. 
Then if W be the weight of the body, WJi—fi Wb ia 
the number of units of work acquired in falling the 
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whole length of the first plane. Let x be the distance 
measured horizontally, and y the distance measured 
vertically, from the foot of the plane, of the point which 
the body is enabled to reach on the incline. 

Then, Wy + pt' Wx is the measure of the work 
expended, in reaching this point, the positive sign 




Fig. 29 

showing that both gravitation and friction are opposed 
to the rising of the body. 

/. TFy + / Wx^Wh-iiWh, 
y + fi^x = h-fxb; 



or 
also 

or 

and 



H-^F^'^')-'-'^'^ 



X" 



h'^b ^j. 



h'-ffi'b' 



y 



h-'fi b 



h' + fi'b 



7T7' "' y 



h—p. b 
where V is the length of the second plane. 



.-. distance required = <^ (ajH y^) =■- ^"^^ x l\ 
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EXERCISES XII 

1. What is the measure of the force which acting on a 

mass of 60 grams reduces its velocity from 100 centi- 
metres per second to 20 centimetres per second, 
whilst the body traverses 2 J metres? 

2. Through what distance must a force equal to the 

weight of J lb. act upon a mass of 48'3 lbs. in order 
to increase the velocity from 24 feet to 36 feet per 
second ? 

3* A body weighing 40 lbs. is projected along a rough 
horizontal plane with a velocity of 160 feet per 
second ; the coeflB.cient of friction is j^ : find the work 
done against friction in five seconds. 

4. What amount of energy is acquired by a body weighing 
30 lbs. that falls through the whole length of a rough 
inclined plane, the height of which is 30 feet and 
the base 100 feet, the coeflScient of friction being I ? 

6. A body weighing 20 lbs. is projected down a rough 
inclined plane (ratio of height to leTUfth = 3:6) with 
a velocity of 30 feet per second. If the coefficient 
of friction between the surfaces of the body and the 
plane is 0*2, find the velocity of the body when it 
has traversed a distance along the plane of 200 feet. 

6. A body is projected up a rough inclined plane that 

rises 7 to a base of 10 with a velocity of 200 feet per 
second; find its velocity when it returns to the 
point whence it was projected, the coefficient of 
friction being 0*3. 

7. If ^ = 9*8 (metres, seconds), find the equivalent of heat 

necessary to project 50 kilograms with a velocity of 
490 metres per second. 
.8. A body weighing 50 lbs. is projected along a rough 
horizontal plane with a velocity of 40 yards per 
second ; what amount of work is expended when the 
body comes to rest, and what is the equivalent of 
heat generated ? 
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XY. Canservaiion of Energy 

§ 113. gtateniflPt of Law. — The previous lessons 
contain a few instances of a vast number of facts, 
which have been g^neraliBed into a fundamental 
law of physical science. This law, known as that 
of the Conserration of Energy, embraces the 
following propositions : — 

(1) The sum-total of energy in the universe 
remains the same. 

(2) The various forms of energy may be con- 
verted the one into the other. 

(3) No energy is ever lost. 

§ 114. (1) Totality of Energy. ^These three 
propositions are intimately connected with one 
another. To understand the first of them, we 
must suppose the universe to have been origi- 
nally endowed with certain energies, the sum-total 
of which is always, in quantity, the same. We 
have seen that various kinds of forces exist. 
The most important of these is Gravitation, with 
which matter in all its forms is universally 
endowed. It acts between bodies in mass, and 
between the molecules of bodies. Other mechani- 
cal forces are Cohesion, which holds the particles 
of a body together, and Elasticity, which is ex- 
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hibited in a watch-spring, and which causes the 
particles of a body to resume their original positioti 
after having undergone displacement. We have 
spoken of the energy of Heat, and have shown 
the relation between mechanical and thermal 
energy. The force of Chemical Affinity, which 
causes the elements which constitute a complex 
molecule to combine, is not so easily brought 
within the range of mechanical principles. But 
whenever this force is allowed to do work, by 
causing the separated elements to combine (as in 
the combustion of fuel), the whole of the potential 
energy lost can be made to appear as heat, and in 
this way we are able, in most cases, to express, in 
units of work, the energy due to the existence of 
this force. Other forces are those which give 
rise to the phenomena of light. Electricity, and 
Magnetism ; but it is beyond the scope of the 
present work to do more than indicate the existence 
of such forces. What the law of conservation 
asserts is, that the sum -total of energy, kinetic 
and potential, due to all these forces always has 
remained, and always will remain, the same. If 
the energy due to any one force be diminished 
in quantity there must be a corresponding increase 
in some other variety of energy. It will be seen 
that this law of the totality of physical energy 
necessarily involves the second of the three 
propositions above stated. 
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§ 115. (2) Transmutation of Energy.— Facta 
have already been mentioned that illustrate this 
law. The most easily recognisable form of energy 
is what has been called * visible energy,' i.e. matter 
in motion. This can easily be converted into 
potential energy or energy of position. These two 
states are exemplified in the oscillation of a 
pendulum. When the bob of a pendulum reaches 
its lowest point it possesses a certain amount of 
kinetic energy, which is sufficient to raise it 
through a certain arc on the other side, and when 
it reaches its highest point it has lost all this 
kinetic energy, and has acquired an equivalent 
amount of potential energy, which being set free is 
reconverted into energy of motion. This trans- 
mutation of kinetic into potential energy, and of 
potential into kinetic energy, might go on for ever, 
if the friction of the pivot and the resistance of 
the air did not gradually retard the motion of 
the pendulum. A certain amount of energy thus 
disappears, and we have found that the energy of 
motion that is lost is really converted into heat. 
The pivot and the air become heated by the 
motion. Kinetic energy, though it may endure 
for any limited period of time, must ultimately 
waste away into heat ; and all moving bodies, in 
80 far as they move against friction, or through 
a resisting medium, will eventually come to rest. 
Perpetual motion, in the sense in which it is 
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generally understood, is thus demonstrated to be 
impossible. Since, however, heat is shown to be 
accompanied by molecular motion, it would appear 
that the motion of masses is perpetually changing 
into the motion of molecules. 

The connection between heat and motion is 
better understood than the relation between other 
forms of energy ; but the researches of modern 
science are continually showing us how other varie* 
ties of energy are capable of being transmuted and 
reproduced under new forms. 

§ 116. (3) The Indestructibility of Energy.— 
The law asserts that energy is never lost. It may 
become latent, and remain so for centuries ; but it 
is permanent. The great source of energy in the 
Solar System is the sun. Streams of energy are 
continually flowing from the sun to the earth, and 
this energy is made to do all kinds of useful work. 
It gives to the waters of our seas an energy of 
position, by converting them into vapour and 
raising them to the hill-tops. It supplies the 
vegetable world with the energy necessary to 
separate carbon from the carbonic acid in the air, 
and the carbon thus fixed in the plant is gradually 
converted into wood, which may be immediately 
employed as fuel, or may re-appear as coal after 
having been buried in the earth for thousands of 
years. In either case the sun's energy, stored up 

N 
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in the fuel and in the oxygen of the air, 
as energy of chemical separation, is eventually 
set free to be converted into work. The vegetable 
products of the earth supply food to animals, and 
these again supply food to man ; and thus the 
energy of animal agents is ultimately derived from 
the sun. Our scientific knowledge may be too 
limited to enable us, in all cases, to trace the course 
of energy through its various transmutations ; but 
every new observation that is made brings with 
it additional evidence tending to verify the law 
that energy is never lost. 

§ 117. Dissipation of Energy.-— Although the 
sum total of the energy of the universe re- 
mains the same, the amount of energy that can 
be employed in doing useful work is found to be 
continually growing less. Heat is the most 
generally diffused form of energy ; and a study of 
the laws of heat shows us that in order that heat 
may be converted into mechanical energy, it is 
necessary that it should pass from a body of higher 
to one of lower temperature. This occurs in every 
heat-engine in the process of converting part of 
the heat-energy of the steam, gas, or other heated 
substance into mechanical work. The amount of 
work that can be got from a given quantity of the 
substance which is heated largely depends upon the 
temperature to which it can be cooled, i.e. upon the 
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difference of temperature at which it is received 
and ejected. In the fall of temperature, as in the 
fall of water from a higher to a lower level, work 
is done, and a certain amount of energy is utilised. 
On the other hand, we have seen that whenever a 
body moves against friction a certain amount of 
heat is generated, as when a brass button is 
rubbed on a piece of dry wood ; and nearly all the 
mechanical work done by every heat-engine is 
ultimately resolved into heat -energy, due to 
friction. But the heat thus generated is at such 
a low temperature as not to be available for the 
purposes of work. By no process yet known can 
this diffused heat be reconverted into mechani- 
cal energy. In other ways, too, the tempera- 
ture of hot bodies is being continually lowered. 
It thus appears that a large amount of energy, 
though not absolutely lost, is always becoming 
practically useless, through the conversion of heat 
at a high into heat at a low temperature. This 
loss of available energy, which is known as the 
* Dissipation of Energy,' takes place whenever 
work is obtained from fuel and other sources of 
heat at a high temperature, and also whenever 
heat flows by conduction or radiation ; and, in 
the absence of all positive knowledge with respect 
to the means by which the sun's heat may be 
renewed, it is thought that * the mechanical energy 
of the universe willfbe more and more trai\sformed 

s2 
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into universally diffused heat, until the universe 
will be no longer a fit abode for living beings.' 

EXAMINATION QUESTIONS V 

1. A body, whose mass is 100 grams, is thrown 

vertically upwards with a velocity of 980 centi- 
metres per second. What is the energy of the 
body, (1) at the moment of propulsion, (2) after 
half a second, (3) after one second ? — Univ. of Zond, 
Matric.f Jan. 1878. 

2. What is the * Kinetic Energy * of a moving mechanical 

system ? 

A shot of 1,000 lbs., moving at 1,600 feet per 
second, strikes a fixed target. How far will the 
shot penetrate the target exerting upon it an average 
pressure equal to the weight of 12,000 tons? — lb. 
June 1880. 

3. Equal forces act for the same time upon unequal 

masses, M and m. What is the relation between 
(1) the momenta generated by the forces, (2) the 
amounts of work done by them ? — lb. Jan. 1884. 

4. What is the relation between the mass and velocity 

of a Ciinnon-shot, and the work it can do on a fixed 

target ? 

What is the horse-power of an engine which can 

project 10,000 lbs. of water per minute with a 

velocity of 80 feet per second, 20 per cent, of the 

whole work done being wasted by friction, &c. ? 
(N.B. An agent of 1 horse-power can do 33,000 

foot-pounds of work per minute.) — lb. Jan. 1884. 
6. A cannon-ball whose mass is 60 lbs. falls through a 

vertical height of 400 feet: what is its energy? 

With what velocity must such a cannon-ball be 

projected from a cannon to have initially an equal 

energy ?— /J. June 1884. 
6. A body whose mass is 12 lbs. m^es from rest with a 
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uniform acceleration of 100 inches per second; 
calculate the velocity, momentum, and energy after it 
has moved over 20 feet. In what units are your 
results expressed?— /J. Jan. 1890. 

7. A body weighing 187 lbs. is supported on an inclined 

plane, whose angle is 30°, by a horizontal force ; find 
the force and the work necessary to move the body 
20 feet along the plane. — Ih, Jan. 1890. 

8. Distinguish between the momentum and energy of a 

moving body. A 30-ton mass is moving on smooth 
level rails at 20 miles an hour ; what steady force 
can stop it (a) in half a minute, (fi) in half a 
mile ? Specify the force completely. — Ih. Jan. 1 892. 

9. A body weighing 10 lbs. is placed on a horizontal 

plane, and is made to slide over a distance of 50 
feet by a force of 4 lbs. ; what number of units of 
work is done by the force? If the coefficient of 
friction between the body and the plane is 0'3, what 
number of units of work is done against friction ? 
At the instant the 50 feet have been described, what 
is there in the state of the body to show that the 
former exceeds the latter? — S. ^ A, Dep, 

10. What is the horse-power of the engine which draws a 

train at a uniform rate of 45 miles an hour against 
a resistance of 900 lbs. 1—Ib. 1887. 

11. A particle weighs 10 lbs. and moves at the rate of 

1,250 feet per second; find the distance through 
which it would overcome a resistance of 1,000,000 
lbs.— 7*. 1888. 

12. A number of men can each do on the average 

490,000 foot-pounds of work per day of 8 hours; 
how many of such men are required to do work at 
the rate of 10 horse-power? — Jh. 1889. 

13. Find the number of foot-pounds of work required to 

wind up a g^ven chain which hangs by one end. — 
Ih. 1889. 

14. A body whose mass is 10 lbs. is capable of doing 

605 foot-poundals of work in virtue of its mass and 
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velocity ; at the rate of how many feet per second 
is it moving 1—lh. 1890. 

15. A body impinges directly with a given velocity against 

a fixed plane. If the mass is 10 lbs. the velocity 
20 feet a second, and the coefficient of restitution 
0'6, how many foot-poundals of energy disappear in 
the collision?— 7J. 1890. 

16. A body whose mass is 6 lbs. is moving at the rate of 

8 feet a second ; how many f oot-poundais of work 
can it do against a resistance in virtue of its mass 
and velocity? If it did 117 foot-poundals of work 
against a resistance, what would thus be its velocity ? 
—lb. 1891. 

17. Find the resistance due to friction, if a mass of 10 lbs. 

07=32), moving with a velocity of 48 feet per 
second along a rough horizontal plane, passes over 
144 feet before coming to rest. — Royal College of 
SurgeoTis* 
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CHAPTER VI 

MACHINES 

XVI. Application of the Law of Energy — 

Tlie Lever. 

§ 118. A MACHINE is an instrument by means of 
which a force applied at one point is able to exert, 
at some other point, a force differing in direction 
and intensity. It has been usual in treating of 
simple machines to call the applied force the 
* power ; ' but the word * power ' is now in general 
use with an entirely different meaning, as ex- 
plained in § 97, and we shall accordingly speak of 
this applied force as the effort. The force exerted, 
or effective resistance overcome, is usually called 
the tveight ; this resistance may be the earth's 
attraction, as in raising a heavy body, or it may be 
the molecular attractions between the particles of a 
body, as in stamping metal or dividing wood, or 
it may be friction, as in drawing a heavy body 
along a rough road. 

§ 119. Besides the effective resistance, the effort 
is employed in overcoming the internal resistances, 
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chiefly due to friction, which always exist between 
the different parts of a machine. The effort may 
be just sufficient to overcome these two kinds of 
resistance ; it may be in excess of what is neces- 
sary, or it may be too small. If just sufficient, 
the machine once in motion will remain uniformly 
80, or if it be at rest it will be on the point of 
moving, and the force applied, or effort^ will be in 
equilibrium with the effective and internal resist- 
ances. If the effort be in excess, the machine 
will be set in motion and will continue to move 
with an accelerated motion ; if the effort be too 
small, it will not be able to move the machine ; 
and if the machine be already in motion, it will 
gradually come to rest. When the effort is just 
sufficient to overcome the resistance, the ratio of 
the resistance to the effort is called the rnodulus 
of the machine. In this case it is evident, from 
the law of the Conservation of Energy, that the 
work done by the effort has its equivalent in the 
work done against the effective resistance to be 
overcome and against the resistance due to the 
friction between the parts. This is the general law 
of machines in uniform motion or in equilibrium, 
and may be formulated thus : Let P be the force 
of the effort put forth, p the distance through 
which it acts in a given time in its own direction, 
W the external resistance overcome, and w the 
<iistftp<?e through which it i$ oyercpnj^ iji th© sam^ 
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time ; let S be the resistances due to friction and 
other causes, 8 the distance through which these 
are overcome ; then the work done by P equals 
work done against W and Sy 

or Fp = Ww + Ss. 

The above equation shows us that whilst P can be 
made as small as we please by taking p great 
enough, the mechanical advantage of diminishing 
P is restricted by the fact that 8 increases with p ; 
and consequently, with the decrease of P there is 
a corresponding increase of the work to be done 
againt friction and the internal resistances. Hence, 
if friction be neglected, there is no practical limit 
to the ratio of P to W; but if the friction between 
the parts be considered — and it is impossible to 
construct a machine without friction and internal 
resistance — the advantage of decreasing P has a 
limit, since ii P p remains the same, }V w must 
decrease as Ss increases ; in other words, the work 
done against friction increases with the complexity 
of the machinery. 

It will be seen from the above equation that 

-_^ = 1 — --^, i.e. the ratio of the effective work 
P 2^ Pp 

done, W Wyto the work applied, P py is a fraction 
less than unity. This ratio is called the efficiency 
of the machine, and as it approaches unity so the 
e$ciency of tb© machine increases, 
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§ 120. In the application of this principle to 
those simple machines generally known as the 
Mechanical Powers, we shall follow the usual 
custom of not taking into consideration the 
resistance due to friction, but shall suppose a9 = 0, 
in which supposed case the efficiency of the machine 

is -- — ,and Pp =s Ww, or -_ = £. This equation 
Pp P w 

shows that the ratio of the effective resistaticey 

which we call simply the resistance, to the effort is 

equal to the ratio between the distance through 

which the effort acts, and the distance through 

which the resistance is overcome, in the same 

time ; or, in other words, is equal to the ratio of 

the velocities of the points of application of the 

effort and resistance. Or, again, if we take equal 

distances and uniform motion, we see that wlmt is 

gained in force is lost in time. When W is 

greater than P the machine is said to work at a 

mechanical advantage, when less at a disadvantage ; 

but in both cases the ratio - is called the me- 

clianical advantage of the machine. Machines 
are frequently employed for enabling a large force 
to overcome a smaller force through a greater 
distance than the larger force itself acts. With 
respect to the force applied, such machines work 
at a mechanical disadvantage ; but, with respect 
to the distance traversed, they work at an ad- 
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vantage. The advantage or disadvantage of a 
machine depends, therefore, on the object to be 
gained. The steam engine and the watch are both 
machines in which the effort exerted exceeds the 
resistance to be overcome, but the equation of work 
holds good. 

§ 121. Virtual Velocities. — ^Whenafrictionless 
machine is in uniform motion Pp = Ww^ or Fp — 
TTio = ; i.e. the algebraic sum of the works done 
by all the forces is zero. If the machine be in equili- 
brium the principle of work equally holds good. 
For, if we suppose the machine to undergo a small 
displacement, consistent with the connection of its 
several parts, then, since the forces balance one 
another, the algebraic sum of the works done by 
the forces must be zero. In this case, the velocities, 
being imaginary, are called virtual ; and the 
principle is known as the principle of virtual 
velocities, and may be enunciated thus : If any 
machine is in equilibrium under the action of 
forces, and we suppose it subjected to any small 
displacement, consistent with the connection of 
its parts, the algebraic sum of the works done 
by all the forces is zero ; and, conversely, if the 
sum be zero, the forces are in equilibrium. 

§ 122. Simple Hachines. — The simple machines, 
sometimes called the Mechanical Potvers, may be 
considered under three heads, according as the 
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means employed to alter the magnitude and direc- 
tion of the force applied are — 

I. A solid body movable about a fix<Ml point 
or axis. 

II. A flexible string. 

III. A hard inclined surface. 

Under the first head are comprised (1) the lever 
and (2) the wli^el and axle ; under the second head 
(3) the various kind of pulleys ; under the third 
head (4) the inclined plane, (5) the tvedr/e, and (6) 
the screw. 

§ 1 23. The Lever. — A rigid rod turning on a 
fixed point or axis is called a lever. The fixed 
axis is called the fidcrum, and those parts of 
the rod on either side of the fulcrum are called 
the arms. 

Let -4 J5 be a lever, consisting of a uniform 
rigid rod, supposed»to be weightless, turning freely 




><w 



Fig. 30 



about C, the fulcrum, and let P be the force applied 
ftt -4, and W the force exerted, or resistance over- 
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come, or weight raised at B. Suppose the lever 
turned through the angle AG A' into the position 
A' C B'] then if A' M, B'J!f &re drawn parallel to 
the directions of P and W, the distance through 
which the point A has moved in the direction of F 
is A' M, and the corresponding distance through 
which the point B has moved in the direction 
opposite to W is B' N. We have, therefore, by 
the equation of work, 

P xA'M=^ WxB'N; 

and since, by similarity of triangles, 

A' M : B' N :: A' C : B' C, 

and A'C^AC,BXiAB'C:=BC, 

we have P x AC=^W xBCy 

or P X its arm = TT x its arm. 

This is the general principle of the lever, when 
the bar is a straight rod and the forces are per- 
pendicular to it. 

§ 124. Three Kinds of Levers. — Levers are 
said to be of three kinds, according to the position 
of the fulcrum with respect to the effort^ or force 
applied^ and the resistance, or force overcome, 

"Where the fulcrum is in the middle the lever is 
of the first kind ; where the point of application 
of the resistance is in the middle, the lever is of 
the second kind ; where the point of application 
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of the effort is in the middle, the lever is of the 
third kind. 

In each of these three cases 

W_AC 
P EC' 

In case I. there is a mechanical advantage or 
disadvantage, as ^ C7 is greater or less than B C. 
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Fig. 31 



In case II. AC is necessarily greater than S C, 
and there is always a mechanical advantage. 

In case III. -4 C is necessarily less than B C7, 
and there is always a mechanical disadvantage. 

Besides the forces T and TT, there is the 
reaction of the fixed «^xis or fulcrum to be con- 
sidered, which is equal to the total force with 
which the bar presses on the fulcrum. Neglecting 
the weight of the bar, it is evident that 
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in case I. tlie reaction is equal to P + W, 
in case II. „ „ W — P, 

in case IIL >) . » -^ — ^^« 

By means of a lever two forces, however 
unequal, may be made to balance each other, by 
so adjusting the position of the fulcrum that its 
perpendicular distances from the directions of the 
forces shall have the inverse ratio of the forces. 

§ 125. Examples of levers. — The crowbar is a 
'good example of a lever of the first kind. The 
wheelbarrow is a lever of the second kind in which 
the fulcrum is at the axle of the wheel, and the 
effort is applied at the handle. A pair of nut* 
crackers is a double lever of the second kind. The 
oar of a rowing-boat may be regarded as a lever 
of the first kind, in which the fulcrum is at 
the rowlocks, if we consider the resistance of tlie 
water as the force to be overcome. The treadle 
of a sewing-machine is an example of a lever 
of the third kind. The best examples of this 
order of levers are seen in the animal frame, in 
which readiness of action is obtained at a loss of 
power. 

§ 126. Weight oftheLever.— If the weight of 
the lever be taken into account, we have an 
additional force to consider, which may assist the 
action of the force applied or give the force more 
work to do, according as it acts on the same side 
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of the fulcrum as this force or not. If G (fig. 30) bd 
the position of the point in the lever, in which the 
single force equal to the weight may be supposed 
to act (and it will be shown in a subsequent 
chapter that such a point exists in, or in respect 
to, every heavy body), and if w be the weight of 
the lever acting at this point, then the equation of 
work becomes 

or P-kAG^WxBC + wx OC^ according to 
the position of G with respect to C. 

§ 127. Bxamples. — (1) A lever is 3 feet long, and 
its weight is 1 lb., and acts at the middle point. The 
redstance to be overcome at one end is 20 lbs., and 
the force applied at the other end is 3 lbs. ; find the 
position of the fulcrum. 

Let X be the distance of the fiilcrum from A where 
P acts (fig. 30) ; then 3 - a; is the distance of the fulcrum 

Q 

from B where W acts, and x — - \a the distance of the 
fulcrmn from G where w acts ; 

/. P X (K + «; X /'a? - ^ j = TT X (3 - aj). 

/. 3aj + a? - ? = 20 (3-a:) = 60-20ar, 

/. X = 2/g feet = the distance of fulcrum from A 

(2) What force must be applied at -the end of a 
lever 20 inches long to lift a body weighing 30 lbs. slung 
at a point 6 inches from the other end, if the weight of 
the lever is 4 lbs. and acts at its middle point ? 
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Here P x AC ^ ^ x C(? + 80x C B, 

or 20P- 4 X 10 + 80 X 6; 

.'. P = 9 J lbs. 

The varions kinds of balances are examples of 
levers ; but these will be treated later on, under the 
head of MomentSf when the principle of levers will be 
farther considered. 

EXERCISES Xin> 

1. A lever is 18 inches long ; where must the falcram 

bo placed in order that a weight of 6 lbs. at one end 
may balance double its weight at the other end ? 

2. What force must be applied at one end of a lever 12 

inches long to raise a mass weighing 30 lbs. hanging 
4 inches from the fulcrum which is at the other 
end, and what is the force pressing on the fulcrum ? 

3. Two bodies weighing 6 lbs. and 8 lbs. respectively 

are hung from the ends of a lever 7 feet long; 
where must th« fulcrum be placed so that they may 
balance 7 

4. A mass weighing 10 oz. at the end of a lever is 

raised by a force which is just greater than thci 
weight of 36 oz., and which acts 6 inches from the 
fulcrum which is at the other end ; what is the length 
of the lever and the force pressing on the fulcrum ? 

6. A lever weighs 3 oz., and its weight acts at its 
middle point ; the ratio of its arms is 1 : 3. If a body 
weighing 48 oz. be hung from the end of the shorter 
arm, what is the weight of the mass that must be 
suspended from the other end to prevent motion ? 

6. A lever 10 inches long, the weight of which is 4 oz. 
and acts at its middle point, balances about a cer- 

' In these and the following exercises the forces are 
given in gravitation units unless otherwise stated. 
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tain point when a body weighing 6 oz. is hnng 
from one end ; find the point. 

7. A heavy lever weighing 8 oz. balances at a point 3 

inches from one end and 9 inches from the other. 
Will it continue to balance about that point if 
masses of equal weight be suspended from the ex- 
tremities ? 

8. A beam the length of which is 12 feet balances at a 

point 2 feet from one end ; but if a body weighing 
100 lbs. be hung from the other end, it balances at 
a point 2 feet from that end ; find the weight of the 
beam. 

9. A beam the length of which is 8 feet balances at a 

point 2 feet from one end. If to this end a body 
weighing 40 lbs. be hung, find the least force 
applied at the other end that will support this 
body. 
10. A heavy beam 16 feet long, and weighing 4 lbs., 
balances by itself about a point 4 feet from one end. 
If a body weighing 10 lbs. be hung 2 feet from this 
end, find the weight of the body that must be hung 
from the other extremity that the beam may balance 
about its middle point. 



XVn. The Wheel and AodU and Toothed WKeeh 

§ 128. Wheel and Axle.— The wheel and axle 
is a modification of the lever. It consists of two 
cylinders having a common axis, the larger of which 
is called the wheel and the smaller the axle. The 
axis common to both is horizontal. A mass of weight 
W (fig. 32) hangs at the end of a string fastened 
to the axle, and the string is coiled round the axle 
by the revolution of the wheel The wheel may 



be moved by the hand or by a string with a weight 
applied to it. 



11 



Viewed in section we have the force P (fig. 33) 
acting at the end of the radius of the large wheel at 
^,andtheforce WattheendB of the radios of the 




small wheel or axle. If tlie wheel move through 
an arc ^ A', the point of application of P moves 
from A' to A, and that of W moves in the same 
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time from £' to S. Then the work done by i* is 
P X AA', and the work done by W ia W X BB', 
.: FxAA'=Wx£B', 

W _e. rc A A' _ AC 

r ^rcBB'~ BC 

- B' _ radius of wheel _ circumference of wheel 

P radius of axle circumference of axle ' 

§ 129. Examples of the wheel and axle are 

very numerous. One of the commonest is the 




windlass (fig. 34),'in which the force is applied at the 
and of a handle. In the capstan (fig. 35) the axle is 
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vertical, and the mechanical advantage is increased 
by the length of the pole inserted into the circum- 
ference. The various kinds of mills are examples 
of this machine, in which the resistance to be 
overcome is mainly due to friction. 

§ 130. Toothed Wheels.— Wheels having teeth 
that fit into one another do the work of levers 
acting continuously. The mechanical principle of 
these wheels is the same as that of the lever or 
wheel and axle. 

Suppose we have two wheels, as in fig. 36, the 
teeth of which exactly fit into one another, and 
that the wheel M is worked by a force P, acting 
at right angles to a lever at its end B^ whilst the 
axis of the larger wheel ^supports a mass of weight 
W, Then the ratio of TT to P can be easily found 
by the application of the principle of work. 
Since the teeth of both wheels are of the same 
size, it follows that for every complete revolution 
of the wheel H the wueel M will make as many 
revolutions as the number of times the circum- 
ference of H is greater than the circumference of 
M, \i G ^=' the circumference of JjT, or the 
number of teeth in H^ and c = the circumference 
of if, or number of teeth in if, then for every 

C 
revolution of jET, M will make — revolutions. But 

c 
for every revolution of H^ the point at which W 
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/ 



acts is moved through a distance equal to the cir- 
cumference of the axis, and for every revolution 
of M the point By where F is applied, moves 
through the circumference of the circle described 
by B, Hence the work done by W in one revolu- 




FiG. 36 



tion of ir=s IT X 2 T . i) JE', and the work done 

Q 

by P in the same time isPx2rili?x-; 

/. TTx 27r.i>JS' = P X27rilj5 X-, 

c 



.•. W y.DE — :P xABx 



G 



or 



W _ A B No. of teeth in H 
P VE No. of teeth in iW" 
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Another simple application of Jbhe toothed 
wheel is known as the rack and pinion. It con- 
sists of a small wheel, with cogs as teeth, that is 
made to work into a vertical bar likewise filled 




Fig. 37 

with teeth. In this way motion round an axis is 
converted into motion in a straight line. The 
piston of a double-barrelled air-pump is worked 
bj such a contrivance. 



EXERCISES XIV 

1. What is the diameter of a wheel if a force equal to a 
' weight of 3 oz. is just able to move a mass of 12 

oz. that hangs from the axle, the radius of the axle 
being 2 inches ? 

2. What is the mechanical advantage of a wheel and 

axle in which tha diameter of the axle is 3 inches, 
and the radius of the wheel 12 inches ? 

3. Is the mechanical advantage of the wheel and axle 

increased or diminished by lessening the radii of 
wheel and axle by the same amount ? 

4. If a mass of 20 oz. be supported on a wheel and axle 

by a force equal to the weight of 4 oz., and the radius 
of the axle is § inch, find the radius of the wheel. 
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5. A capstan is worked by a man pushing at the end of 

a pole. He exerts a force of 6) lbs., and walks 10 
feet round for every 2 feet of rope pulled in. What 
is the resistance overcome ? 

6. A man, whose weight is 140 lbs., is just able to support 

a heavy body that hangs over an axle of 6 inches 
radius by hanging to the rope that passes over the 
corresponding wheel, the diameter of which is 4 
feet ; find the weight of the body supported. 

7. If the radii of wheel and axle be as 10 is to 4, and 

masses of 3 oz. and 8 oz. hang from them, which 
will descend 7 

8. If the difference between the diameter of a wheel and 

the diameter of the axle be six times the radius of 
the axle, find the greatest weight that can be sus- 
tained by a force of 60 lbs. 

9. If the radius of the wheel be n times as great as that of 

the axle, and t be the maximum pull of the string 
on the wheel, find the greatest weight that can be 
supported. 

10. If the radius of the wheel is three times that of the 

axle, and the cord round the wheel can support a 
weight not exceeding 40 lbs., find the gpreatest mass 
that can be lifted. 

11. In the wheel and axle is there any advantage in hav- 

ing the rope that passes round the wheel thicker 
than that which passes round the axle 7 

12. The radius of the wheel being three times that of the 

axle, and the cord on the wheel being only strong 
enough to support a pull equivalent to 30 Ibs.weight, 
find the greatest mass which can be lifted. 



XVIII. Tlie Pulley 

§ 131. The pulley consists of a circular plate or 
disc, the circumfereuce of which is generally 
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grooved to' receive a cord which passes over it. 
The pulley is made to revolve freely about an axis, 
working in bearings, fixed into a framework 
called the block. When the position of the axis 





Fig. 38 

of the pulley is fixed, the pulley is called a fixed 
pulley ; but where the block, and with it the axis, 
can ascend or descend, it is called a movable 
pulley. 

§ 132. Fixed Pulley.— The fixed pulley can 
only change the direction of a force. Wherever 
it is required to change a pushing into a pulling 
force, the fixed pulley can be advantageously 
employed. It works, however, without any me- 
chanical advantage in the technical sense in which 
the term is employed. The assumption involved 
in all elementary calculations with respect to the 
pulley is the constancy of the stress in all parts 
of the same string when transmitting a force 
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(§ 85), This is equivalent to the neglect of all 
friction between the pulley and the string, as 
well as the internal friction of the string when it 
is being bent to pass round the pulley. It should 
be observed that in the pulley, as in other 
mechanical appliances, advantage is taken of the 
internal molecular stresses that are called into 






Zij. 



a 



Fig. 39 

play whenever cords, beams, cfec, are subjected 
to strain by external forces. Thus, the pulley 
requires to be attached to a beam, and this beam 
must be strong enough to support the force exerted 
by the weight and the force employed to raise it. 
In the problems we shall consider respecting the 
pulley the string is supposed to be perfecly flexible 
and inextensible, and the friction is neglected. 

§ 133. The Single Movable Pulley.— A cozxl is 



fixed to a beam at A, and passes nuder the movable 
pulley £D,to which a bodj weighing W is attached. 
The other end of the cord passes over a fixed pulley 
C, and supports the weight P. Now, it is clear 
that for every inch S D rises, the point at which 
P acts will descend two inches, and consequently 

the equation of work gives us ff' = 2 P or P= ~. 



Hie same result may be arrived at by supposing 
the machine at rest and P supporting W. In 
this case, since we neglect friction, the stretching 
force of the cord is the same throughout, and 
the weight W is supported by the two strings A B, 
C D, in each of which the pull is P, we have 
ir=2PorF = 2. 

The mechanical advantage with a single movable 
pulley, therefore, equals 2, if the cords be paralleL 
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The single movable pulley may be used with 
other combinations. Thus, if A and B (fig. 41) 
be two fixed pulleys separated by an interval 
equal to the diameter of either, and if C be a 
pulley of twice the diameter of A or J9, and if one 
end of the cord be fixed to C, whilst the other, 
after passing over the three pulleys, supports a 
weight P, then, whether the machine be in uni- 
form motion or at rest, W=3I\ 




Fig. 41 

If a man be suspended from a movable pulley, 
and support himself by holding on to the other 
end of the cord, the downward force on the mov- 
able pulley is less than his real weight by the force 
with which he pulls, so that if F' be his actual 
weight, and F the force with which he pulls on 
the loose end of the cord, the downward force on 
the pulley to which he is attached is W — P, and 
since this force is supported by P in each of the 
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two cords holding up the movable pulley, W ^ P 
= 2 P or W= S F. That is, he pulls with a 
force equal to one-third of his weight. 




Fia. 42 



§ 134. As regards the force acting on the 
beam, we have, in the case represented in iig. 40, 
a force of P at A, and a force of 2 P at C, or the 
total force = 3P = TF + P. In ^g. 41 we have 
2 P at -4, and 2 P at -5, or total force = 4 P ; and 
in ^g. 42 we have the total force = 3 P = W. 

§ 135. Combinations. First system, in wMoh 
each Pulley hangs by a separate cord.~Each 
cord has one end attached to a fixed point in the 
beam, and all, except the first, have the other end 
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attached to a movable pulley. The diagram ex- 
plains the arrangement. 

It is clear that if the lowest puUey'on which W 
acts ascend 1 inch, the next pulley rises 2 inches, 
the next 4 inches, and the mass weighing P descends 
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Fig. 43 



8 inches. Thus, with three movable pulleys, the 

equation of work gives us TT = 8 P = 2' P. If 

W 
there be n movable pulleys JF= 2° P or ~ = 2". 

Applying the principle of the constancy of 
the pulling force in each cord, we see that the 
pull in the cord on which F acts is P through- 
out ; in the cord immediately beneath this it 
is 2 P throughout, in the next 4 P, and the 
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double pull of 4 P supports W. In other words, 
F=8P. 

The force acting on the beam in this case 
is TT + jP = 9 P, and if the cord when it leaves 
the highest movable pulley be at once supported 
by a force P without passing over a fixed pulley, 
the force acting on the beam is 7 P, and the weight 
W is jointly supported by this force and the 
force P. 

§ 136. We shall now consider what alterations 
must be made if the weights of the movable 

■ 

pulleys be taken into account. 

Let.t^i be the weight of the lowest pulley. 
Let w^ „ „ next „ and 

soon. 

Then the distances the pulleys are moved 
through being those given above, the equation of 

work is 

8P =3 TT + «^i + 2 1«?2 + 4 w?3 ; 

§ 187. Szample. — ^With three movable pulleys, 
arranged as above, each of which weighs 8 02., what 
weight can be supported by a mass weighing 1 lb. ? 

/. 16 oz. - (-Q- + 7joz., 
A TV - 72 oz. 
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$ 136. Second Sy>t«m, in vhioh the Huiu cord 
puKS roTiad all the Fslleyi — Figs. 41 and 45 
show two methods of arrangiDg this sfBt«in. 
Suppose there are three pullejs in each block, 



Fio. 44 Fig. 45 

then it is clear that if the body of weight IT asoenil 
1 inch, each of the cords lietween tlie blocks roust 
be shortened 1 inch, and therefore the point where 
P acts descends 6 inches, or W=Q F. Again, 
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since the pull of the cord is the same in every 
part of the cord, and is everywhere equal to P, 
and since we have six cords supporting W, it is 
clear, supposing all the cords to be parallel, that 

If we have n pulleys in the two blocks, and w 
is the weight of the lower block, W + w = nP, 
The force pulling on the beam is TT + P 4- 
weights of both blocks. This system is most 
commonly employed on account of its superior 
portability. The several pulleys are generally 
mounted on a common axis, and enclosed in a 
single block, as shown in fig. 45. 

§ 139. Third System, in which each cord is 
attached to the block supporting the weight. — 
In this system one end of each cord is attached 
to the bar on which the weight acts, and the other 
supports a pulley. The block of the highest pulley 
is attached to the beam. The force F acts at tho 
unattached end of the cord D A. 

To apply the principle of work, we see thatv 
when the bar is raised one inch the cord C F is 
shortened one inch, in consequence of which the 
pulley B moves down one inch, and the cord JB E 
is shortened tvx> inches. The pulley A^ therefore, 
moves down three inches, two inches through the 
fall of By and one inch through the rise of the bar. 
Fpr a similar reaso^ the point where Pacts moves 

P 
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down seven inches, six inches in consequence of the 
fall of A through three inches, and one inch through 
the rise of the bar supporting W ; 

» 

The same result may be more easily obtained 
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Fig. 46 



by considering the pull in the cords. The weight 
W is supported by the pulling forces in the three 
cords i>^, EB.FG. 

.' These forces are respectively equal to P, 2P, 
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and 4 P, /. W=P+2P + iP=i7F. If there 
be n pulleys, 

W=F + 2F+2^F+2^F+ +2^'^F 

= (2n — 1) P, as shown in books on algebra ; 

W 
• _-- = 2n — 1 



• • 



If the weights of the pulleys be considered we 
have : — 

Pull in the cord AD=:F, 

^ EB = 2F + w,, 

„ „ (7P=4P + 2w;i + w?2; 

and the sum of all these pulling forces equals TT, 

.% Tr= 7P+ 3^(?l +w;2- 

In this system the weights of the movable pulleys 
assist F; in the two former systems they act 
against it. 

EXERCISES XV 

1. A man weighing 140 lbs. pulls up a mass weighing 

80 lbs. by means of a fixed pulley under which he 
stands; find the force, in gravitation units, with 
which he presses on the floor. 

2. Find the force which will support a weight of 600 lbs., 

with three movable pulleys arranged as in the first 
system. 

3. What force is necessary to raise a body weighing 120 

lbs. by an arrangement of six pulleys in which the 
same string passes round each pulley 7 

p2 
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4. If, in the preceding problem, the weight of the block 

be 6 lbs., what additional force will be required ? 

5. Find the 'mechanical advantage' of a system of 

three movable pulleys arranged as ^in the annexed 
diagram. 




Fig. 47 



6. If three movable pulleys, the weights of which are 

2 oz., 4 oz., and 8 oz., be arranged as in the first 
system, what is the least force that will raise a 
weight of 104 lbs. ? 

7. If there be equilibirum between P and W with three 

pulleys in that system in which each string is 
attached to the load, what additional weight can be 
supported if 2 lbs. weight be added to P? 

8. A man weighing 150 lbs. raises a mass of 4 cwt. by 

a system of four movable pulleys arranged aocord- 
ing to the first system ; what is his pressing force on 
the ground ? 

9. What would be the difference in the force if each 

pulley weighed 4 oz. ? 
10. Find the force necessary to sustain a weight of 100 lbs. 

with three movable pulleys arranged according to 

the third system, the weights of the pulleys being 

8 oz., 6 oz., and 4 oz. respectively. 
U» Rod the rpjfitipn t)9tween P a;i4 W in a sj^«fiem of 
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ptilleys arranged as in the annexed diagram, sap- 
posing the weight of each of the movable pulleys 
to be the same. 



I 



m 



A 



® 



V 



y 



® 



i 



Fig. 48 



12. Neglecting the weights of the pulleys, what force 

would a man, whose weight is 160 lbs., exert on the 
ground in raising a mass of 500 lbs. by means of 
the above combination ? 

13. In a system of one fixed and four movable pulleys, 

in which one end of each string is fixed to a beam, 
find the relation between the forces at either end 
(neglecting the weights of the pulleys), when one 
of the strings is nailed to the pulley round which it 
passes. 
What is the force exerted on the beam to which the 
strings are attached ? 

14. A man sitting upon a board suspended from a single 

movable pulley pulls downwards at one end of a 
rope which passes under the movable pulley and 
over a pulley fixed to a beam overhead, the other 
end of the rope being fixed to the same beam. What 
is the smallest proportion of his whole weight with 
which the man must pull in order to raise him- 
self? 
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15. With what force wonld he require to pnll upwards, if 

the rope, before comiog to his hand, passed under a 
pulley fiz^d to the ground, as well as round the 
other two pulleys ? 

16. In the third system of pulleys, in which each string i^ 

attached to the load, each pulley weighs 3^ oz. ; 
find the weight which will be supported by the pulleys 
alone, when there are five movable pulleys. 

17. Suppose that we have four weightless pulleys, three 

movable and one fixed, forming an example of the 
first system, and that the load is a man weighing 
160 lbs., find what pull the man must exert on the 
free end of the rope in order to raise himself there- 
by. 



1 



XIX. The Inclined Plane — Wedge — Screw 

§ 140* By means of an inclined plane, a heavy 
body can be raised to a certain height by the 
application of a force less than the weight of the 




body. All roads that are not level may be regarded 
as inclined planes. 

li A B C (fig. 49) be an inclined plane, then 
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A JB ia called the length of the plane, B C the base 
of the plane, and A C the height of the plane. 
We shall denote these by I, b, h respectively. 

§ 141. XTniforxn motion on an Inclined Plane 
by application of a force parallel to the Plane. — 

This case has already been partly considered. If 
a body the weight of which is W move from B to 
A by the continued action of a force P, then tlie 
work done hj P ia P x A B, and the work done 
by W against gravity, i.e. in the direction C A, is 
W X C A, since W has been raised through a verti- 
cal distance equal to C7 ^ ; 

.\P xAB^ WxCA,OT^=^-l^ 

P h 

§ 142. XTniform motion on an Inclined Plane 
by application of a horizontal or pushing force. — 




Fig. 50 

If the force P act in the direction B (7, the work 
done by P is P X BG, 

.\PxBC^WxCA,oT^^^^l. 

P C A h 

5 148. axM&pleB.— (1) Find the weight W which 
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can be supported by two forces P and Q, one acting 
parallel to the length and the other parallel to the 
base of the plane. 

Since P alone can suppcrt a weight equal to ■=■ P, and 

h 

Q alone a weight equal to -Q, if W be the weight 

h 

supported by both acting together, 

or Wh -- Pt+ Qb. 

The same result may be directly deduced from the 
principle of work. 

(2) Two inclined planes of different lengths, but 
haying a common height, are placed back to back, and 
two bodies, weighing P and Q, connected by a cord that 
passes over a pulley at their summit, are moving uni- 
formly, or are at rest, on them ; if I and V be the 
lengths of the planes, find the ratio of P to Q. 

If the two masses are moving uniformly, or are 
tit restj it is clear that the pull in the cord must be 
equal to the force just sufficient to support either. Call 

this pull r, then T =^P ^^^Q, 

"J r 

or P:Q::l:V. 

The Wedge. 

§ 144. The Wedge is a double inclined plane, 
movable instead of fixed, as in the cases considered, 
and used for separating bodies. The force is^Applied 
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in a direction perpendicular to the height of tlie 
plane, i.e. parallel to the base, and the resiataoce 
to be overcome consists of the molecular attrao- 
tiooB of the particles of the body which are being 
separated. If the friction between the surfaces 
of the body and the wedge be entirely neglected, 
this resistance may be assumed to act in a direction 
at right angles to the inclined surface of the wedge, 
or length oi the plane. This assumption, it must 
be understood, is, however, vary far removed from 



what actually takes place. The line ^ j5 is called 
the back of the wedge. 

Suppose the wedge haa been driven into the 
material a distance equal to DC bya force P acting 
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in the direction D (7, then it is clear that the work 
done by P is P X Z> 0. Draw DE.DF perpen- 
dicular to AC^BG. Then, since the points JE^and 
F were originally together, the work done against 
the resistance BmJixDB+ExDF^.2Ex 
D F. Hence the equation of work gives 

But -^. = 4^ by simOarity of triangles, 

^ R^AC _A (7_ length of one of the equal sides 
'**?"" 23LB""3r5 back of the wedge 

This shows that as the size of the back of the 
wedge is lessened the mechanical advantage of the 
wedge is increased. Knives, choppers, chisels, and 
many other cutting implements are examples of 
the wedge. 

§ 145. In the action of the wedge a great part 
of the energy of the force applied is employed in 
cleaving the material into which it is driven. 
The force required to effect this is so great that 
instead of applying a continuous pushing force 
perpendicular to the back, a series of blows is 
generally given to it. In this way a large amount 
of energy is directed for an indefinitely short 
period of time against the molecular attractions 
of the body. When the resistance to be overcome 
is very great a series of impulses or blows is more 
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effectual than a continuous moving force. A 
certain amount of energy is stored up in a de- 
scending hammer, which is at once applied when 
the blow is given. 

The Screw. 
§ U6. The Screw ia a machine which is some- 
times employed to overcome resistance and some- 
times to multiply pressure. It consists of a cylinder 



Fio. B3 

with a uniform projecting thread traced round its 
surface Eind inclined at a constant angle to lines 
parallel to the axis of the cylinder. The thread 
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of the screw may be formed by wrapping an 
inclined plane round the cylinder, as shown in 
fig. 53, the base of the plane corresponding with 
the circumference of the cylinder, and the height 
of the plane with the pitch, or the distance 
between the threads. The threads are of diff'erent 
shapes : they may be square or V-shaped, as shown 
roughly in fig. 52. The force is usually trans- 
mitted by connecting the screw with a concave 
cylinder, called the nut, having a spiral cavity on 
its inner surface, corresponding to the spiral pro- 
jections. 

The force or effort is almost always applied as 
in the screw press, fig. 54, at the end of a lever 
fixed to the centre of the cylinder. It is evident 
that a screw never requires any force in the 
direction of its axis. The cylinder must be made 
to revolve only ; and this can be effected by a force 
acting at right angles to the extremities of its 
diameter, or of its diameter produced. 

If, as in the screw press, a force P acts at 
A horizontally, and at right angles to A By and 
the cylinder of the screw C i>, which works in the 
nut By make one revolution, the point of applica- 
tion of P will move through a distance equal to 
the circumference of the circle, of which ^ -ff is 
the diameter ; and the work done by P will be P X 
circumference of circle described by A B, During 
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the same time the screw will move in the direction 
of its axis through a distance equal to the pitch 
of the screw, and this is the direction in which 



Z]B 




Fig. 54 

the resistance is encountered. Hence the work 
done against the resistance W ia W x distance 
between the threads. 

If C be the circumference described by the 
extremity of P'« arm and d the pitch or distance 
between two adjoining threads, and if F and W be 
respectively the force applied and the pressure pro- 
duced, 

F xC=: Wxd,ov^=^. 

F a 

Usually the force F is applied both at A and 
Bi m which case — ='^- , 
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EXERCISES XVI 

1. What weight can be supported on a plane by a 

horizontal force of 10 poundalfi, if the ratio of the 
height to the base is f ? (^ = 32.) 

2. With a force of 3 oz. weight acting parallel to the plane, 

what weight can be supported on a plane that rises 
2 in 7? 

3. A plane rises 3 in 8; what force parallel to it is 

required just to move a mass of 10 oz. 7 
A plane rises 2 in 7; what force parallel to it is 

required just to move a mass of 12 oz. 7 
A plane rises 5 in 9; what force parallel to it is 

required just to move a mass of 16 oz. 7 
A plane rises IJ in 12J; what force parallel to it is 

required just to move a mass of 20 oz. 7 

4. Find the inclination of the plane if a horizontal force 

of 5 kilograms weight can just move a mass of 12 kilo- 
grams. 

5. The inclination of a plane is 80^, and at the summit 

is a smooth wheel over which passes a fine thread. 
At one end of the thread is a mass of 10 oz. resting 
on the plane, and from the other hangs a heavy body 
supporting it. Find the pull in the thread. 

6. Find the horizontal force necessary to support a body 

weighing 1 lb. on a plane that rises 3 in 5. 

7. The angle of a plane is 45^; what weight can be 

supported by a horizontal force of 3 lbs. and a 
force of 4 lbs. parallel to the plane, both acting 
together 7 

8. Two planes, having the same height, are placed back 

to back, and two masses of 7 lbs. and 10 lbs. con- 
nected by a string passing over the summit move 
uniformly upon them ; find the ratio of the lengths 
of the planes. 

9. A body weighing 7 lbs. is supported on a plane that 

rises 1 in 7 by a force that acts parallel to the plane ; 



MACHINES 223 

if the mass of the body be increased by 3 lbs., what 
force will be required to support it ? 

10. A heavy body is just able to be pulled up a plane by 

a force parallel to it and equal to J of the weight of 
the body ; find the ratio of the height to the base of 
the plane. 

11. Two masses hang over a pulley fixed to the summit 

of a smooth inclined plane, on which one mass is 
supported, and for every 3 ins. that the one is made 
to descend the other rises 2 ins. ; find the ratio of 
the masses and the length of the plane, the height 
being 18 ins. 

12. If a weight W be supported on an inclined plane by a 

W 
force _. parallel to the plane, what is the inclina* 

tion of the plane ? 

13. The ratio of the height of a plane to its length is 2 : 15; 

what horizontal force is necessary to support a 
weight of 10 lbs. 1 

14. The inclination of a plane is 30° ; a mass of 80 lbs. 

being placed upon it, a force of 63 lbs. is required 
to pull the mass up the plane ; what is the coefficient 
of friction ? 

15. Two inclined planes, of the same height, one of which 

is 8 ft. long, and the other 5 ft., are placed so as to 
slope in opposite directions and so that their summits 
coincide. A mass of 20 oz. rests on the shorter 
plane, and is connected by a string passing over a 
pulley at the common summit of the two planes with 
a mass resting upon the longer plane ; how great 
must be the weight of this mass to prevent 
motion 7 

16. In a screw which has seven threads to the inch, find 

the resistance that can be overcome by a force of 
60 poundals applied at the circumference, the radius 
of the cylinder being 1 in. 

17. If the circumference of a screw be 10 ins., what force 

ir^st be applied to overcome a resistance of 30 lbs. 
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weight, the distance between the threads being 
iin.? 

18. How many tarns must be given to a screw formed 

upon a cylinder whose length is 10 ins., and circum- 
ference 5 ins., that a force of 2 units may overcome 
a resistance of 100 units ? 

19. A screw is made to revolve by a force of 2 units applied 

at the end of a lever 3*5 ^t. long ; if the distance 
between the threads be ^ in., what reaction can be 
overcome ? 

20. The circumference described by the point to which 

the force is applied is 4 ft., and the distance between 
the threads is ^ in. ; what force is required to over- 
come a resistance of 1 ton 7 



EXAMINATION QUESTIONS VI 

1. A wheel and axle is used to raise a bucket from a well. 

The radius of the wheel is 15 ins., and while it makes 
seven revolutions the bucket, which weighs 30 lbs., 
rises 5^ ft. Show what is the smallest force that can 
be employed to turn the wheel. Upon what general 
principle is your answer founded 7 — Univ. of Zond, 
Matric.f Jan. 1872. 

2. Ten weights, each of 20 lbs., are to be lifted to a 

height of 8 ft. from the ground. Show how a 
system of pulleys might be arranged so that, disre- 
garding friction and the weight of the pulleys, all 
the weights could be lifted together by exerting a 
force equal to one of them. Show that the distance 
through which this force would have to act would, 
be the same as when the weights were raised one by 
one by the same power.— JA. Jan. 1873. 

3. Make careful sketches of (a) a system of (weightless) 

pulleys in which 1 lb. balances 32 lbs., and C/B) a 
system of (weightless) pulleys in which 1 lb. 
balances 15 lbs., taking care in each case that the 
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number of pulleys is the least possible. — 2b, July 
1879. 
4. A screw whose pitch is J in. is turned by means of 
a lever 4 feet long ; find the force which will raise 
16 cwb.— J*. Jan. 1882. 

6. Find the relation between the forces P and TF in a 

system of five movable pulleys in which each 
pulley hangs by a separate string and the weight of 
each pulley is equal to P, — Ih, June 1884. 
6 Describe and sketch a system of pulleys on which 
(neglecting the weight of the pulleys) a 'power' 
(force) of lOJ lbs. would balance a * weight * of 84 
lbs., and show how far the * power * must move in 
order to raise the weight 3 ft. — lb. June 1885. 

7. In the system of pulleys in which each pulley hang^ 

by a separate string, how would you find experi- 
mentally the relation between the * tension ' of any 
string and that of the string next above it 7 If 
there be four pulleys in the system, and each weigh 
2 lbs., what weight can be raised by a 'power* 
(force) equal to the weight of 20 lbs. 1—Ib. Jan. 1888. 

8. Friction is neglected, and it is found that a force 

acting horizontally will move 10 lbs. up 6 feet of an 
incline rising 1 in 4. Find the work done and also the 
force parallel to the plane which will just support 
it.— -iS: ^ A, Dept. 

9. A rod 7*5 feet long can move freely in a plane round 

one end ; it is acted on at right angles to its length 
by a force of 85 lbs. ; find the number of foot- 
pounds of work done by the force in one turn. How 
many turns must it take a minute if the force works 
with one horse-power? (ir i- ^.) — lb. 1888. 

10. A man exerts a pressure of 30 lbs. on the arm of a 

capstan at a distance of 10*5 feet from the centre of 
rotation; he works at the rate of 198,000 foot- 
pounds an hour. How many times does the capstan 
turn in an hour ?— 7J. 1890. 

11, It) the l^rst system of pulleys fipd the force necessary 

9 
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to support a weight of 4000 Ibcb when there are 
four movable pulleys. Find also the pull of each 
rope on the beam, and if the sum is not equal to th>9 
weight explain the difference (friction and weights 
of ropes and pulleys are to be neglected). — lb. 1890. 
12. Let ^ ^ be a horizontal line 10 feet long, and T a 
point in it 6 inches from A ; suppose that A Bis a. 
lever that turns on a fulcrum under F, and carries a 
weight of 50 lbs. at ^ ; if it is kept horizontal by 
a fixed point above the rod 6 inches from JF and 
1 inch from A, find the pressure on the fulcrum and 
on the fixed point. — lb. 1891. 
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CHAPTER VII 

THEORY OP EQUILIBRIUM 

XX. Introduction — Forces in the same 
Straight Line 

§ 147. Problem of Statics.— The problem of 
statics is to determine the conditions under which 
several forces acting on a body produce equilibrium. 
To solve this problem it is often convenient to 
find the single force, if one exists, that will 
produce the same effect as the other forces taken 
together. This single force, which can replace' 
several other forces, is called the resultant, and 
the forces themselves are called components. The 
iresultant of the acting forces being determined, 
tihe problem of statics is solved when the force is 
found which will keep this resultant in equilibrium. 
We shall be occupied, therefore, for some time in 
finding the resultant of forces acting in various 
directions, . j . .; 

q3 
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§ 148. Methodof estiinating andrepresentingf 
Statical Forces. — As the forces in statics are sup- 
posed to be prevented by some kind of resistance 
from producing motion, the masses of the bodies 
acted upon seldom enter into the calculations. They 
generally occur as weight, as pressing, or as pulling 
forces, and can often be conveniently reckoned in 
gravitation units, i.e. in pounds-weight. We shall, 
however, very frequently speak of a force of 4 or 9 
units without indicating the unit employed. 

The complete specification of a force implies 
the knowledge of (1) its point of application, (2) 
its direction, (3) its magnitude. 

All these elements can be represented geometri- 
cally. A point can be taken to represent the 
point of application of a force ; a straight line 
drawn in a definite direction can represent the 
sense or direction of the force ; and if a unit of 
length be taken to represent a unit of force, the 
number of units of length in the line will represent 
the number of units of force. Or, two forces P 
and Q will be represented by two lines, A B and 
CD, when P : Q :: A B : CD. Care should be 
taken to distinguish the force A B from the force 
B A, since these two forces, though equal in 
magnitude, act in opposite directions. As forces 
can be completely represented by straight lines, 
they may be treated ^vs vectors or * directed 
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quantities/ and the parallelogram and polygon 
laws, already considered in reference to velocities 
and accelerations, are applicable to them. It is 
useful, however, to consider independently the 
methods of compounding and resolving them. 

§ 149. Forces in the same Straight Line.— If 

only two forces act upon a body it is clear that in 
order that they should produce no motion they 
must act (1) at the same point, (2) in opposite 
directions, and (3) they must be equal in magni- 
tude. 

If instead of two we have several forces acting 
at a point and in the same straight line, it is also 
evident that for equilibrium the tendency to 
motion in one direction must be counterbalanced 
by the tendency to motion in the opposite direction, 
or the sum of the forces in one direction must 
equal the sum of the forces in the opposite 
direction — i.e. the algebraic sum of the forces must 
vanish. 

If Xi, JTj, Xa . . . be the several forces acting 
in the same straight line and X denote their 
algebraical sum, then the condition of equilibrium. 
isX=0. 

§ 150. Forces in Equilibriiun acting at a 

Point.— Since the resultant is that force which 
produces the same effect as all the other forces 
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taken together, it is evident that when the forces 
produce equilibrium their joint effect in moving 
the body acted upon is zero, or the resultant 
vanishes. The resultant being determined, the 
conditions of equilibrium are the conditions that 
must hold good in order that . this resultant may 
become zero. The solution of the equation i? = 0, 
B being the numerical value of the resultant, will 
always determine the conditions of equilibrium 
when several forces act at a point. 

If any number of forces acting at a point be 
in equilibrium, and one of them be removed, the 
resultant of all the rest is equal in magnitude, but 
opposite in direction, to the removed force ; for, 
since the forces were originally in equiUbrium, 
the removal of one force must destroy the equi- 
librium, since all the other forces served to 
counteract the effect of this one. But the single 
force which will counteract the effect of another 
force is one equal in magnitude and opposite in 
direction, and therefore a force equal in magnitude 
to the removed force, but opposite in direction, 
produces the same effect as all the remaining 
forces, or the removed force reversed is the 
resultant of the rest. 

§ 151. It will be seen that when forces are in 
equilibrium motion may be produced either by the 
removal of one of the forces or by the applicatioiL 
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of a new one. A balloon resting in mid-air will 
begin to rise if some ballast be thrown out, or to 
sink if gas bo allowed to escape. From what we 
have shown in previous sections it is clear that if 
a body be acted upon by one force only, it will 
move, and with an accelei^ating speed ; if a body, 
under the action of forces, be in equilibrium, or 
move uniformly in a straight line, two forces at 
least must co-operate. 

§ 152. The resultant of any number of forces 
should be carefully distinguished from the force 
that keeps them in equilibrium, which is called 
the eqv/ilibriarU. These two forces, the resultant , 
and equilibriant, though equal in magnitude are . 
opposite in direction. li 4B is the resultant of 
any number of forces, B Aia the equilibriantf and 
AB + BA:=0. 

EXERCISES XVII 

1. A body rests on a perfectly smooth table, and to one 

end of it is tied a string which is stretched by 
forces of 8, 5, and 7; and to the other end a 
string that is stretched by forces of 1, 8, and 2; 
what additional force is necessary to preserve 
equilibrium ? 

2. A string ^ i> is suspended at ^; Et £,& point in. 

the string, a mass of weight 3 oz. is attached, at C 
4 oz., at jD 6 oz. ; find the force of the pull in each 
part of the string. 
8. If a force of .19 units be represented by a line of 6^ 
inches, what line would represent a force of 7 
units 2 
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4. The diagonal of an oblong is 5 centimetres, and one 
of its sides is 3 centimetres. Two forces acting in 
the same straight line are to one another as the 
sides of the oblong ; what length of line would re- 
present the force necessary to produce equilibrium 7 



XXI. Composition of Forces acting at a Point, 
hut not in the sa/me Straight Line 

§ 153. We will, first, consider the case of two 
forces acting at a point but not in the same straight 
line. 

It has been seen in Lesson lY. that it A, OB 
represent two velocities or two accelerations, then 
0(7, the diagonal of the parallelogram formed 
about OA and OB, represents the resultant 
velocity or acceleration. What is true of velocities 
or accelerations is true of the forces that would 
produce them, if only the forces act on the same 
mass, as is evident from the equation Fs=Ma, 
If, therefore, A and B represent two forces, 
C represents the force equivalent to both, and 
C the force that would keep them in equi- 
librium. This proposition, known as the Paral- 
lelogram of Forces, follows at once from Newton's 
second law of motion, and may be enunciated 
thus : — 

If two forces acting at a point he represented 
in magnitude and direction hy tJie adjaoent sides 
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of a paraUelogramy the resultant of these two forces 
will he represented in magnitude and direction by 
the diagonal of the parallelogram passing through 
this point. 

§ 154. This proposition may be experimentally 
verified by passing a fine thread over two smooth 
pulleys fixed to a wall, as in the adjoining figure. 
From the ends of the thread hang two masses 
A B 




weighing P and Qy and to some point in the thread 
a third mass of weight E is attached. When these 
weights are in equilibrium it will be found that a 
parallelogram may be constructed the sides and 
diagonal of which are nearly proportional to the 
three weights, and more nearly as friction at the 
pulleys is lessened. Thus, if P, Q, and i? be in 
equilibrium at 0, and C he taken to represent 
JR, and (7 a, Cbhe drawn parallel to OByO A, then 
Oo, Ob, CO will represent P, Q, and E respec- 
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tively. In other words, it will be found that Oa : 
COwF \R,KTAOh :C0 :\Q:R. 

It should be noted that in this experiment R 
is the equilibriant of P and ^/and that C repre- 
sents R reversed, i.e. the resultant. 

§ 155. Besnltant of several Forces acting at 
the same point in different directions. — Let P^, 
Pj, Pg, and P4 be forces acting at a point 0. 

Let A represent Pj 
OB „ Pj 



„ oc 

OD 



ij 



» 
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Then by the foregoing proposition the resultant 
of Pi and Pa is a force represented by a ; and 



Hx 




Fig. 56 

if this be combined with OC, the new force 
represented by b will be the resultant of Fii 
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p2> and P3. By combining this resultant with 
P4, we obtain Oc the resultant of P^, Pj, P3, and 
P4 ; and in the same way the resultant of any 
number of forces may be obtained. 

The above method shows how the resultant of 
any number of forces may be graphically obtained. 
If the numerical value of the resultant has to be 
calculated, so many mathematical difficulties arise 
that in most cases it will bo found convenient to 
employ another method, which will be considered 
later on. 

With careful drawing the measured length of 
Oc gives the magnitude of the resultant nearly 
enough for most practical purposes, and many 
problems may be solved by drawing instead of by 
calculation. 

§ 156. Formula for the Besnltant of two 
Forcei acting at a point. — Let A, OB represent 



II 



ix^^ 




P and Q, two forces acting at 0, Complete the 
parallelogram ABC. Then G represents the 
resultant. From C draw CD perpendicular to 
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A or A produced. Then, since A C equals 
OB, AC represents Q. By Euclid II. 12 and 13 : 

0C^=0A^ + AC^zf20A.AD, 
or J?a = P> + e^q:2P xAD. 

The upper sign — referring to fig. I., and the 
lower sign + to fig. II. 

Thus B can be found in terms of P and Q, 
whenever the value oi A D can be expressed in 
terms of A C. This, we shall see, is in several 
cases possible without the aid of trigonometry. 

§ 157. Special Cases of the Oenerftl Formula.— 

(1) Let the two forces act at right angles. Then, 
since l_BOA is a right angle, AD=^0 and OC^^^ 
OA^ + A C\ i.e. i?2=P2 + ^2^ or ^ = V (P^+Q^), 

(2) Let the angle B A he 30*». Then, in fig, 

67, ii., the angle C ^ i> = 30*' and ii i> = AC^^ 
orE^=^P^'\'Q^ + ^^PQ. 

(3) Let the angle ^ ^ be 45®. Then the 

angle CAD^ 45° and A 2> = :4 C-i-s, 

V 2 

or Ji« = P2 + C* + N/2PC. 

In the same way, by reference to fig. 57, i., the 
values of R^ may be found when the angle BOA 
is 120°, 185°, or 150^ 

The results thus obtained may be arranged and 
remembered in the following form : — 
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If the angle between the forces be 
if 45^ jK2 = pa + ^2 + ^2 . P e 

6o^ p« = p2 + e^ + ^ Q 

90°, P2 = pa + Qi 

l2o^ i?2 = p2 + e* - p e 

135^722^P2 + e'- v'^.pe 

150^i?« = P2 + e'- V/3.P0. 

It will be seen that the several values of the 
resultant lie between two extreme values when the 
angle BOA is 0° and 180^ In these cases 
^=P + QandP-6 respectively. Hence K^ 
is always between P* + C^ + >/ 4 . P G, and 
P2+e2->/4.P©. 

§ 158. Bxample*.— (1) Single movable pulley with 
cords inclined. In considering pulleys we omitted 




Fig. 68 

cases in which the cords are inclined. Let C7 be a 
single movable pulley with cords inclined at any of 
the above-mentioned angles. Then it is clear that the 
weight W is the e^uilibriant, and is equal to the re* 
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Bultant of the forces acting through the cords CA^ 
C B, and these forces are equal to each other and to 
the pull p. If the angle hetween the cords be 60^, 

T^ = P2 + P2 + PxP = 3P«, 

.-. TF«v^3.Por^-^/3. 

In the same way the ratio of TT to P may be found 
when the cords are inclined at other angles. 

(2) Two equal forces act along C B, B A, two sides 
of an equilateral triangle ABC; find their resultant. 
It will be seen that whilst the lines B C, B A are in- 
clined to each other at an angle of 60° the lines CB, 
B A are inclined at an angle of 120° ; 

.•. 22' = P'* + Q'* - P Q, or if each of the forces 

equal P, 

JB» - P' + P2 - P\ ovB^P. 

Hence, the resultant of two equal forces inclined at 
an angle of 120° is equal to either of them. 

The directions in which two or more forces act are 
often indicated by saying that the forces act along the 
sides of a figure the angles of which are known. Thus, 
if^PCD^i^bea regular hexagon, two forces along 
ABfBC act at an angle of 60°, and two forces along A B, 
CP at an angle of 120°. 

§ 159. If two forces are represented hj A B 
and A (7, the sides of a triangle, then their resultant 
will be represented by twice A i>, where D bisects 
B C, the base of the triangle. For, if the parallelo- 
gram A B EG be completed, A E represents the 
resultant of the two forces, and A E = 2 AB, 
since the diagonals of a parallelogram bisect each. 
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otiier. The line A D is -called the median line of 
the triangle il^ C - j ,:. 




Fig. 59 

§ 160. The greater the angle between two 
foroes, the less is their resultant. — This proposi- 
tion may be easily proved graphically, and follows 
from the consideration of § 156. It may, however, 
be independently demonstrated thus : Let P and 
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Q be two forces, and let the angle between them 
be, first, A OBf and, secondly, A' B', and let the 
angle A' OB' be greater than AO B, Then, since 
0-ff = 0J5' and ^ (7 = B' C\ and the angle OBC 
» greater than the angle OB' (7, it follows that 
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OC is greater than OC. Hence the resultant 
decreases as the angle between the forces increases. 

§ 161. The Besnltant is always nearer to the 
greater force. — The line OCh said to be nearer to 
A than ioOB when the angle it makes with OA 
is less than the angle it makes with OB. Let A 
and B represent two forces P and Q^ of which P 
is the greater. Complete the parallelogram OACB, 
Then Az^ B C ; and, since BC is greater than 
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OB, the angle C B ia greater than the angle 
OCB. BvLttheangleOCB^/iCOAr. /iCOB 
is greater than /_COA, and therefore OC is 
nearer to il than to B, 

§ 162. Besnltant of thred forces acting at a 
point, but not in the same plane.— Let OA, OB, 
C represent Pi, P^, P3, acting at 0. Then the 
resultant of Pi and P3 is represented by D, the 
diagonal of the parallelogram C DA, and the 
resultant of this force and P^ is represented by OB, 
the diagonal of the parallelogram B E D, and <4 



THEQllY OP tQUlLlBRIUM 24l 

the parallelopiped of which the three lines A, 
Bj C are edges. 

If the three forces act at right angles to one 
another, 




Fig. 62 

EXERCISES XVIII 

1. A particle is acted upon by two forces of 10 units and 

12 units, one of which is inclined at an angle of 80^ 
to the vertical, and the other at an angle of 40^ to 
the vertical and on the other side of it; find the 
magnitude of the single force which would produce 
the same effect as these two conjointly. 

2. Find the resultant of two forces acting at an angle of 

46°, one of which is twice the other. 

3. Two forces, one of which is three times the other, 

act along the adjacent sides of a square ; find the 
resultant. 

4. Three equal forces act along the sides A B, B Ct D 

of a square A B C D\ find the resultant. 
6. Forces of 8 lbs. wt. and 10 lbs. wt. act at an angle of 

60® ; find their resultant. 
6. The resultant of two forces that act at right angles to 

one another is 145 lbs. wt., and one of the forces is 

144 lbs. wt. ; find the other. 
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7. Two forces whose magnitudes are as 3 to 4 act at a 

point in directions at right angles, and produce a 
resultant of 2 ; find the forces. 

8. The directions of two forces acting at a point are in- 

clined to each other (1) at an angle of 60®, (2) at an 
angle of 120°, and the respective resultants are in the 
ratio \/7 : V'S ; compare the magnitude of the forces. 

9. Forces of 4 lbs. wt. and 5 lbs. wt. act along the sides 

AB,BCot an equilateral triangle ; find the resultant. 

10. A boat is moored in a stream by two ropes, one fastened 

to either bank, and the ropes make an angle of 90° 
with each other. The force of the stream is equal to 
500, and the pull on one of the strings is 300 lbs« 
weight ; find the pull on the other. 

11. Two forces of 4 and 3^/2 act at an angle of 45°, and 

a third force of // 42 acts at right angles to their 
plane at the same point ; find their resultant. 

12. Three equal rods are joined at a point, and at right 

angles to one another, and a load of 4 \/ 3 lbs. 
hangs from their point of intersection ; find the 
pressing force transmitted through each rod. 

13. Four equal forces act at a point; the first is at right 

angles to the second, the third is at right angles to 
the resultant of the first two, and the fourth is at 
right angles to the resultant of the other three ; find 
the resultant of all four. 

14. Three smooth posts are placed in the ground so as to 

form an equilateral triangle, and an elastic ring 
is stretched round them, the pull of which is 6 
poundals ; find the pressing force on each post. 

15. Six smooth posts are fixed in the ground so as to form 

a regular hexagon, and a cord is passed twice round 
them, and pulled with a force of 100 units ; find the 
magnitude and direction of resultant force on each 
post. 

16. Two forces of the magnitude 5 and 11 act at angles 

of 60°, 90°, 120° respectively; compare their re- 
sultants in the three cases. 
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XXII. Geometrical Condition of Equilibrium when 
two or mxyre Forces act at a Point 

§ 163. Triangle of Forces.— If Oil and J3 be 
two forces acting at 0, and the parallelogram 
OABG be completed, OG will represent the 
resultant of these two forces, and C reversed or 
C will keep A and B ia equilibrium. Since 




FiQ. 63 

A C equals J9, the three forces represented by 
OA, AG, and G will be in equilibrium, if they 
act at a point. Conversely, if three forces acting 
at a point are in equilibrium, since any one reversed 
equals the resultant of the others, the three forces 
can be represented by the sides of a triangle taken 
in order. 

If a triangle be drawn anywhere else, with its 
Bides respectively equal to the sides of the triangle 

B2 
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OACy it can be made to coincide with it, and will 
therefore represent the magnitude of the three 
forces in equilibrium. In this case the triangle 
does not represent the directions, but only the 
relative directions of the forces. 

The proposition known as the triangle of forces 
is generally enunciated thus :— 

* If three forces acting at a point be in equili- 
brium, and if any triangle be drawn, the sides of 
which are respectively parallel or perpendicular to 
their directions, the forces will be to one another 
as the sides of the triangle ; and, conversely, if 
the three forces are to one another as the sides of 
the triangle, they will be in equilibrium.' 

§ 164. The proposition thus enunciated may be 
stated more generally, for the sides of a triangle 




Fig. G4 



may represent the magnitudes of the forcei?, though 
they are neither parallel nor perpendicular to ttieir 
directions. Nothing more is necessary than that 
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the triangle shall be such as is capable of being 
taken up and twisted into parallelism with the 
sides. In other words, if three forces acting at a 
point be in equilibrium, and there be a triangle 
which can be so moved that its sides shall become 
respectively parallel to the directions of the forces, 
then the sides of this triangle, taken in order, will 
represent the forces ; and, conversely, if the three 
forces can be represented by the sides of such a 
triangle, they will be in equilibrium. 

Thus, if P, Qy and R be three forces in equili- 
brium, and A B G & triangle the sides of which can 
be brought into parallelism with the directions of 
the forces, then 

P: Q:B::AB:JBC: C A. 

It is necessary to observe that, if the sides of 
the triangle be not taken in order, they will repre- 
sent two forces and their resultant. Thus, AB, 
B C, and A C represent F, Q, and their re- 
sultant B. 

This proposition — viz. the triangle of forces — 
is the statical supplement to the parallelogram of 
forces, sus it gives the geometrical conditions of 
equilibrium when three forces act at a point. 

§ 165. Bxamples. — (1) Equilibrium on the inclined 
plane. When a heavy body is supported on an inchned 
plane, whether by a force parallel to the plane or 
parallel to the base, the relation between the forces in 
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equilibrium can be deduced from the triangle ol 
forces. 

First, Let the force P act parallel to the plane A B. 
Let W be the weight of the body, and B the normal 
reaction of the plane. Then P, W, and B are sup- 
posed to be in equilibrium. Produce AC to B' (fig. 65) 
and make AB' =^ AB, From B' draw B' C perpen- 
dicular to A B, Then the triangle A B' C is in every 
respect equal to the triangle ABC, and its sides are 
respectively parallel to the directions of the three forces. 




Fig. 65 

Therefore the sides of the triangle A B' C represent 
the forces P, TF, B, But the triangle A B* C is only 
a new position of the triangle ^.B C, which the original 
triangle can be made to assume. 

:.P\W\B\\ C'A :AB':B'C 

:: CA :AB:BC, 

_P^C_A^h^^^P CA h 
W 



or 



AB I B 



BC b 



Secondly. Let the force P act parallel to the base 
of the plane. Then the triangle ABC can be turned 
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round the point C into the position A^ B^ C ; in which 
case CA' is parallel to P, A'B' to E, and B' C to W; 




Fig. 66 



or 



:,P:B: WW CA:AB :BC, 
B^AB^l'^^W'BC-h' 



(2) Two cords are each tied to a body weighing 25 oz. 
at C, and from their other extremities hang two bodies 
weighing P and Q, The cords pass over the smooth 




fVTaas 
Fig. 67 

pegs A and B, in the same horizontal line. If A Che 
8 inches, and £ C be 4 inches, and AB he 6 inches, 
find P and Q 
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Here the three forces acting at C are W - 25 oz, 
and P and Q the pulls in the strings C A, C B, 
Since 5' = 4*^ + 3', it follows that the angle AC B \q 
A right angle (Euc. I. 48). Thus AB,BC, and C A 
are respectively perpendicular to the directions of Wi 
of the pull in CA, and of the pull m CB, and, 
therefore, the triangle ABC represents in magnitude 
the three forces in equilibrium, and 

W:P: Q::AB:BC: CA 

.'. P - 4 TF « 20 oz., and Q= I IF = 15 oz. 
5 5 

(3) Bequired the least horizontal force necessary 
to draw a heavy wheel over an obstacle the height of 
which is h, situated on the horizontal plane on which 
the wheel rests. 

Let W be the weight of the wheel, r its radius, and 
let P be the force which is just able to lift the wheel 




over the obstacle. Let OAKhe the wheel justx)n the 
point of rising from the ground, and let P be the 
obstacle oyer which it is to be drawn. Then, as the 
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wheel is ou the point of moving, the three forces in 
equilibrium are P and W at (7, the centre of the wheel, 
and the reaction B of the obstacle B acting at 0, at 
right angles to the circumference of the wheel, and, 
therefore, likewise passing through C, Now, it will be 
seen that the sides of the triangle D are respec- 
tively parallel to the directions of the forces, and are, 
therefore, proportional to them, Hence 

P:B: W::DO: OC: CD 



or 



P DO s/ jr^-QD'') ^ r^-(r-/ty 
'w'cd' CD ■ r-h 

r — 7i ' ' 



§ 166. Polygon of Forces. — If any number of 
forces Pj, P2, P3, P4, P5 . . . acting at a point 





Jig. C9 



be represented hj AB,BCyC D, D E, E A, the 
sides of a closed polygon taken in order, the forces 
shall be in equilibrium ; and if the forces be in 
equilibrium, they shall be capable of being repre- 
sented by the sides of a polygon. 
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Join ACy AD, Then A C represents the 
resultant oi AB and B G ; and A D represents the 
resultant oi A C and (7i>, i.e. oi AB, B C, and 
C D\ and A E represents the resultant oiAD and 
D E, i.e. oi AB, BC, C i>, and i> i? j therefore 
EA, together with A B, BC, CD, and D E, pro- 
duces equilibrium. Hence Pj, P^, Pg, P4, F^ 
represented by the sides of the polygon, taken in 
order, are in equilibrium. The converse may be 
similarly proved. 

If the lines representing the forces do not form 
a closed polygon — that is, if E A', drawn parallel 
to P5 and representing it in magnitude, does not 
meet AB vci A — the forces are not in equilibrium. 
In this case the line joining the points A A' repre- 
sents the resultant of the forces, and A' A would 
keep them in equilibrium. In fig. 69 it will be 
seen that il a 5 c is an open polygon, the sides of 
which represent Pj, P2, P3, and P4, and that c, 
the line closing it, represents their resultant. 



EXERCISES XrX 

1. Three forces whose magnitudes are as 3 : 2 : 7 act at 

a point ; can they be in equilibrium ? 

2. Three equal forces act at a point and are in equilibrium ; 

what triangle will represent them ? 

3. Two forces acting at a point are represented hy AS 

the base, and C A one of the sides of an isosceles 
triangle ; find the resultant. 
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4t A oord fixed at its extremities to two points in the 
same horizontal line supports a ring weighing 
10 oz. ; the two parts of the cord contain an 
angle of 60° ; find the pull of the cord. 

0. Three forces of 20 lbs., 40 lbs., 60 lbs. wt. aot at the 
same point, and make angles of 30°, 60°, and 90° re« 
speotively with a given straight line ; determine their 
resultant. 

6. A body weighing 48 lbs. is supported by two strings 

which are respectively 8 feet and 4 feet long, and are 
fastened to points in the same horizontal line at 
such distances apart that the strings make right 
angles with each other ; find the pull in each. 

7. Show that three forces acting at a point, but not in 

the same plane, cannot be in equilibrium. 

%»ABCDEF\a2l regular hexagon, and forces repre- 
sented by the lines AByAdADfAEtAFnctvX 
A ; find their resultant. 

0. Two forces acting at a point are represented by 
the semidiagonals AO, OD ot a parallelogram 
ADBC; show which of the sides represents 
their resultant. 

10. Three forces acting at a point are represented by 

three adjacent sides of a regular hexagon taken in 
order ; find their resultant. 

11. A boat is moored to two points on opposite banks, 

so that the line joining them is perpendicular to 
the direction of the stream and 15 feet in length. 
The two ropes make a right angle with each other, 
and one of them is 12 feet long, and the force of 
the stream is equivalent to 20 lbs. wt. ; find the pull 
in each rope. 

12. Three flexible strings A^ J9, and C are fastened to a 

small smooth ring ; A and C pass without friction 
over two fixed pulleys; what weight must be 
applied to J9 in order that the forces acting on 
the ring may be in equilibrium in each of the 
following cases ? 
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(a) Weight at ^«9 oz., weight at (7=9 oz. ; angle 

between the strings A and 6'= 120**. 
(V) Weight at J.«9 oz., weight at t7=9 oz. ; angle 

between the strings « 180°. 
(e) Weight at u4»9 oz., weight at C=18 oz.; angle 

between the strings = 150°. 
{cT) Weight at 4^9 oz., weight at (7=12 oz.; angle 

between the strings = 90°. 



XXIII. Resolution of Forces — Analytical Con^ 
ditions of Equilibrium when any number of 
Forces act at a Point 

§ 167. When a single force is replaced by 
other forces, which together produce the same 
effect, it is said to be resolved, and the several 
resolved parts are called components. 

If a heavy body be pulled along a road by a 
cord inclined to it at an angle, it is evident that the 
whole of the force employed is not used in drawing 
the body along the road, but that it also tends 
to lift the body off the road. That force which 
produces in a given direction the same effect as 
another force acting in a different direction is 
called the resolved part of the other in that 
direction. 

§ 168. It is evident from the parallelogram of 
forces that any single force can have two com- 
ponents in any directions whatever, since the same 
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straight lin© may be the diagonal of any number of 
different parallelograms. The most co? voriicnf 
com'jtonents into which a force can bt^ r'' ' >•• " 
are those the directions of which are at right aiigJ* .■ 
to each other. Thus, if P he a, force acting at 0, 
and represented by OA, then, since A ib the 
diagonal of the rectangle A B C, the two forces 
represented hy OB and OC produce the same 



^^^ 




C"^ 



Fig. 70 



effect as P ; and if we call X the force acting along 
C, and Fthe force acting along B 

P^ = X^+ YK 

This method of resolution is the simplest, 
because no part of X aids or opposes Y, Neither 
component has any part in the other. 

§ 169. The projection of a force in any line 
repreients the resolved part of the force along 
that line. — From the preceding it follows that the 
resolved part of A in the direction Oxia repre- 
sented by the line intercepted between and the 
foot of the perpendicular let fall from A on the line 
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Ox; and if 0' x' be drawn parallel to Ox, and 
0\ A B' be drawn perpendicular to 0' x'y then 
0' B' ^0 B, Hence 0' B represents, in magni- 
tude and direction, the resolved part of -4 in the 
direction 0' x'. But 0' B' is called the projection 
of -4 on the line 0' x\ Therefore the resolved 




part of a force in any line equals the projection of 
that force on the given line. 

§ 170. Forces may very often be compounded 
by this method of resolution with greater facility 
than by the parallelogram or polygon of forces. 
For, if each of the several forces acting at a point 
be resolved along the same two lines at right 
angles, the sum of their components in either 
direction can at once be found, and the system is 
tlius reduced to two forces at right angles. 

§ 171. To find the resultant of any number of 
forces acting at a point in different direotionf 
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and in the lame plane. — Take three coplanar^ and 
concurrent forces JPi, Pgj -^3> represented by Ay 
By and C respectively. Take x x\ y y', two 
straight lines at right angles through 0. Project 
OAy By and OC on each of these lines. Then 
the three forces may be replaced hj L and X', 
hyOM and Oif, by OiV and JST. But L, 
My and N act in the same straight line, and 
therefore their resultant X is their algebraic 



<4C' 




sum. Also, OLy OMJy IP act in one straight 
line, and have a resultant Y equal to their alge- 
braic sum. Thus the original forces Pi, P^^ 
and P3 are equivalent to X and Y at right angles, 
where 

* Three or more forces are said to be coplanar when 
they all act in the same. plane, and concurrent when their 
directions all pass through the same point. All the forces 
are supposed to be cojplana/r unless otherwise described. 
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X=OL'-MO- NO, 

and Y=^OL' + 0M -N' 0, 

and if R be the resultant of X and Y, i.e. of all 
the forces, 

In the same way the resultant of any number 
of forces may be obtained. Hence, if any number 
of forces act at a point, and two lines be drawn 
through this point at right angles to each other, 
and if X and Y be the algebraic sums of the 
components of these forces along these lines re- 
spectively, then i?2 —. jp _|. Y2^ where R is the 
numerical value of the resultant of all the forces. 

The direction of the resultant is the angle 
made with Oxhy that diagonal of the rectangle 
whose sides are X and Y which passes through 0. 

§ 172. Sxamples. — (1) Three forces of 4, 5, and 
6 units act at a point. The angle between the first and 
second is 45°, and between the se cond and third 75^ 
Find their resultant. 

Take OA, OB, and C io represent the three 
forces. It is generally preferable to take for the line 
xOx' either the line of action of one of the forces or 
some other line which makes convenient angles with 
the forces. In this case take xOx^ along A, and 
draw y y' at right angles to it through 0. Project the 
forces along x and y. Then, as before, we have 
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X^ 0A+ OM - NO 



Y ^ OM' -i ON' 



_5^ 

V2 



+ 8 /3, 



.' '■:) 



= 68 + 5/2 + 15v/6; 
.*, JB = 10 nearly. 




If 1* be taken equal to A + OM —NO, find 
V be taken equal to M' + ON'; and if ur,vr be 
drawn parallel to y and x respectively, r will 
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represent the resultant, and this line will be found to 
measure a little less than ten units. 

(2) To find the resultant of equal forces when the 
angle between them is 15°. — Let the line x Ox' he so 
taken that it makes an oufC^Q of 30° with one force 
and 45° with the other, in which case the angle be- 
tween the forces will bo the difference of 45° and 30°, 
that is, 15°. Draw Oy at right an^fles to x. 



V 



ac' 




R 



Zi X 



y 

Tig. 74 



p p 

The projections of P^ are - -^ and— L 

V 2 V **^ 



»» 



„ P, are ^^-1 and ?± 



and 



But P, = P., 

W2 2 7' 

r=: ov = pf-^-+^Y 

\>/2 2/' 
:.B^P (1-98 • • •) 
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§ 173. Conditions of Eqnilibriam when any 
number of Coplanar Forces act at a Point— If tho 

forces are in equilibrium it is evident that tho re- 
sultant must be zero ; and since by resolving we 
have (§ 171) i2^ = X2 + 72, it follows that T^ + 
Y^ = when the forces are in equilibrium, and con- 
sequently X = and F= 0, since X^ cannot equal 
— Y'K Hence, if any number of forces acting at a 
point are in equilibrium the algebraic sums of the 
components of tliese forces^ along any two straight 
lines draion at right angles to each otiier through this 
point, must separately vanish. 

The conditions of equilibrium thus found are 
called the analytical conditions, because the forces 
are analysed into their components. Remember^ 
ing what X and Y represent, these two conditions 
will be indicated by the equations 

(1) X = 0, 

(2) r=o. 

EXERCISES XX 

1. Two equal forces acting at a point make angles of 

30° and 45° with opposite sides of the same straight 
line ; lind their resultant. 

2. Two forces of G lbs. wt. and 10 lbs. wt. acting at a 

point include an angle of 105°; find the resultant. 

3. Two forces of 8 lbs. wt. and 10 lbs. wt. act at right 

angles ; find the resultant by resolving each along two 
directions at right angles, one of which makes an 
angle of 30° with the direction of one of the forces. 

s2 
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4. Three forces of 4, 5, and 6 units act at a point and 
include angles of 60° and 75° ; find their resultant. 

'5: Three equal forces act at a point, and the angle 
included, between the first and second is 30°, 

.. .. . between the second and thjrd.^l05°; find the re- 
sultant. * ,. 

'<j. Five forces of 6, 2, 4, 3, and 6 units act at a point and 

include angles of 45°, 75°, G0°, and 90°; find the 

. , magnitude of the force which will keep them in 

equilibrium. 
7. Show why the traces of a horse ought always' to be 
parallel to the road along which he is pulling. 

; 8. A man pulls a heavy body by means of a rope along a 
road with a force of 20 lbs. wt. The rope makes an 
angle of 30° with the road. Find the force he would 
need to apply parallel to the road. Does the inclina^ 
tion of the road alter the aoswer ? 
9. Find the magnitude of the force whic> will keep in 
equilibrium two forces of 2 units and 4 units, (I) 
at an angle of 15°, (2) at an angle of 75°. 

10. The resultant of two forces acting at a point is 4 and 

the angle between them is 150°. One of the com- 
ponents is 4 ; find the other. . - 

11. Let A B C hQ ^ triangle, and lines be drawn from 

A^ B^ (7 to the middle points of the opposite sides. 
If three forces acting from -4, B^ C respectively be 
represented by these three lines the forces will be in 
equilibrium. 

12. Three forces act at a point, and include angles of 90° 

and 45°. The first two forces are each equal to 2 P, 
and the resultant of them all is v/10 P\ find the 
third force. 

13.. Indicate the forces that maintain a kite in equilibrium. 

14. Find the resultant of three forces,' the least of which 
is 10, which are represented by and act along O A, 
O B/0 C, two sides and the diao^onal of an oblong 
whose area is GO square inches, and shorter side 
5 inches. 
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15. A- man and a boy pull a heavy body by ropes inclined 
to the horizon at angles of 00° and 30° with forces 
of 80 lbs. wt. and 100 lbs. wt. The angle between 
the two vertical planes of the cords is 30° ; find the 
single horizontal force that would produce the saitie 
effect. 

« • » ' ' 

IG. The resultant of two equal forces is 66, and the in- 
cluded angle is 15° ; find the forces. \ 

17. A body weighing 10 lbs. is supported by two strings, 

one of which makes an angle of 30° with the vertical, 
the other 45° ; find the pull in each string. 

18. Three forces each equal to 10 act at the same point; 

the first makes an angle of 30° with the second, and 
the scQond an angle of 00° with the third ; calculate 
the magnitude of the single force which with them 
will produce equilibrium. 



XXIY^ Forces not meeting at a PointY-ParcUlel 

/ Forces / / \ 

§ 174. Parallel forces are those which' act at 
different points of a body 'and in directions 
parallel to one another. If they act in the same 
directi(5n they are CE^lled like- forces ; if in opy 
posite directions, unlike, A pair of horses har? 
nessed to a tram-car is an example of two like 
.parallel forces, r 

§ 175. Resultant of two Parallel Forces.— If 
two forces are parallel and act in the same direction^ 
it is evident that their joint effect is the sum of 
their separate effects ; and if they act in opposite 
directions it is equal to their difference. 
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The magnitude of the resultant of parallel 
forces is, therefore, the same as of forces in the 
same straight line, i.e. is equal to their algebraic 
sum. 

It has been shown (§ 161) that when two forces 
act at a point their resultant is nearer to the- 
greater force. If the forces act in like directions, 
from or towards the same parts, the resultant will 
be found to act between themf as in fig. 75, i. j if in 

— • • 





Fig. 75 

tinlike directions, it will be found to act outside 
both forces, as shown in fig. 75, ii. This proposition 
is found to be equally true when the forces are 
parallel, in which case the point is infinitely 
distant. In fact, parallel forces may be regarded 
as a particular case of concurrent forces, the point 
of meeting being infinitely far away. But in 
this case the nearness of the resultant to either 
of the forces can be more easily calculated than 



THEORY OF EQUILIBRIUM 263 

;"when the forces are inclined at a finite angle, sinco 
it can be exaptly measured by the perpendicular 
distance of the direction of the resultant from 
that of each of the forces. It is thus found that in 
parallel forces the resultant is as much nearer to the 
greater force as that force is greater than the lesser 
force, and acts between like and outside unlike 
parallel forces. 

If P and Q be two parallel forces, like in fig. 
76, i., and unliB in fig. 76, ii., the resulUnt li 




will act between P and Q in ^g. f., and outside 
them in Gg. ii. ; but in both cases, if P is greater 
than (?, E will be as much nearer to P as P is 
greater than Q ; i.e. P's perpendicular distance 
from P will be as many times less than Ji*8 per- 
pendicular distance from ^ as P is greater than Q. 
Hence, if mn or m % produced be perpendicular 

to their directions, 

P : Q :: Cn: Cm 

and .*. P : Q :: C B : C A (by similarity of tri- 
angles). 
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Henco the magnitude and position of the 
resultant is determined by the equations 

R = P±Q 
and PxGA = QxCB. 

§ 176. Proof. — Having thus explained the 
position of the resultant, we now proceed to prove 
the above proposition. 

Case I. Like Forces. — Suppose the two forces 
jio be acting at // and B^ and tD4)e represented by 
xi a and B h (fig. 77). At A apply any force Xy 
represented' by A x, in the direction B A, and at 
B an equal force JT, represented by B x\ in the 
direction A B, These forces will produce no 
effect, since they are equal and opposite. ^ 

Complete the parallelogram, as shown, and 
draw the diagonals A 8^ B a'. Then A s repre- 
sents «5,the resultant of P and X) and Bb' repre- 
sents aS", the resultant of Q and X , Th^se two 
pairs of forces can, therefore, be replaced by aS' and 
S\ If the lines As^Bs' be produced, they will 
meet at ^ome point 0, since the angles x A 8^ x' B s' 
are togQther less than two right angles ; and thQ 
forces S and aS^' may therefore be transferred to 0, 

Draw C parallel to A a or Bh\ and resolve S 
into its two components, one along C and the 
other parallel to A B, and let S' be similarly 
resolved. Then we have X and X acting at 
in opposite directions, and counteracting ong 
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another ; and P and Q acting along C, Hence 
P + Q &t C produces the same effect as P at A 
and Q at B, and therefore the resultant of P and 
Q acts at C parallel to their direction. Let i? be 
the resultant ; then B = P + Q. 

Now, the triangle of CA has its sides parallel 
to the directions of P, X, and S, and therefore, 




Fig. 77 

since S is the resultant of' P and X, we have 
by the triangle of forces, 

P_OC 
X CA* 

Similarly. | = g-^ ; 

7i= TTTi Since X = A' : 
§ (7-4 

or P xCA = Q X C B. 

Case II. Unlike Forces, — Let P and Q be two 
unlike forces acting at A and B^ and represented 
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hy Aa apd B h respectively, and let Q be greater 
than P. At A and B apply two equal forces X 
and X' in the directions B A and A B. Then, 
completing the parallelograms as before, A a will 
represent S, the resultant of P and JT, and B «' 
will represent aS", the resultant of Q and X'. Since 5 6 
is greater than A a, it is evident that the lines s A 
and B sf are not parallel, but will meet if produced 
at some point towards S\ Let them meet at 0. 

R 




Fig. 78 

Then S and S'y being supposed transferred to 0^ 
may be resolved into their component parts, viz. 
X and X parallel to ^ i> destroying ouq another, 
and P acting along C and Q in the direction of 
C 0, Hence P a,t A and Q at B are equivalent to 
a force E equal to Q — P' in the direction C 0, 
Therefore the resultant of P and Q is equal to 
Q — Py and acts parallel to the original forces at 
the poiiit C in the direction of the greater 
force. 
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Also, since the sides of the triangle AGO are 
parallel to the directions of P, JT, and Sy and the 
sides of the triangle BCD are parallel to the direc- 
tions of Qy X\ and S\ we have, as before, 



and 



or 



« • 



X CA^^ (j UO' 
^= _^, Since X=Ji:', 

P X CA=QxBC. 



§ 177. rxperimental Verification. — Theabovo 
propositions may be experimentally verified in the 
following way : — 

Let -X" JT' be a uniform rod suspended at its 
middle point C Let two masses weighing P and Q 



o 



Qr 



c 



•a 






Fig. 79 



respectively hang from any two points A and JB 
(fig. 79), and let a mass of weight E equal to their 
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sum be attached to the end of a thin cord that passes 
without friction over the pulley D, Then if the two 
masses be moved till there is equilibrium, and if the 
distance . C il be equal to /?, and the distance G B 
equal q, it will be found that P x p = Q X q. 

Again, let the mass of P (fig. 80) hang from 
A, and that of Q be fastened to the end of the sti*ing 
that passes over the pulley. Then P and Q are 
two unlike forces, and if Q be greater than 7% 



Dr^ 



h 






JP 

Fig. 80 



B' 



it will be found necessary to hang a body weigh- 
ing E' from some point B to maintain oquilibrium, 
and if B' =Q — P, and the distance A B ^= 2^i 
and the distance C B =^q, it will be found that 
P X p =: Q X q, BS before. 

It should be carefully noted that the forces R 

and i?' in the above experiments are not the 

» 

resultants of P and Q, but, being the equilibriatm;* 
forces, are equal and opposite to these resultants. 
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I'or the success of the experiment the weight of 
the rod X X' should be small compared with the 
weights P, Q, jf?, or, better still, should be first 
counterbalanced by a small additional weight 
attached to the cord that passes over the pulley. 

• § 178. Examples.— (1) If P = 4 and g - 5 be two 
like parallel forces, and the distance between their 
poiiits of application be 12 inches, find the position of 
the resultant. 

Let X equal B's distance from P, 
then VI — X equals „ „ „ Q, 

/. 4 X a; = 5 (12 - jr) = GO - 5 a?, 
.-. X = G§andl2 - a; = 5^. 

(2) If the resultant of two unlike parallel forces is 
12, and acts at a distance of 5 inches from, the greater 
and 7 incites from the lesser force, find the forces. 

Lot Q be greater than P, then It = Q - P\^ 12 
and I .-. Q = 12 + P, , 

also ,^ 5 X = 7 X P; 

/. 5 X (12 + P) = 7 X P, 
.-. P = 30 lbs. and = 42. 

(3) The resultant of two like forces is 10, and is 
tV.i:e as near to P as to Q ; find the forces. 

p + g = 10 .-. = 10 - P. 

Lot X be P'« distance from P. 
, , . ThenP.a;-= (10-P).2a;, 

.-, P = 20-2 P, 
^ ' .". P = Cf and g = 8i. 

§ 179. To find the Fosltion of the Besultant 
of a number of Parallel Forces acting at different 
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points of a rigid body. — Let P,, P.,, P3 . . • bo 
parallel forces acting at the points A, B, C . , . 
which are all rigidlj connected, but do not 
necessarily all lie in one plane. Then the result- 
ant of Pi and P., is i?,, = P, -f /\,, and acts at a 
point 0„ such that Pj x -4 (?, = P2 X -5 0,. 
Similarly P., the resultant of P] and P3, acts at 
a point O2, such that Pj x Oj Oj = P3 X C 0*, 

or (P, + P2) xO^O,=P^ X (70,, 

and R^z=zP^+ P.^ + P3. 




In the same way, by combining this resultant with 
a new force, and the resultant of these with another 
force, the resultant of any number of parallel forces 
may be obtained. 

§ 180. Centre of Parallel Fcrces.— The point 
at which the resultant of any number of parallel 
forces acts is called the centre of the forces. It is 
evident from the foregoing investigation that the- 
position of the centre of any number of parallel 
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forces is iridependenfc of tlie directions of the forces, 
and depends only on their points of apjy^ication 
and their respective magnitudes. 

When the forces are all in one plane the 
position of this point may be easily found in most 
cases by the following method : — 

If Pi and 7^2 be the forces, and any point ; 
and if through any line be drawn cutting their 
dire-jtions in the points A and B and their resultant 

A C B 




at C, then, since P, x A C = P2 X H C, it follows 
that Pi X (0A-0C) = P2X (OC -- OB) 

and P| X OA +P^x OB=:{Pi + P2)x C, 

.-. Pi xOA + P^xOB = PxOC. 

Similarly by combining P with P.^, a third force 
in the same plane as Pj, P2, and P, and the re- 
sultant of P and P3 with a new force, and so on, 
"we can prove that if Pj, Pg, P3 . . . be any num- 
ber of parallel forces, Xi, x^^ ajg . . . their respective 
distances from a point along any straight line 
drawn through that point, and x the distance of 
their resultant from the same point, then 
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lix = PiXi + P2X2 -h P-sX^ + . ' ' 

•."■'■ 

and /. x = ^i l "^ ^'^^ ^/-^"^^ "^ " ^ 

§ 181. Equilibrlumcf Parallel Forces.— If P„ 
P2, P3 • • • be co-planar parallel forces in equili- 
brium, some acting in one direction and some in 
the opposite direction, their resultant equals zero, 
and the conditions of equilibrium are therefore 
given by the equations, 

(i.) P, +P2 +P34- . . . =0, 

(ii.) P^Xi + P2X2 -^ P^x-^ + ... =0. 

In these equations forces pulling in opposite direc- 
tions are supposed to have opposite signs ; and if 
the point 0, through: which the line of reference 
pxsses, and which may be taken anywhere, lies 
between the forces, some being on one side of 
it and some on the other, a further distinction of 
sign is necessary, and all the distances on one 
side of must be accounted positive, and those 
on the other side negative. Bearing in mind 
these distinctions of sign, the conditions of 
equilibrium may be thus stated : Parallel forces 
in the same plane are in equilibrium^ when (1) the 
algebraic sum of ilte forces equals zero ; (2) tlie 
algebraic sum. of the 'products of tlie forces into 
their respective distances^ from some fixed pointy 
measured along a line drawn through that point 
across their directions, equals zero. 
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These propositions are most important in the 
solution of problems. It is often found con- 
venient to take the point in the line of one of 
the forces, in which case the distance of that par- 
ticular force from and the corresponding term 
P X in equation ii. both vanish. 

§ 182. Bxamples. — (1) A beam A B, 10 feet long, 
the weight of which is 10 lbs., and acts at its middle 
point,^ is supported on two props, 1 foot and 2 feet from 
the ends A and jB respectively. From the extremity. 
A a mass of 20 lbs. hangs; find the pressure in 
pounds-weight on each prop. 



P 



t 






/ 



aolb^ 



lo.Ib'' 



Fig. 83 



Here we have two forces acting vertically down- 
wards, viz. 10 Ibs.-weight and 20 Ibs.-weight, and the 
reactions of the two props, which are together equiva- 
lent to these forces, acting vertically upwards. 

Let P and Q be the reactions of the two props, 
which are equal in magnitude and opposite in direction 
to the pressures on them. 

Then P + Q = 80. Let the fixed point fi:om which 
the distances are to bo measured be at D, Then we have 

* In all statical questions connected with beams and 
heavy bodies the ' weight of the body ' is regarded as 
acting at some definite point in it. The reasons for this 
will be explained in the next chapter. 

T 
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Px7+Qx0-20x8-10x3 = ...•(!) 

.-. 7 P = 190, 

/. P = 27^^ and = 2f . 

It should be noticed that by measuring distances 
from D the unknown force Q drops out of equation (1) ; 
hence the convenience of choosing D. 

(2) Bodies weighing 8 oz., 4 oz., and 5 oz. are hung 
on a rod A B^ 12 inches long, at distances of 1 inch, 2 
inches, and 8 inches from the end A (fig. 84). If the 
weight of the rod be 6 oz. and act at its centre, find 



1 



\ 



Fig. 84 



where the rod must be suspended that it may rest 
horizontal. 

Here we have a rorce oi 3 oz. wt. at a distance of 
1 inch from A, 

a force of 4 oz. wb. at a distance of 2 inches from A 



and 



»» >» *> 
6 



>» 



»» 






» 



9f 
»> 



8 
6 






»» 



The only force acting in the opposite direction is the 
pull of the string, which is equal to 8 + 4 + 5 + 6 
» 18 oz. wt., and acts at a distance x to be found from 
the end A ; 

/. 18a;=3 + 4x2 + 6x8 + 6x6«=87 

87 
•'• * =" rd "^ ^5 inches from A^ 
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(3) Four like parallel forces, the magnitudes of 
which, are 2, 3 4, and 5, act at the four corners ^, B, (7, D 
(fig. 85) of a square ; find the position of their re* 
Bultant. 

It is sometimes convenient to combine first one 
pair of forces, and then another pair, and finally to 
combine the two resultants. The proper choice of 
these combinations will often materially simplify the 
calculation in a particular problem. 

A 




Fig. 85 

The resultant of the forces 3 and 4 at 5 and C is a 
force of 7 acting at 0„ where B O, equals ^ B C. The 
resultant) of 2 and 5 is a force of 7 acting at Og, where 
AOc^is J oi A D. Join Oj Oo and the final resultant 
will be a force of 14 acting at the point M which 
bisects Oj O^. Hence the centre of the forces is 
situated at a point equally distant from A D and B G 
«nd Yi of one of the sides fi:om A B and {^ from D C. 

§ 183. Besolution of a force into Parallel 
Components. — A force F may be resolved into 
two parallel components P and Q, provided thstt 
P X F's distance from f=Qx Q'& distance from 

T2 
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F'j and either or both of these components maj 
be again resolved, provided that the relation 
between the distances of the components from the 
original force is preserved. 



$ 184. Bzample. — A mass of weight W rests on a 
triangnlar table at a point in the line joining one of 
the angular points with the middle of the opposite 
side, and at a distance from the angolar point equal to 
twice its distance from the side. The table is sap- 
ported on three props at its angular points ; find the 
pressure on each prop. 




Fig. 86 



Let the force W at £^ be resolved into two parallel 
forces at D and C. Then, since CE = 2 ED, the com- 
ponent at D equals twice the component at C, and 

acts at D and — - acts at C. But „— at D is 

ii 3 3 

W W 

equivalent to - at A and - - at B ; therefore the force 
3 3 

W exerts a pressure of - on each prop. 
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§ 185. Conple8.--In § 176, II., we found the 
resultant of two unlike parallel forces P and Q^ 
on the supposition that Q was greater than P, 
Let us see what would have happened if Q had 
been eqtud to P. In this case A 8 and B a' (fig. 78) 
would have been parallel, and the point through 
which the resultant passes would have been in- 
finitely distant, and the proof on p. 26C, which 
depends on the meeting of B s' and 8 A, would not 
hold. It thus appears that two equal and opposite 
parallel forces have no resultant, i.e. there is no 
single force tending to produce translation that 
can replace them. Such a pair of forces is called 
a covplej and the perpendicular distance between 
the forces is called their arm. The efiect of a 
couple is to produce rotation^ and it generally 
happens that one of the forces is replaced by the 
reaction of a fixed point about which the body is 
free to rotate. The conditions of equilibrium of 
a body free to rotate about a fixed point will be 
considered in the two following Lessons. 



EXERCISES XXI 

1. Parallel forces are applied at two points 5 ins. apart, 

and aie kept in equilibrium by a third force 3 ins. 
from the one and 2 ins. from the other. What is 
the ratio of the forces ? 

2. Two men, of the same height, carry on their shoulders 

a pole 6 feet long, and a body weighiug 121 lbs. is slung 



278 STATICS— BEST 

on it| 30 ins. from one of the men ; what portion of 
the weight does each man support 7 

3. A beam the weight of which is 10 lbs. acting at its 

middle point is supported on two props at the end 
of the beam. If the length of the beam be 5 feet, 
find where a mass of 30 lbs. wt. must be placed, 
so that the pressing forces on the two props may 
be 16 lbs. wt. and 25 lbs. wt. respectively. 

4. Two weights of 3 oz. and 5 oz. act at the ends of a 

rod AB,12 ins. long, and a third weight of 6 oz. acts 
at a point 3 ins. from A ; find the position of the 
resultant. 

5. Equal weights are at the comers of a triangle; 

find the point at which it must be suspended to rest 
horizontally. 

6. Equal forces act along AB, B 6\ D C^ AD, the sides 

of a square ; find the resultant. 

7. The ratio of two unlike parallel forces ia J, and the 

distance between them is 10 centimetres ; find the 
position of the resultant. 

8. The xesultant of two unlike forces is a force of 6 

poundals, and acts 8 ins. from the greater force, 
which is 10 poundals ; find the distance between 
them. 

9. Forces of 3, 4, 5, and 6 units act at distances of 3 ins., 

4 ins., 5 ins., 6 ins. from the end of a rod ; at what 
distance from the same end does the resultant act 7 

10. A circular table rests on one central leg, and a body 

weighing 10 kilograms is placed midway between the 
centre and circumference ; where roust a weight of 8 
kilograms be applied so as to preserve equilibrium ? 

11. A pilank weighing 10 lbs. rests on a single prop at its 

middle point; if it be replaced by two others on 
each side of it, 3 feet and 5 feet from the middle 
point, find the force pressing on each. 

12. Bodies weighing 4 lbs. and 12 lbs. are fixed to the 

two ends respectively of a weightless rigid rod 
30 ins. long, and at 10 Ins. from each end are bodies 
weighing 6 lbs. and 8 lbs. respectively, where must 
the rod be suspended to rest horizontally 7 
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13. A weightless rod is suspended at a point 3 ins. from 

one end, and a body weighing 10 lbs. is hung from 
the same end; if the rod be 15 ins. long, find the 
weight that must be applied at the other end to 
maintain equilibrium. 

14. If the weight of the rod be 2 lbs. acting vertically 

downwards at its middle point, what weight must 
then be applied at the further end ? 

15. Four vertical forces 4, 6, 7, 9 act at the four corners 

of a square ; find where the resultant acts. 

16. Find the centre of like parallel forces, 3, 2, 6, 7, 

which act at equal distances apart along a straight 
rod 12 ins. long. 

17. A horizontal straight bar 6 feet long and weighing 

16 lbs. is supported at each end, and a mass weigh- 
ing 48 lbs. is hung at 2 feet from one end ; find the 
force pressing upon each of the supports. 

18. Three parallel forces of 4, 5, and 7 units arti 

applied respectively at the centre and two ex* 
tremities of a rigid bar; find their resultant in 
magnitude and position. 



XXV. Forces prodtLcing Rotation — Momenta 

§ 186. We have hitherto considered the ten- 
dency of forces to produce translation, or motion 
from one place to another in the bodies on which 
they act ; we have now to treat of the tendency 
of forces to produce rotation about some fixed 
point or axis. 

If a point in a body be supposed fixed, so that 
the body cannot move out of its own place, but is 
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free to rotate about that point, a force applied at 
any other point and in a direction that does not 
pass through the fixed point will produce rotation, 

§ 187. The rotatory effect of a force depends 
on : — 

First. The magnitude of the force. 
Secondly. The perpendicular distance of its 
line of action from the Jixed point. 

In closing a door a small force applied at the 
handle will produce the same effect as a much 
larger force applied at a point nearer to the 
hinge. 

§ 188. Moment of a Force — The tendency of 
a force to produce rotation about a fixed point is 



an. 




Fig. 87 

called its moment about that point, and is measured 
by the product of the number of units of force 
into the number of units of length in the perpen- 
dicular drawn from the fixed point on to the line 
of action or direction of the force. Thus if P be 
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a force tending to cause a body to rotate about the 
point 0, and m be the perpendicular drawn from 
on to its direction, then P x m (i.e. the num- 
ber of units of force in P multiplied by the number 
of units of length in m) measures the rotatory 
tendency of the force, and is called the moment of 
the force P about the point 0. 

§ 189. Oeometrical Measure of the Moment 
of a Force. — If A B represent the magnitude of 



m 
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P, then the measure of the moment is il ^ x wi, 
which is equal to twice the area of the triangle 
A B, Hence the moment of a force about a 
point may be measured by twice the area of the 
triangle which has the straight line representing 
the force for a base, and the fixed point for an 
apex. 

If two triangles having the same apex can be 
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shown to be equal, the moments of the forces, re- 
presented by the bases, about that apex will be 
equal also. 

§ 190. The moment of a force about a point in 
its own line of action is evidently nothing, since 
no perpendicular can be let fall on a line from a 
point in the same line. 

§ 191. Positive and Negative Moments. — In 
considering the action of forces we found it con- 
venient to distinguish between positive and negative 
forces, according as they tended to move the body 
to the right or to the left of a fixed point. In the 
same way it is found desirable to speak of positive 
and negative moments. The moment of a force 
may be said to be positive when it tends to pro- 
duce rotation in the direction in which the hands 
of a clock move, and negative when its tendency 
is in the reverse direction. 

§ 192. The sum of the moments of two or 
more forces about any point is equal to the 
moment of the resultant of the forces about that 
point. 

Let A B, AG represent two forces P and Q^ 
and A D their resultant R» 

Take any point in the plane of P and Qy 
and join AO,OB,OC, and D, and from B, C, D 
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draw to A perpendiculars Bb, C c, Dd. Then 
the moments of F, Q^ and R about are measured 
by the areas of the triangles, AO B, AO Cy and 
AOD respectively. But since the base A i^ 
common to these three triangles, and the perpen- 
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dicular D d is equal to B b -]- C c, it follows th«^t 
the area of the triangle A D is equal to 

^AOB + A^OC; 

/, the moment of i? about is equal to the 
sum of the moments of F and Q about 0. 

If we have a third force >S^ acting at A, it 
follows that the moment of the resultant of B 
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and S about is equal to the sum of the moments 
of E and S about 0, and so for other forces. 

Hence, if P,, Pji -P3 . . . be co-planar and 
concurrent forces, and Pi P\j P2P2J PzPz • • • 
represent their several moments about a point in 
the plane of the forces, and R r the moment of 
the resultant of all the forces about the same 
point, then 

i?r = P,jpi +P2P2 + P3P3 +. . . . 

§ 193. If any point be taken in the line of 
action of the resnlant of two Forces the Moments 
of the Forces about this point will be equal. — 

This proposition follows at once from the preceding, 
for since the moment of the resultant about a 
point in its own line of action is zero, we have 

Pi Pi + ^2 Pi = 0, or Pj ;?! = — P2P29 i-©- *^® 
moments are equal in magnitude but opposite in 
direction. 

The proposition may, however, bo proved in- 
dependently, thus : — Let P and Q be two forces 
acting at C, and let E be their resultant. In the 
line of action of E tako any point 0, and draw 
OAyOB parallel to the directions of Q and P 
respectively. Then CO, C A, and C B will re- 
present i?, P, and Q^ wherever the point may be 
taken. But the moment of the force G A about the 
point is represented by twice the area of the 
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triangle C AO (^ 189), and the moment oi C B 
by twice the triangle C B 0, and 

the triangle G A =^ the triangle C B ; 

/. the moment of P about equals the moment 
of Q about the same point. 

Or, P X Om^Q X On. 




Fig. 90 

Conversely, it is easily seen, that if the 
moments of the two forces about any point are 
equal, i.e. if the triangle C AG is equal to the 
triangle G B G, the point G must lie on the line of 
action of the resultant of the forces. 

§ 194. Equilibrinm of two Moments.— If two 
forces act at different points of a body which is 
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free to rotate about a fixed point they will pro- 
duce equilibrium when their moments about that 
point are equal and opposite. Now, we have seen 
that the moments of two forces are equal and 
opposite about any point in the line of action of 
their resultant. Hence a body acted upon by two 
forces wilt be in equilibrium when the fixed point 
in the body is in the line of action of the re- 
sultant. 

§ 195. Application to Lever.— The lever has 
been defined as ,a rigid rod capable of turning 
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Fia. 91 

about a fixed point called the Fulcrum. We are 
now able to find the conditions of equilibrium on 
the lever, and the relation between the forces 
acting upon it in other cases than those already 
considered. For if P and Q be two forces acting 
at the points A and ^ of a rigid rod of any form. 
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and if the rotatory tendencies or moments of these 
forces are equal about the point C or fulcrum, i.e. 
if they produce equilibrium, then the resultant of 
P and Q passes through C, If, therefore, the 
directions of P and Q be produced to (fig. 91), and 
a and b represent the two forces, and c 
their resultant, and if c be produced, then the 
point C or the position of the fulcrum will be in 
c produced, and the force pressing on the fulcrum 
will be represented by c. And ii Cm and C nhe 
the perpendiculars, drawn from C to the directions 
of P and Qy P X Cm= Q x C n. Hence the fol- 
lowing propositions hold good with respect to the 
lever, when there is equilibrium, whether the 
lever be straight or bent, and whether the forces 
are perpendicular to the arms or not. 

(1) The resultant of the two forces passes 
through the fulcrum of the lever, and is equal to 
the force pressing on the fulcrum. 

(2) The algebraic sum of the moments of the 
forces about the fulcrum equals zero. 

This latter proposition is generally known as 
the principle of the lever. 

§ 196. Sxaxnples. — (1) A bent lever without weight 
consists of two arms, one of which is twice as long as 
the other, inclined to each other at an angle of 120'"' ; 
find the ratio of the weights of the bodies that must be 
suspended firom their ends, so that the lever may rest 
y^ith the shorter arm horizontal, 
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Let P and Q be the two weights. Taking moments 
about C, we have 

P X AC = X Cn; 




Fia. 92 

and since the angle B Cnis &f 

Cn ^ iCB = AC; 
.\ P X A C ^ Q x A C, or P ^ Q. 

(2) A rod the weight of which is 10 lbs. and acts 
at its middle point moves at one end about a hinge, 
and is supported at the other end by a cord attached 
to a point, vertically over the hinge, and at a distance 
from it equal to the length of the rod ; find the pull 
of the cord when the rod rests in a horizontal posi- 
tion. Let ^ P be the rod movable about a hinge at 
A. Let CP be the cord, then AC == AB. Let IF 
be the weight of the rod at G, and let T be the pull 
in PC. 

Then in equilibrium the moment of W about A 
must be equal to the moment of T about A, 
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Or if J. m be drawn perpendicular to B 
T X Am= W ^ AG,- 
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or r = 6 >/ 2 lbs- 
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§ 197. Balances. — When a lever is employed 
to determine the weight of a substance it is 
called a balance. This may consist of a beam 
supported at its middle point, with pans hanging 
from either end, one of which holds the substance 
to be weighed and the other the weights ; or the 
arms of the beam may be of different but fixed 

u 
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lengths, and the weight may slide upon it ; or the 
arms themselves may vary by the movement of 
the fulcrum. 



§ 198. The Common Balance. — Here the arms 
are equal, and the beam is nicely balanced on 
knife-edges. 




Fig. 94 

A balance should be so constructed that — 

1. When bodies of equal weight are placed 
in the scale-pans, the beam should be perfectly 
horizontal. The balance should be t/rue, 

2. When the weights of the bodies differ but 
slightly, the deviation of the beam from the hori- 
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zontal position should be considerable. The 
balance should be sensitive. 

3. When disturbed the balance should quickly 
resume its original position. The balance should 
be stable. 

To test if a balance be trusy place a certain 
mass in one scale-pan and some substance that 
balances it in the other. Then interchange the 
contents of the two pans, and if the beam remain 
horizontal the balance is true. 

§ 199, The true weight of a body can be as- 
certained with a, false balance, if the weights used 
are correct, in the following manner : — 

Let W be the real weight of a body, and sup-, 
pose it is found to weigh a lbs. when placed in one 
scale-pan, and b lbs. when placed in the other. 
Let X and y be the unknown lengths of the arms of 
the balance. Then, by the principle of moments, 

W X x = a X y and W xy=^h x x, 



/. W^ X xy = ah X xy .\ W=i ^/ab. 

Or, the true weight is the square-root of the 
product of the ojpparent weights when the body is 
weighed in each scale-pan. 

§ 200. The Common, or Homan Steelyard. — 
This is a balance with unequal arms. The body to 
be weighed hangs from the end of one arm of the 

u2 
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beam, and the weight employed to measure it 
slides on the other arm of the beam. 

Let the beam be suspended at G (fig. 95)/ and 
let w be its weight acting at G (see note, p. 273), so 
that the weight P at the point is able to 
keep the beam in equilibrium. Hence w x G G =z 
P X GO. 

Suppose a body weighing W suspended from 




Fig. 96 

By and that the beam is in equilibrium when the 
movable weight P is at -4. Then 

W xBG + wxGG=P xAG 

=^PxAO + PxOG. 

BvLtw xGG=P X OG; 

.-. W xBG=:P X AG, 

W __ AG 
P BC 

Hence, the distance from the point at which the 



or 
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weight P must hang varies directly with the 
magnitude of W. 

If il = 1 inch when JT = 1 lb. 
0-4 = 2 inches „ TT = 2 lbs. 



Oil = 3 



» 



}} 



» 



IT = 3 lbs., and so on. 



§ 201 . The Danish Steelyard.— This instrument 
consists of a straight bar with a heavy knob at one 
end (fig. .96). The body to be weighed is sus- 
pended at the other end, and the fulcrum is moved 
until the moment of the weight of the body is 
equal to the moment of the weight of the beam. 



O 



I !■ I I I I 



"yr 



Fig. 96 

Let P equal the weight of the beam at Gy 

and W the weight of the body suspended at B ; 

then 

P X GO- W X OB, 

.\ P X (GB •'OB)=WxOB, 

P 



.-. 0B = 



P + W 



.GB, 



Hence, , P and G B being fixed quantities, the 
beam is graduated by making W equal to 1 lb., 
2 lbs., 3 lbs. successively. 
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Thus, if ir= P, then OB^\GB\ 
Tr=2P „ OB=z^OB'y 
ir=3P „ OJ5 = i6^^,andsoon. 



» 



}) 



)) 



§ 202. Other balances are frequently formed 
by altering the inclination of a bent lever, and by 
indicating the corresponding cl^^nge in the moment 
of the weight of the lever about its fulcrum. The 
common letter-weight, shown in fig, 97, is an ex- 
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ample of this kind of balance. The fulcrum is at 
(7, near the shorter arm of the lever, yjie letter 
to be weighed is suspended from B, When there 
is no weight at By the point G, - at which the 
whole weight of the instrument acts, is immedi- 
ately under (7, the point of suspension, and the 
index, which always remains vertical, points to 
zero. But if anything be hung from B^ the balance 
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assumes a different position, and the moment of its 
weight about G increases. If W be the weight 
of the instrument acting at G, and ti;be the weight 
of the body at B, we have WxAG = wxBG, 
when equilibrium exists. If bodies weighing J oz., 
1 oz., &c., be separately suspended from B, and 
if the corresponding positions of the vertical 
index be marked, these marks serve as a scale 
of weights. 

§ 203. General Pioperties of Moments. — Since 
the moment of a force measures its tendency to 
produce rotation about a fixed point, it is evident 
that in order that a body, acted upon by several 
forces, may be in equilibrium, the various tenden- 
cies to rotation must counterbalance one another, 
or the sum of the positive moments with respect 
to any point must equal the sum of the negative 
moments. Hence, wJien several farces act at differ- 
ent points of a rigid body, amd a/re in equUihrium, 
the algebraic sum of the moments of the forces 
about any point must vanish. This proposition 
follows directly from that already proved (§ 192), 
that the moment of the resultant is equal to the 
sum of the moments of the forces ; for where there 
is equilibrium the moment of the resultant is zero, 
and therefore the sum of the moments of the forces 
is zero. 

§ 204. Moreover, if the fixed point about 
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which rotation is supposed to take pla.ce be in the. 
line of action of the resultant, the moment of the 
resultant about this point is zero, and consequently. 
tlie algebraic sum of the moments of a number of 
forces about any point in tlie line of action of tJieir 
resultant, is zero. , • 

This proposition has also been separately 
proved in the case of two forces meeting at a 
point (§ 193). 

EXERCISES XXII 

rl. Two equal rods are jointed together and form a right 
angle. They move freely about their common point. 
Neglecting the weights of the rods, find the ratio 
of the weights of the bodies that must be suspended 
from their extremities that one of the rods may be 
inclined to the horizon at 60°. 

2. A rod A B moves about a fixed point B. Its weight 

TFacts at its middle point, and it is kept horizontal 
by a string A C that makes an angle of 46° with it. 
Find the pull of the string. 

3. A rod 10 inches long can turn freely about' one of its 
s ends; a body weighing 4 lbs. is slung to a point 

3 inches from this end ; what vertical force at the 
other end is required to support it ? 

4. If the rod, in the preceding question, be held by a 

string attached to the free end of the rod and in- 
clined to it at an angle of 120°, find the pull in the 
string when the rod is horizontal. 
6. Two weights of 8 lbs. and 4 lbs. act at the extremities 
of a straight lever 12 inches long, and inclined to it 
i at angles of 120° and 135° respectively; find the 

position of the fulcrum. 
6. A uniform lever is bent so that its arms nlake an 
.. angle of 160° with each other, if the longer arm 
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remains horizontal when a body weighing 3 oz. hang9 
from its extremity, and when a body weighing 12 oz. 
hangs from the end of the shorter arm; find the 
ratio of the arms. 

7. Find the true weight of a body which is fonnd to 

weigh 8 oz. and 9 oz. when placed in each of the 
scale-pans of a false balance. 

8. In a common steelyard the weight of the beam is 

10 lbs., and acts at a distance of 2 inches from the 
fulcrum; find where a weight of 4 lbs. must be 
applied to balance it. 

9. A Danish steelyard is 36 inches long, and its weight, 

2 lbs., acts at a point 6 inches from one end. At 
the other end is hung a body weigbin^j 10 lbs. ; find 
the position of the fulcrum. 

10. If in the preceding question the fulcrum were 7J 

inches from the thin end, what would be the weight 
of the body? 

11. A beam 3 feet long, the weight of which is 10 lbs., 
.- and acts at its middle point, rests on a rail, with 
■ 4 lbs. hanging from one end and 1 3 lbs. from the 

other; find the point at which the beam is sup- 
ported ; and if the weights at the two ends change 
places, what weight must be added to the lighter to 
preserve equilibrium ? 

12. Show that the sum of the moments of two forces re- 

presented by the two sides of a triangle about any 
point in the base is constant. 



XXVI. Couples — General Conditions of Equili" 
hrium of Forces in one Plane 

§ 205. Couples. — We have seen that when two 
equal dissimilar forces, not in the same straight 
line, act upon a body, they produce a couple, the 
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effect of which is to cause rotation. The measure 
of this couple is its moment, or the product of 
either force forming the couple into its arm, Le. 
the perpendicular distance between them. 

§ 206. The moment of a couple is equal to 
the algebraic sum of the moments of the two 
forces forming the couple about any point in the 
plane of the forces. 



a 



I 



o 

-I 



r 



Fig. 98 



Let F and P be two forces acting at A and B, 
where AJ3 is the arm of the couple. 

Then P x AB is the moment of the couple. 
Let be any point in the plane of the forces, 
and Ob a a line drawn at right angles to their 
direction, then 
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P xAB^P X (a0^bO)=P X aO-PxbO=z 
the algebraic sum of the moments about 0. 

§ 207. To find the Eesultant of two Conples in 
tie same Plane. — Since the measure of a couple 
is the product of either force into the arm, it is 
clear that one couple may be replaced by another 
of the same dgrn, of equal moment. 




B 




Fig. 99 

Let P X ^ ^ and Q x CD (fig. 99) be the 
moments of two distinct couples. At A and B 
apply two equal forces, Q' parallel to the direc- 
tion of Q, and of such magnitude that Q' x Bh 
= Q X CD. 

Then the couple Q' x Bh is equivalent to the 
couple Q X G D, The resultants of P and Q' at A 
and of P and Q' at B can be found by the parallelo- 
gram of forces. Let B be the resultant. Then 
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i2 and R acting at A and B form a couple, the 
moment of which is R x B c^ which is equivalent 
to the two couples F x AB and Q x G D, In 
the same way may be found the resultant of the 
couple R X Be and any other couple, and hence 
any number of couples may be compounded into a 
single couple. 

§ 208. Any ntunber of forces acting at different 
points of a body in the same plane can be reduced 
to a single force and a single couple. 



A 



B 



Fig. 100 



Let P be any force acting at A. Across the 
direction of P draw A B at right angles to it, and 
at B apply two equal and opposite forces P and P, 
in a direction parallel to that of P at A, These 
two new forces being equal and opposite, and acting 
at the same point, will produce no effect. But 
the system now consists of a couple P X AB, and 
a, force- P at ^. Hence a force acting at one 
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point can be replaced by a force acting at some 
other point and a couple. Similarly any other 
force Q can be replaced by a force Q a.t B and a 
couple, and so with any number of forces. But 
all such forces acting at B have a resultant which 
is a single force acting at B ; and all the couples 
can be reduced to a single resultant couple. 
Hence any number of forces acting at different 
-points in the same plane of a rigid body can be 
reduced to a single resultant force and a single 
resultant couple. 

§ 209. The resultant couple is equal to the 
algebraic sum of the component couples. 

We have seen (§ 206) that the moment of a 
couple is equal to the algebraic sum of the moments 
of the component forces about any point in their 
plane. Taking the resultant couple B x AB, we 
have B X A B equal to the algebraic sum of the 
moments of R and R about any point in the same 
plane. But the moment of B about any point is 
equal to the algebraic sum of the moments of the 

component forces about that point (§ 192). 

• • • 

Hence the moment of the resultant couple is 
equal to the algebraic sum of the moments of the 
component couples. 

§ 210. Conditions of Equilibrium of any 
nnmber of forces acting in one plane at dijflferent 
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points of a rigid body. — ^We are now in a position 
to give the results of the solution of the problem 
(with respect to forces in one plane) which we 
stated at the opening of this chapter to be the 
problem of Statics. 

We have seen that when any number of forces 
act at different points of a rigid body and in differ- 
ent directions they can be reduced to a single result- 
ant force and a single resultant couple. In order 
that the system of forces may be in equilibrium, i.a 
may cause neither displacement nor rotation, the re- 
sultant force must be zero and the moment of tlie re- 
sultant couple must be zero. Let B be the result- 
ant force and R x AB the moment of the resultant 
couple. Then for equilibrium i? =s and It x 
^ j^ = 0. And since E^ ^ X^ Jf Y\ where X 
and Y are the algebraic sums of the components of 
the forces in directions at right angles to each other, 
we must have -X' = and ]r=?0. And R X AB 
equals the algebraic sum of the moments of the 
forces about any point in the same plane. Henoe, 
we have as the general conditions of equilibrium, 

(1) JTi -f. ^2 + -^3 + . • . = 0, 

(2) Fi -f Ta -f Fa -f . . . = 0, 

(3) P^p^ + P^p^ + P3i?3 + • . . = 0, 

where X^, X^ . . . and ^1,^2 . . . are the com- 
ponents of the forces Pj, P2 • • • i^ a^y two 
directions at right angles to each otheE and P\P\^ 
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P2P2 • • * ar© the moments of Pj, P2 • • • about 
any point in the same plane, the usual conventions 
in regard to sign being employed in all these equa- 
tions. 

§ 211. Becapitnlation. — In investigating the 
conditions of equilibrium when two or more forces 
in the same plane act simultaneously on a body 
we have arrived at the following results : — 

In order that there may be equilibrium when — 

(i) Two forces act on a body, 

1. they must be equal in magnitude, 2. 
opposite in direction, and 3. act at 
the same point. 

(ii) Three forces act on a body, they must 

1. either pass through a point, and be 
capable of being represented by the 
sides of a triangle taken in order ; 

2. or be parallel, in which case tlie alge- 
braic sum of the forces and of their 
moments about any point must vanish. 

(iii) Several forces act on a body and 

1. pass through a point. 

They must be capable of being repre- 
sented by the sides of a polygon taken 
in order. 

2. are parallel. 

The algebraic sum of the forces and 
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• • • their moments about any point must 
vanish. 

3. act at different points, and in different 
directions, 
The algebraic sums of the : com- 
ponents of the forces in each of two 
directions at right angles must 
separately vanish ; and the alge- 
braic sum of the moments of the 
forces about any point in their plane 
must likewise vanish. 

The three conditions involved in each of these 
cases are sufficient for the equilibrium of a body 
under the action of any number of forces in one 
plane, 

§ 212. In the solution of problems condition 
(iii) 1. very frequently enables us to obtain a geo- 
metrical representation of what is sought, although 
the calculation necessary to obtain a numerical 
solution of the problem may in many cases involve 
a higher knowledge of mathematics than the 
student is supposed to possess. 

§ 213. Szamples. — (1) A beam the weight of 
which acts &t its middle point hangs &om a nail by 
two strings of given length attached to its extremities; 
required the position of the beam in equilibrium. 

Let the weight act at C, then the forces in equili- 
brium are the pulls in the two strings and the 
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weight; and since these three forces must pass through 
a point, the beam must so rest that the point C its 
Vortically under the nail. 




(2) A rod the weight of which acts at its middle 
point is placed on two smooth inclined planes; required 
the position ( f the rod in equilibrium. 

Here the forces acting are W at G, and B and 8 
the reactions of the planes ; and since the pianos are 




supposed to be perfectly smooth, these reactions are 
perpendicular to the surfaces. These three forces must 
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pass through a point, and the problem of finding the 
position of equilibrium can be solved by a purely 
geometrical process, since the angles which B and 8 
respectively make with the vertical are equal to the 
inclinations of the planes to the horizon. 

(3) A ladder the weight of which is W and acts at 
a point one-third of its length from the foot is made 
to rest against a smooth vertical wall, and inclined to 
it at an angle of 30°, by a force applied horizontally to 
the foot ; find the force. 




Fig. 103 

Let F be the force required. Then the forces 
acting are W&t G, the reaction of the ground It at A, 
and the reaction of the wall B^ at B. 

These form two couples which preserve equilibrium. 
By § 211 (iii) 3, i^ = 12' aad JR = TF, and, by taking 
moments about -4, we have 

W >^ AD = B' X CB, 



and J.-D « 



AO_AB 
2 6 ' 



and CJ3-M^. 
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Also B' = F, 
•' 6 



F.^,otF 



W 



8^/8 



(4) A flexible cord has four masses weighing 1 lb. 
each attached to it at points one foot apart; the ends 
of the cord pass over two smooth pegs more than 8 feet 
apart, in the same horizontal line, and masses weighing 
8 lbs. each are attached to the ends. Find the position 
of equilibrium and the pulls in each portion of the cord. 

This problem is typical of a class of problems re- 
ferred to in §§ 155 and 212, which may be readily 
solved by graphical methods, and the solution of which 
could only be obtained with much greater difficulty 
by numerical calculation. 

Let E and F (^g, 104) be the pegs, and A, B, C, and 
D the points on the cord to which the 1 lb. masses 
are attached. The distances AB, B C, and C D are 




Q3IJ5 . 



diil> Qilh 



Fig. 104 

©qual. From symmetry, we see that B C must be hori- 
zontal, but its position and the positions of the other 
parts of the cord have yet to be found. 

x2 
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To obtain the magnitudes and directions of the pnlls, 

where still unknown, on the various parts A Ei A B, 

B Cy &c., of the cord, we must construct a force-polygon 

(in this case a triangle) for each of the points A, 5, C, 

and D. Draw a vertical line pqrstt and mark off 

equal distances p q^ qr, &c., to represent the vertical 

1 lb. weight forces. Then if qr represents the vertical 

force at C, r o will represent the direction of the pull 

in CB at C, To find the magnitude of this pull we 

must find the position of o, and then o q will represent 

the direction and magnitude of the pull at C in CD; 

but this pull is equal and opposite to the pull in 2) (7 

at D, 2iXidip q represents the magnitude and direction 

of the vertical force at D, therefore op (which closes 

the polygon pqo) must represent the magnitude and 

diraction of the pidl in D F at B, This pull we know 

to be 3 lbs. weight, and therefore the line jp o is taken 

3 times as long as^ ^, and is placed so that its end o 

rests on the horizontal line r o already drawn. Thus 

the point o is found, and joining oq, o «, and o t, we 

have the directions and magnitudes of the forces in the 

various parts of the cord. The magnitudes can be 

measured off to scale, and the position of equilibrium 

of the cord found by drawing the different part9 

parallel to o^, o q, &c. 

To assist the student in following the reasoning, 
the directions of the forces at -4, J5, C, and B are 
shown by arrows, and in the Force Biagram on the 
right the directions of the forces represented by each 
triangle are shown by arroTYs drawn inside the 
triangle. 
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EXERCISES XXIII 

1. Show that if three forces act at a poini-, and produce 

equilibriam, they mast lie in the same plane. 

2. A rod AB,3 feet in length, the weight of which acts 

at a point 1 foot from J, is hung over a smooth peg, 
oy a cord 6 feet in length ; find the length of the 
cord on each side of the peg whpn the rod is in 
equilibrium. 

3. Two forces of 10 and 12 units act along the sides 

A C\ CB of an equilateral triangle ; find their re- 
sultant. 

4. Six forces of 1, 2, 3, 4, 5, and units, acting at a 

point, make equal angles with one another; find 
their resultant. 

« 

5. Two forces of 4 lbs. and 8 lbs. weight act at the end 

of a bar 18 inches long and make angles of 120° and 
90° with it ; find the point in the bar at which the 
resultant acts. 

6. Two equal forces of 8 poundals act at an angle of 

120° ; a third force of 6 poundals acts at the same 
point, and at right angles ta their plane ; find the 
resultant of the three forces. 

7. To each end of a uniform straight rod 100 inches 

long, and weighing 12 lbs., is fastened one end of a 
flexible string 140 inches long, to which a body 
weighing 9 lbs. is attached at a point 60 inches from 
one end. In what position will the rod remain in 
equilibrium about a pivot through the middle ? and 
where must the pivot bo placed in order that the 
rod may be balanced when horizontal ? 

8. The extremities of the horizontal diameter of a 

circular disc, weighing 6 oz., are nailed against a 
wall, and to a point in the edge of the disc at ^ of the 
whole circumference from one of the nails a weight 
of 4 oz. is applied; find the force pressing upoQ 
each nail, 
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J). A rod A II, 6 feet long, without weight, is hung from 
a point C by two strings which are attached to its 
ends and to the point; the string ^.6^ is 3 feet 
and BCis 4: feet in length, and a body weighing 
2 lbs. is hung from A, and a body weighing 3 lbs. 
from B; find the pulls of the strings and the con- 
dition of equilibrium. ^ 

10. A body weighing 24 lbs. is suspended by two flexible 

strings, one of which is horizontal, and the other is 
inclined at an angle of 30° to the vertical direction. 
What is the pull in each string 7 

11. The weight of a window-sash 3 feet wide is 5 lbs., 

each of the weights acting on the cords is 2 lbs. ; 
^ if one of the cords be broken, find at what distance 
from the middle of the sash the hand must be placed 
to raise it with the least effort. 

12. A light smooth stick 3 feet long is loaded at one end 

with 8 oz. of lead; the other end rests against a 
smooth vertical wall, and across a nail which is 1 foot 
from the wall. Find the position of equilibrium 
and the force pressing on the nail and on the wall. 



EXAMINATION QUESTIONS VII 

1. A pole 12 feet long weighing 25 lbs. rests with one 

end against the foot of a wall, and from a point 
2 feet from the other end a cord runs horizontally to 
a point in the wall 8 feet from the ground ; find the 
* tension * of the cord and the pressure of the lower 
end of the pole. — Univ. of Lon, Matric., Jan. 1871. 

2. A solid roller, with an axle projecting from one end, is 

suspended horizontally by two vertical cords — one of 
them attached to the end of the roller opposite to 
the axle, the other to the middle of the axle ; the 
roller is 4 feet long, and weighs 27 lbs. ; the axle is 
1 foot long, and weighs 1 lb. Find the weight sup- 
ported by each cord. — lb. June 1871. 
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8. A man wheels a loaded whoolbarrow along a level 
road; point out the conditions which determine 
bow much of the total weight of load and barrow is 
supported by the wheel, and how much is supported 
by the man. — Jh. Jan. 1872. 

4. Show how it is possible for a sailing vessel to make 
way in a direction different from that of the wind. 
Why cannot a round tub be steered at as great an 
angle to the direction of the wind as a long-boat 7 — 
lb, June 1872. 

6. When a horse is employed to tow a barge along a canal 
the tow-rope is usually of oonBidorable length ; give 
a definite reason for using a long rope instead of a 
short one. Show whether the same considerations 
hold good in relation to the length of the rope when 
a steam-tug is used instead of a horse. — Jb. Juno 
1872. 

6. If a man wants to help a cart up-hill is there any 
mechanical reason why ho should put his shoulder to 
the wheel, instead of pushing at the body of the 
cart 7 And if so, show at what part of the wheel 
force can be applied with the greatest effect. — lb, 
Jan. 1873. 

T. Two men are carrying a block of iron, weighing 176 lbs., 
suspended from a uniform pole 14 feet long ; each 
man'sshoulder is 1 foot 6 ins. from his end of the pole. 
At what point of the pole must the heavy weight be 
suspended, in order that one of the men may boar J 
of the weight borne by the other 7 — Jft. Juno 1873. 

8. A substance is weighed from both arms of an unequal 

balance, and its apparent weights are 9 lbs. and 
4 lbs. ; find the ratio between the arms. — 2b. Jan. 
1874. 

9. If in the third system of pulleys (fig. 46) the pulleys 

are IJ in. in diameter, and the strings are parallel 
and attached at given points D, £, and F to the 
rod supporting the weight, to what point of the rod 
should the weight W^be attached, so that the hori- 
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lontal direction of the rod may be maintained ?— \ 
lb. Jan. 1874. 
10. Two uniform heavy rods, AC,BC (fig. 105), rigidly 
connected together, are capable of turning round a 
horizontal axis at C', find the mechanical condi tiers 
which determine the position of equilibrium. — ib. 
Jane 187t. 




Fig. 105 

11. A heavy uniform beam A B is supported at the 

point C by the vertical prop' C 2>, its extremity A 
pressing against a wall E F. Determine the condi- 
tions of equilibrium, taking no account of friction. — 
lb. Jan. 1876. 

12. Three cords are tied together at a point. One of 

these is pulled in a northerly direction with a force 
of 6 lbs., and another in an easterly direction with a 
force of 8 lbs. With what force must the third 
cord be pulled in order to keep the whole at rest 7 — 
Ih. Jane 1876. 

13. A sphere of wood loaded at one point with leai 

rests upon a plane inclined at 30^ to the horizon, 
being prevented from sliding down by the friction 
of the plane. State and explain by a diagram the 
conditions of equilibrium. — Ih. Jan: 1877. 

14. A body whose mass is five kilograms, resting upon 

a smooth plane inclined at 30^ to the horizon, is 
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aoted on by four forces : (1) iti weight ; (2) the 
reaction of the plane ; (8) a force equal to the 
^voight of two kilograms acting parallel to tho 
plane and upwards ; and (4) a force P acting at an 
angle of 30° to the plane. Determine the value of 
P that the body may be in equilibrium. — lb. Juno 
1877. 

15. A ladder rests against the side of a house, and is 

inclined at 60® to the ground. The pressure of the 
ladder against tho wall being equal to a force of 
60 lbs., and the friction, at the same place, equal to a 
force of 40 lbs., find the jjretsure SLiidf riot Ian at tho 
point where the ladder rests on the ground. Find 
also the weight of the ladder.— 76. Jan. 1878. 

16. A uniform bar, 2 feet long, and weighing 8 lbs,, is 

used as a steelyard, being supported at a point 
4 inches from one end. Find the greatest weight 
which can be weighed with a movable weight of 
2 Ibs.y and find the point from which the gradua* 
tions should be measured.—/^. Jan. 1879. 

17. In a common steelyard whoso mass is 20 lbs. the 

point of suspension of the body to be weighed is 4 
inches from the fulcrum, while the centre of gravity 
of the beam is one inch from the fulcrum measured 
in the opposite direction. If the mass of the sliding 
weight Ido 7 lbs. find the distances from the fulcrum 
of the graduations marked respectively 14 lbs., 
28 lbs., CO lbs., and 112 lbs.— J6. July 1879. 

18. Three forces act along three of the Hides of a 

parallelogram ABDC\ one from A to 2i one from 
.4 to ^, and the third from JJ to D; each force being 
proportional to the side along which it acts; the 
parallelogram is such that the diagonal A I) is per- 
pendicular to tho side JiD. Find the line of action 
of the resultant force, and show that its magnitude 
is equal to one of the given forces. — lb. Jan. 1881. 

19. The arms of a bent lever are at right angles to one 

another, and their lengths are in the ratio of 6 to 1. 
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The longer arm is inclined 45® to the horizon, and 
carries at its extremity a weight of 10 lbs. The 
end of the shorter arm presses against a smooth 
horizontal plane. Draw a figure showing the forces 
in action, and find the pressure between the shorter 
arm and the plane. — lb. June 1883. 

20. A uniform sphere rests on a smooth inclined plane, 

and is supported by a horizontal string. To what 
point on the surface of the sphere must the string 
be attached ? Draw a figure showing the forces in 
action. — lb. Jan. 1884. 

21. A man carries a bundle at the end of a stick over 

his shoulder. If the distance between his hand 
and the bundle be kept constant, and the distance 
between his hand and shoulder be changed, how does 
the force on his shoulder change ? — J^. Jan. 1885. 

22. A picture weighing 40 lbs. is hung, with its upper 

and lower edges horizontal, by a cord fastened to 
its two upper corners and passing over a nail so 
that the parts of the cord at the two sides of the 
nail make an angle of CO® with each other. Find 
the pull in the cord in pounds weight. — lb. June 
1885. 

23. A piece of lead placed in one pan ^ of a balance is 

counterpoised by 100 grams in the other pan B. 
When the same piece of lead is placed in the pan 
B it requires 104 grams i;i the pan A to balance 
it. Show what is the ratio of the length of the 
arms of the balance. — lb. June 1885. 

24. An iron ball weighing 1 lb. is held up by a string, 

the upper end of which is fixed. If the ball be 
drawn aside until the string makes an angle of 30® 
with the vertical, and then let go, state clearly 
what the forces are which act upon the ball at the 
moment of its release. — Tb. Jan. 1887. 

25. A picture is hung by a string fastened at two comers 

of its frame, and passing over a smooth nail. What 
are the forces producing equilibrium, and how will 
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the pull on the string vary as it is made longer or 
shorter l—Ib. June 1887. 

26. The sides B C, C Ay A B of a. triangle are bisected 

at 2?, J^t and F respectively ; find the resultant of 
the forces represented by B A, E B^ and F C. — 
lb. June 1887. 

27. A circular table, whose mass is 10 lbs., is provided 

with vertical legs attached to 3 points in the 
circumference equidistant from one another. Find 
the least mass which, when hung from any poict 
in the edge of the table, will just cause it to over- 
turn. — lb, Jane 1888. 

28. A rod A B is hioged at A, and supported in a 

horizontal position by a string B C, making an 
angle of 45^ with the rod. The rod has a weight 
of 10 lbs. suspended from B. Find the * tension ' in 
the string and the force at the hinge. The weight 
of the rod may bo neglected. — lb. Jan. 1889. 

29. A boat is being towed by a rope making an angle of 

30° with the boat's length: the resultant pressure 
of the water on the boat and rudder is inclined at 
60° to the length of the boat and the tension in the 
rope is equal to the weight of half a ton. Find the 
resultant force in the direction of the boat's length. 
—lb. June 1889. 

30. A uniform beam, 24 feet long and weighing 200 lbs., 

is supported on two props, one G feet from one end, 
the other 9 feet from the other end of the beam ; 
calculate the pressure on each prop, when a man 
weighing 180 lbs. stands as near the latter end as 
he can without upsetting the beam. — Tb. Jan. 1890. 

31. A weightless rod. 3 feet long, is supported horizon- 

tally, one end being hinged to a vertical wall, and 
the other attached by a string to a point 4 feet above 
the hinge; a weight of 180 lbs. is hung from the 
end supported by the string. Calculate the * ten- 
sion ' in the string and the pressure along the rod. 
—lb. June 1890. 
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32. Explain why in a common scale-pan or letter balance 

it does not matter whereabouts on the pan the 
weights are placed, although they may be some- 
times near and sometimes farther off the folcram. 
lb. Jan. 1891. 

33. A uniform beam, 14 feet long, and weighing 120 lbs., 

is attached to two props, one of which is 3 feet and 
the other 6 feet from its centre ; calculate the forces 
on the props when a weight of 100 lbs. is placed 
first at one end and then at the other end of the 
beam. — Ih, June 1891. 

34. A weight of 20 lbs., suspended by a string from a peg 

P, is pulled aside by another string knotted to the 
first at a point JT, and pulled horizontally. Find the 
force necessary to pull it until J* A' is 60® from the 
vertical ; and find, at the same time, the force on the 
peg.— i6. Jan. 1892. 

36. Show that a couple has no particular point of appli- 
cation, but may be shifted anywhere in the same 
plane without disturbing the equilibrium of a body 
to which it is applied. Is this true of a force? 
Explain the difference, if any. — Ih, Jan. 1892. 

86. AB Cis a triangle whose sides, B C, CA^AB, are 
7, 4, 5 units long ; at A two forces act, one of 8 
units from A to C^ and one of 10 units from Ato B; 
draw a straight line through A, to represent their 
resultant in all respects, and state the number of 
units oi force in the resultant. — S. 4* -^^ ^^^* 1891. 
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CHAPTER VIII 

CENTRE OP GRAVITY— MASS-CENTRE 

XXVIT. Definitions — Equilibrium of a Body on 

a Hard Surface 

§ 214. Centre of Gravity.— The weight of a 
body is due to the force of gravitation acting 
between the body and the earth. If we consider 
a body to be made up of a large number of small 
particles the force of gravitation will act between 
each of these particles and the earth, and will 
be proportional to the mass of each particle. 
These forces act towards the earth's centre, but 
having regard to the distance of the body from 
the earth's centre, the forces may be considered 
parallel. The position of the resultant of these 
several forces can be found by the method explained 
in § 180, and the point at which this resultant 
acts is called the centre of gravity of the body. 

The centre of gravity may be defined, therefore, 
as the point through which the resultant of all the 
gravitating forces acting between the particles of 
the body and the earth always passes. 
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The position of the centre of a system of 
parallel forces is independent of the direction of 
the forces, and consequently the position of the 
centre of gravity would remain unchanged even it 
the direction of gravity were altered. It is con- 
sequently independent of the position of the body, 
and depends only on the distribution of the mass 
throughout the body. 

§ 215. Mass- Centre. — If, instead of considering 
the weight of the body, we consider its mass only, 
the point about which the mass is evenly distri- 
buted is called the mass-centre. This point coin- 
cides with the centre of the system of parallel 
forces proportional to the masses of the several 
particles of which the body or group of bodies 
consists. As the position of this point is inde- 
pendent of the magnitude as well as of the 
direction of the forces, provided they are propor 
tional to the masses of the particles and all act in 
the same direction or are parallel, the considera- 
tion of the forces themselves may be altogether 
neglected ; and the mass-centre may be defined in 
reference only to the relative masses of the 
particles and their positions, and may be said 
to occupy the m^an position of the group of 
particles. 

The centre of gravity is, therefore, a particular 
case only of the mass* centre, in which the forces 
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are the vertical forces due to gravitation. But 
although the centre of gravity always and neces- 
sarily coincides with the mass- centre, the two terms 
should be carefully distinguished, as suggesting the 
distinction between weight and mcLsa, 

§ 216. Since the centre of gravity is that point 
through which the resultant of the gravitating 
forces acting on the body always passes, it follows 
that the body will be supported if acted upon by 
a force equal to this resultant — that is, to the 
weight of the body passing through the centre of 
gravity vertically upwards. 

For all practical purposes, therefore, the centre 
of gravity may be described as the point at which 
the whole weight of the body may be supposed to 
act. 

The centre of gravity is not always within the 
body, as in a hollow cup, but in order that the 
body may be supported the applied force must act 
through that point. 

§ 217. If a heavy body be suspended at any 
point the Centre of Oravity will be in the vertical 
line drawn through the point of suspension.— 
Let the body be suspended at S, Let W be the 
weight of the body and G its centre of gravity. 

Then W acts at G vertically downwards. Tho 
reaction of the point of support is equivalent to a 
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force acting vertically upwards at S. For equi* 
librium these two forces must pass through the 
same point (§ 211, i.). Therefore G must be in a 





Fig. 106 



vertical line with S, In any other position of th3 
body the moment of W about S would cause 
rotation. 

§ 218. Method offlndingthe Centre of Gravity 
of uniform Laminae. — The foregoing property 
enables us experimentally to find the centre o£ 
gravity of uniform laminae or flat bodies of incon- 
siderable thickness. For if the figure be first 
suspended at one point, and then at another point, 
the centre of gravity will be in the verticals 
through each of these points of suspension ; and 
if these vertical lines be marked on the body 
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their point of intersection will be the centre of 
gravity required. 

If the centre of gravity be known, we can 
similarly determine the point in the opposite side 
of the surface which will be vertically under tho 
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poind of suspension. For if the line joining the 
centre of gravity with tho point of suspension bo 
produced to cut the opposite side, the point of 
intersection will be the point required. 

§ 219. If a body rest on a hard plane surface, 
it will stand or fall according as the vertical 
from the Centre of Gravity falls within or with- 
out the base. — The first condition that a body 
may rest on a surface is that the surface shall be 
strong enough to support the body. Otherwise 
the body under the action of gravity falls through. 
If the material be sufficiently strong it ezerta 

Y 
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a force perpendicular to its sur&ce, which may 
be considered as acting at some point in the 
surface in contact with the body. If the vertical 
through G (fig. 1 08) fall within the base, the i-esultant 





Fig. 108 

reaction of the plane will be in the same line with 
the direction of TT, and there will be equilibrium. 
But if the vertical through G fall beyond the baso, 
W and the reaction cannot be in equilibrium, and 
the body will fall. 

The condition is the same whether a body rests 
on a horizontal or inclined plane. 

When it is said that the vertical from the 
centre of gravity must fall within the hase^ it 
must be observed that by the base of a body is 
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meant the liae drawn round the points of support 
by passing a flexible cord round these points and 



Stretching it till it is quite tight. For if a body 
rest on three points of support, as in fig. 109, these 
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three reactions have a resultant which in equi- 
librium passes through G. If the body rests on 
more points of support the same holds good. If, 
however, the vertical from G (fig. 110) falls tvithout 
the circumference of the points of support, the 
resultant of the several reactions cannot pass 
through G and equilibrium cannot exist. 

§ 220. Stable, unstable, and neutral Equi« 
librium.— Equilibrium may be of three kinds : — 

1. The body may be in such a position that if 
slightly/ displaced it tends to return to its original 
position, in which case the equilibrium is stable. 

2. Or, it may tend to move further away from its 
position, in which case the equilibrium is unstable. 




Fia. Ill 

3. Or, it may remain in its new position, in 
which case the equilibrium is neutral. 

These conditions are illustrated when a body 
rests on a hard surface or when suspended by a 
smooth peg. An egg on either end is in unstable 
equilibrium, when resting on a longer side it is in 



: 
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stable equilibrium in one direction, in neutral equi- 
librium in another. A sphere or cylindrical roller 
resting on a horizontal surface is in neutral equi- 
librium. A disc suspended at its centre of gravity 
will rest in neutral equilibrium. If suspend*^ at 






Fig. 112 

any other point there are two positions only in 
which it will rest. In the one it fulfils the condi- 
tions of stable, in the other of unstable equilibrium. 
These positions are shown in figs. Ill and 112. 

It will be observed that a body when displaced 




Fig. 113 



lur 



assumes a position of unstable equilibrium in 
passing from one position of stable equilibrium 
into another ; and that bodies having several 
surfaces on which they can rest have positions of 
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stable and unstable equilibrium corresponding to 
each. Hence there are some positions in which 
the equilibrium is more stable than in others. 

§ 221. Fositioii of Centre of Gravity in stable 
and unstable Equilibrium. — When a body is in 
stable equilibrium it will, if slightly displaced, re- 
turn to its original position, and the centre of 
gravity of the body wiU describe an arc, first rising 
and then falling. If the body be further displaced 
the centre of gravity will gradually rise till it has 
reached its highest position, in which case the 
equilibrium will be unstable. 

Hence, in stable equilibrium the centre of 
gravity occupies the lowest possible position ; and 




Fig. 114 

in unstable it occupies its highest position ; and 
therefore when a body is at rest, its centre of gravity 
must occupy its highest or lowest position. This 
may be illustrated by taking a flat wooden hoop 
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(6g. 114) on the inside and outside of which a 
groove is cut capable of holding a marble. If the 
hoop be stood in a vertical position it will readily be 
Boen tliat there are two positions, and two only, in 
which the marble can rest. It may, with very great 
care, be made to rest in the outside groove on the 
summit, and the slightest displacement will cause it 
to roll down ; or it may remain in stable equili- 
brium in the inside groove at the bottom of the hoop. 
In any other position equilibrium is impossible. 

§ 222. A body seemingly in unstable equilibrium 
may really be in stable equilibrium if, by the addi- 
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tion of weights, the centre of gravity is brought 
under the point of support Thus a half-crown 
piece will not rest with its edge on the rim of a 
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wine-glass, but if two silver forks hang by their 
prongs to the coin it will be found to be supported 
in stable equilibrium. In the toy represented in the 
annexed diagram (fig. 115) the centre of gravity (/ 
is under the point of support, and the figure conse- 
quently can undergo some amount of displacement 
in certain directions without the equilibrium being 
destroyed. 

§ 223. Tile energy of a body in its three states 
of Equilibrium. — Bearing in mind the distinction 
between kinetic and potential energy (§ 107), we 
shall readily see that the potential energy, or 
energy of position, which a body possesses varies 
with its condition of equilibrium. In neutral equili- 
brium, the potential energy is the same for all 
positions of the body. In stable equilibrium tha 
potential energy is a minimum — in other words, 
the body is in the most unfavourable position for 
doing work — whilst in unstable equilibrium the 
potential energy is a maximum, and the application 
of the smallest force can at once convert a part of 
this energy of position into energy of motion. A 
body in unstable equilibrium may be said, there- 
fore, so far as its position is concerned, to possess 
a maximum amount of potential energy. 

§ 224. A body which is prevented from sliding 
is on the point of overturning when the vertical 
f ropi its centre of gravity falls qq the line defining 
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the base of the body, in which case the body 
is in a position of unstable equilibrium for the 
particular direction of motion in which the body 
is being turned. If a body rest on a rough 
plane, and the plane bo inclined through such an 
angle that the vertical from tho centre of gravity 
falls at the edge of its base, any further elevation of 
the plane will cause the body to overturn, provided 
the plane is sufficiently rough to prevent sliding. 

§ 225. Sxample. — To find the inclination of a 
plane at which overturning takes place. Let G be the 
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C F £ 

Fig. IIG 

centre of gravity of a body resting on a rough inclined 
plane C 2>, in unstable equilibrium. Then if AB be 
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the base of the body, the vertical from G passes through 
A, and is at right angles to the horizontal line C E 
drawn through C, liGM be drawn perpendicular to 
A By the right-angled triangles AGM,ACF will have 
the angle GAM in the one equal to the angle C AF 
in the other, and consequently the remaining angle, 
AGM, equal to the angle ACF. But ACF ib the 
angle of the plane, and therefore the angle at which 
the plane may be inclined must be less than the angle 
contained by the lines G A and G Jlf, in order that the 
body may be in equilibrium. Or, the body will be on 
the point of overturning when the angle of the plane 
la such that 

the height of the plane _AM 
the base of the plane G M* 



XXVIII. Methods of finding the Mass-Centre, or 
Centre of Gravity, of a System of Particles or 

Bodies 

Different methods have to be adppted for find- 
ing the mass-centre, or centre; of gravity, of bodies, 
according to their form. All these methods, how- 
ever, are mostly modifications of the problems of 
finding the resultani^t)f a number of parallel forces 
acting at known points. We commence with a 
system of particles. 

§ 226. To find the mass-centre of two parti- 
cles. — Let A and B be the positions of the two 
particles, whose masses are mj and m^. 
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Suppose these two particles to be acted upon by 
parallel forces, such as gravitation, proportional to 
their masses, then the resultant of these two forces 
will be at a point G such that 

my _ GB 

m^ AG' 

or mj X AG^im^X GB, 
and G is the mass-centre, or, if we consider the 




weights of the particles, the centre of gravity of the 
two particles. 

If Wi and W^ be the weights of the two particles 
the whole weight W^ + W^ may be supposed to 
act at g, and the whole mass mi-\- m^ may be con- 
sidered as at that point. 

§ 227. Hass-Centre of Homogeneous and S3mi- 
metrioal Bodies. — In finding the mass-centre of 
different bodies we shall suppose, unless otherwise 
stated, that the matter of which they are composed 
is uniformly distributed throughout their bulk, so 
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that the masses of parts of the body will be pro- 
portional to their volumes. When we speak of the 
mass-centre of a line^we suppose the line to be of 
uniform section and density ; and when we speak of 
the mass-centre of a surface we suppose the surface 
to be a thin lamina or plate, the thickness and 
density of which, being uniform, can be neglected. 
Hence for the masses of thin uniform laminae 
we may substitute the areas of their surfaces. 

If a body be symmetrical about a plane, or if a 
surface be symmetrical about a line, the mass- 
centre of the body is in that plane or line, and co- 
incides with the geometrical centre of all figures 
that have such a point. Hence — 

1. The mass-centre of a straight line is its 

middle point. 

2. The mass-centre of a circle or of its circum- 

ference, or of a sphere or of its surface, is 
its centre. 

3. The mass-centre of a parallelogram or of its 

perimeter is the point in which the dia- 
gonals intersect. 

4. The mass-centre of a cylinder or of its sur- 

face is the middle of its axis. 

§ 228. To find the Kass-Centre of the Surfkce 
of a Triangle. —Let A BC (fig. 1 18) be the triangle. 
Draw the median line A D from the point A to the 
centre of B C, and divide it into a certain number 
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of equal parts. Through the points of division D\ 
D'\ D'" . . . draw parallels to the base B C, and 
through the points B', C, B"^ C" , . , where the 
parallels cut the other sides, draw lines parallel to 
AD, We thus form a series of parallelograms 
inscribed in the triangle. The line AD passes 
through the centres 0, 0', 0'' . . . of all these 




parallelograms, since it bisects their opposite sides. 
The mass-centres of these parallelograms are at the 
points 0, 0\ (y . . . ; and hence the mass-centre 
of the sum of these parallelograms is in the line 
D, Although the sum of the parallelograms is 
less than the area of the triangle, it can be shown^ 
by reasoning similar to that employed in § 21, to 
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approach as near to the area as ever we please, by 
increasing the number of divisions. Hence the 
mass-centre of gravity of the triangle lain A D. 

In the same way it may be shown that the 
mass-centre of the triangle is in the median C E 

A 




(fig. 119). Hence the mass-centre of the triangle 
is at Gy where the two medians intersect. 

Produce AD to F, making D F equal to D G. 
Produce G F to Hy making FIT equal to G F. 
Join £G,BF,SLndFG; join RH and HA. 

Then, since the lines B C and G F are bisected 
at i>, the figure B GO F is a, parallelogram, a,nd BF 
is parallel to C G, For the same reason the figure 
HAGBia a parallelogram, and HB is parallel 
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and equal to A G. Since HB is parallel to AF^ 
or A G produced, and B F \a parallel to HG^ the 
figure HF is a parallelogram ; 

.\GF^HB=^AG, 
and :.2GD=^AG, 
ZGD^AD, 
.\GD=^^AD. 

Or the mass-centre of a triangle is situated on a 
median line, and at a distance of ^ of its length 
from the base. 

§ 229. Example. — If equal masses m bo placed at 
tho angular points Aj B, and (7 of a triangle, the mass- 
centre of these masses coincides with the mass-centre 
of the triangle. 

The two equal masses at B and C are equivalent 
to a mass 2 m at Z), and the mass-centre of 2 m at X) 
and of m at il will be at G, where A O equal 2D O. 

§ 230. To find the Mass-Centre of the Peri- 
meter of a Triangle. 

The middle points A', B\ C (fig. 120) are the 
mass-centres of the three lines B C, CA, A B, 
Join jB' C" and divide it in D, so that 

B'D _AB 
CD'"'AG^ 

Then D is the mass-centre of the two sides AB^AC. 
Join D A'^ and divide D A' in G^ so t^at 

DG _ BC 
GA' AB-^^AC^ 
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Then G is the mass-centre of the perimeter. 

Since ^^ = ^-^ and A'B'^^IAB, and 
C D AC 

A' G'=\A C, .: ^ =\rL and, therefore, tho 

line -4' D is known (Euclid, vi. 3) to bisect the 
angle B' A' C, In the same way it can be shov/n 




that G is situated on a line that bisects the angle 
C B' A\ Hence the mass- centre of the perimeter 
of the triangle is situated at the centra of the 
circle inscribed in the triangle A' B' C. 

§ 231. To find the Mass-Centre of any recti- 
linear fignre. — When a rectilinear figure can 
easily be divided into a number of triangles, the 
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mass- centre of the figure can very frequently be 
found by the following method : Find the mass- 
centre of each triangle. Then, as the mass of each 
triangle may be considered as placed at its mass- 
centre, the mass-centre of these figures, as found by 
the method given in § 79, will be the point required. 

Thus, suppose A BC D E a rectilinear figure. 
Divide it into three triangles by lines drawn 




through A. Draw the medians AK^ AL^ AM, 
Then the mass-centre of the triangle A ^ G is 
at ^1, of the triangle AC D at g^^ and of the 
triangle AD E dJi, g^. Join ^j, ^2> ^'^^ divide the 
line in G'^ so that 

AABC xg^G'^z^AGD x G' g^. 
Join G' ^3 and divide this line in G, so that 

{^ABC + AACD) X G' G^^ADE X Gg^. 

. ' ' z 



838 
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Then G is the position of the mass-centre re- 
quired. 

This method is theoretically possible ; but in 
many cases the mass-centre can be .found by a 
method involving fewer mathematical difficulties. 

$ 282. Bzamples. — (1) To find the mass-centre of 
half a regular hexagon. — Let DABChQ half a re- 
gular hexagon. Then the sides D A, AB, B C are all 
equal, and if bisects D C, and A and B are joined, 
the figure is divided into three equilateral triangles. 



A M B 


/ 


, 1 3 

\ • /^ 

\ t% / ■ 


\ 


/ ^" 


\ \^/ , 


^\ 


\i^ 


5& 


/ 


\ • / 





K 



Draw the medians AF, OM, BK, These are parallel 
to one another, and perpendicular to D C or ^ B. 

The mass-centre of A ^ D is at g^j, where Ag^^ 
2Fgi; the mass-centre of A B (7 is at g^, where B g^ 
= 2Kg^. 

Join g^ g^. Then, since these triangles are equal 
their mass-centre is at a point O' which bisects the 
line gi g^ This point, therefore, is on the line O M, 
and O^ = ji M, Now, the mass-centre of the 
^AO B IB at g^f where Mg^ '^^ ^OM, and therefore 
Mg^ '^ OG' ^ G'g^. Also AADO + A§QCI ^ 

i^AOe. Pivid^ (?>3 io e 60 that 
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:.G'G^iGg,^iG'g = iOM, 

where G is the mass-centre of the half-hexagon. 

(2) To find the mass-centre of a figure which con- 
sists of half a regular hexagon, having an isosceles 
right-angled triangle on its longest side. 




Let AB CD EhQ the figure which is symmetrical 
about the line E F, The mass-centre is therefore 
somewhere in the line E F. 

Leta"^B = 5C = CD. 



Then AD = 2uBnd HE = a. 
Hence the area of th© balf-bexagon is 3 
3aV3 



OjFti 
2 



^*i 
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The area of triangle ABE equals ^^ 1^^ 

Let g^ be the mass-centre of the half-hexagon, then 
H^i = |fH(Ex. 1). 

Let t/s be the mass- centre of the triangle, then B^g^ 

«=— JS E, 
B 

Pivide gi g^ in G, so that 

^^Y^ ^g^G^a' ^Gg,... (1) 

Then G is the mass-centre required. Let g^g^ = 6 
and g^G = X', then from equation (1) 

l-^x = (&-«). 

• r- ^^ 
where 

Hence G^ S'l = ;r • « ,f "*" . . a, which gives the 

9 3v 3 + 4 

distance of the mass-centre from g^. 

To find the distance of G from H, we can subtract 
G gx from Bgi, which gives 

EXEBOISES XXIV 

« 

1. If a parallelogram be suspended at a point in one of 

its sides, what point will be vertically under the 
point of suspension ? 

2. A circular tower, the diameter of which is 20 feet, is 
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being built, and for every foot it rises it inclines 1 
inch from the vertical; what is the greatest height 
it can reach without falling ? 

3. A circular table weighs 20 lbs. and rests on four legs 

in its circumference forming a square; find the 
least pressure that must be applied at its edge to 
overturn it. 

4. Two masses weighing 17 lbs. and 13 lbs. are connected 

together by a weightless rod ; at what point must 
the rod be supported to rest in any position what- 
ever? 

5. A solid cube rests on a rough plane ; through what 

angle may the plane be inclined before the cube 
overturns ? 

6. An equilateral triangle stands vertically on a rough 

plane ; find the ratio of the height to the base of 
the plane when the triangle is on the point of over- 
turning. 

7. A triangular board weighing 30 lbs. is carried by 3 

men, each standing at one of the comers; what 
weight does each bear ? 

8. Four masses of 3 lbs., 4 lbs., 5 lbs., and 6 lbs. are 

placed at the corners of a square ; find the position 
of their mass-centre. 

9. To one corner of a heavy square a mass of equal 

weight is attached ; where must it be suspended by 
a single string to rest horizontal 7 

10. Find the mass-centre of a triangular lamina, to two 

comers of v/hich masses, respectively equal to half 
the mass of the triangle, are attached. 

11. A ladder 20 feet long weighs 60 lbs.; its centre of. 

gravity is 8 feet from the thicker end ; it is carried ; 
by 2 men, one of whom supports the heavier end on - 
his shoulder ; where must the other stand that the ^ 
weight may be equally divided ? 

12. Masses of 1 gram, 2 grams, 3 grams are placed at the 

corners of an equilateral triangle; find their mass- 
centre. ,> ./ 
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13. An isosceles triangle rests on a square, and the height 

of the triangle is equal to a side of the square ; find 
the mass-centre of the figure thus formed. 

14. Find the mass-centre of a figure in the shape of a 

kite, formed by two isosceles triangles put base to 
base. The extreme width of the kite is 4 feet, and 
the heights of the isosceles triangles are 2 feet and 
4 feet respectively. 

15. Find the inclination of a rough plane on which halt 

a regular hexagon can just rest in a vertical position 
without overturning, with the smaller of its parallel 
sides in contact, with the plane. 



XXIX. Methods of finding the Mass-Centre 
of Bodies joined together and of Parts of Bodies 

§ 233. Oiven the Mass-Centre of each of two 
bodies, to find that of both together. — The mass- 
centre of both bodies can be found by joining the 
mass-centres of the two, and dividing the line thus 
drawn into two parts in the inverse ratio of the 
masses of the bodies. The process is the same as 
in finding the mass-centre of two particles. 

§ 284. Examples. — (1) Two cylinders with circtilar 
bases have a common axis; the radius of the one 
is 4 inches and the altitude 6 inches ; the radius of the 
other is 8 inches and the altitude 8 inches ; find the 
mass-centre of both. 

Since the volume of a cylinder is equal to tt r' ^, 
where r is radius of the base, and h the height, the 
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voltune of the one cylinder is n- x 16 x 6, and of the 
other TT X 9 X 8 cubic inches. • 

The distance S'l ^3 = 7 inches. If G be the imass- 
centre required 

g,C^ ,727r. 
9x92- 9i^ ^Gtt' 

•*• 9iG - ^ inches ; 

or their mass-centre is at the point in the axis where 
they touch. 




tfx 




^ 



7 



Fig. 124 

The mass-centre of several bodies joined together 
can be found in the same way when their several mass- 
centres lie on the same straight line ; otherwise the 
problem generally presents numerical difficulties. 

(2) To find the mass-centre of three uniform 
rods joined together so as to form the letter F, the 
lengths of the rods being as 1 : 8 : 6, and their thick- 
ness neglected. 

Let the length of the vertical rod be 6 inches, the 
horizontal rod 8 inches, and the small central rod 1 
inch. 
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Take ^^ g^ and divide it in 0\ in the ratio of 1 : 2. 
Then the mass-centre of these two rods is at G\ Draw 
a vertical through G\ This bisects the central rod 

& 



9, 



c;L 



Q 



flb 



Fig. 125 

and passes, therefore, through its mass- centre. Mark 
off ^ of ^3 G' from G\ and the point G thus deter- 
mined is the mass-centre required. 

§ 235. Oiven the Hass-Centre of a whole body 
and of a part of it cut off, to find that of the 
remainder. — Let M be the mass of the whole 




Fig. 126 
figure and C its mass-centre. Let m be the mass 
of a part, and g its mass-centre. Then J/ — m irf 
the mass of the remainder. 
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Join g C and let the mass-centre of the re- 
mainder be at some point G in the straight line 
g (7 produced. '^ 

Produce C g to some fixed point A. Then' 
we can find the distance of G from A thus : 
(Jf-m) C6^ = m.^C(§226); 

.\(M'-m)(AG'^ AC) = m{AC -^Ag); 

• AQ^^>^A C — mxAg 

M — m 

§ 236. Bzample. — To find the mass-centre of the 
remainder of a square, out of which one of the triangles ^ 
formed by the diagonals has been taken. 

The figure that remains is symmetrical about the 
line Ij M, The mass- centre is, therefore, in that line-* 



^ 


P^ 


* ^r , 


o\ 
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Let the side df the square be a. Then the area of the 
whole squa^TQ is a', and its mass-centre is at C ; the 

area of the triangle is ^, and its mass-centre is atD ; 

and the area of the remainder is --— , and let its 

4 
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mass-centre be at G, the position of which is required 
to be found. 

Then, since C is the mass-centre of the whole 

square, and D and G of the parts — and — j— respec- 

4 4 



tivoly, 


we 


have 












a" 
4 


X DC = 


4 


X GC, 
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3 a' 

4 ^ 


GC, 








.-. GC 


1 
^9' 


%, 



or G is situated J of a from C, 

§ 237. General Method of finding the Mass- 
Centre of a nnmber of particles or bodies in the 
same plane. 

Let mi, m2, mj . . • be the masses of the 
several particles or bodies ; a?], aJg, 033 . . . the dis- 
tances of their mass-centres from a fixed line, in 
their plane, Oy] and yj, y^, ^3 • • • the corre- 
sponding distances from a line x 9kt right angles 
to y. Then if X and Y be the respective dis- 
tances of their mass-centre from these lines 

Y mj ccj -f mg 0:2 + WI3 a?;, 4- • • • 

m, + m2 + ^3 + • . * 



7^ ^12/1 + ^23/2 +m3y3-h 



• • • 



• • • 



TWi -f- ma + m3 -f 

Let ^ and ^ be the positions of the mass- 
centres of mj and m<^ respectively, and let their 
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common mass-centre be at Gi, Draw A a, Gi g^y 
and B b parallel to Oy. 

Then, as before (§ 226), 

nil X a (ri = mg X Gi B, \ 

or mi X a^'i = Wg X ^1 6 ; 

/. m, X {Ogx — Oa)=i m^ {Ob — Ogx\ 

. n ^'m^xOa + m^xOb 

Till + m^ 



o 




<^ 9i 9\x . h 



Fig. 128 

Let C be the position of the mass-centre of 
mg. Join G^ C, and let G^ be the position of the 
mass-centre of (m| + Wo) at G^ and of m^ at C. 
Draw lines through (7 and G^ parallel to Oy, 
meeting a in c and g^' Then 

(wi + m^) X GiG2 = m^ X ffj C, 
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or (mj + mj) g^ g% = fn^ x g^ c, whence, as 
above, 

vy2 — • ; ; 

_m X Oa + mo x Ob + m^ X Oc 
mi 4- 7/I2 -f" w^8 
In the same way it may be shown for any number 
of particles or bodies whose masses and mass- 
centres are known, that 

where X is the distance of their common mass* 
centre from Oy, 

If we draw lines from A, B, and C parallel to 
Xy it may be similarly proved that 

rrii -f" ^^2 "t" ^3 + • • • 
where Y is the distance of the mass-centre of the 
whole system from the line x. 

By aid of this proposition, which is the most 
general we have proved, the mass-centre of several 
particles or bodies, whose mass-centres lie in the 
same plane although not in the same straight line, 
may be determined. 

§ 238. The product mx may be called the 
mass-moment of the mass m about any line the 
perpendicular distance of which from its mass- 
centre is X, We see, therefore, that the mass- 
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moment of several masses is equal to the sum 
of their several mass-moments about any line in 
their plane. 

§ 239. If the particles are not in the same plane, 

and if a?!, ajgj ^3> and t/i, t/sj 2^3 • • • ^® their distances 
from two fixed planes at right angles to each other, 
the values of X and Y already found can be proved 
to be true by a precisely similar process of reason- 
ing. Also if 2J|, 212, 23 ... be the distances of 
their mass-centres from a third plane at right 
angles to each of the other two, we can similarly 
show that 

Z = ^1 ^1 + ^a ^2 -f ^3 gs + ' ' ' where 
mi + ^2 + ^3 + • • • 

^is the distance of their mass-centre from this 
plane. 

§ 240. Ssample.— From the point D (fig. 120) 
which bisects A C, one of the sides of the equilateral 
triangle AB C, a, straight line £> ^ is drawn parpen, 
dioular to the base cutting off the triangle DEC; 
required the mass-centre of the figure ADEB» 

Take BC &6 one fixed line, and B C^ at right 
angles to it; find g^ the mass-centre of the whole 
triangle, and g^ of the part DEC. Let B F ^^ X, 
BM ^ x^t and B K = x^t gi F ^ Y^ O M = y^t and 

The area of the whole triangle equals m^ +^2 
B ^^^ where BC ^ a and AF ^ h\ the area of the 
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a, Jl 

small triangle equals -; the area of the remaining 

figure equals -^ a h, 
16 

Then, if G be the position of the mass-centre of the 
figure ADEBjWe have 

A 




or 
Since 



and 
Similarly 



Fig. 129 

BF^^ and5Z=^a, 
2 6 



/. 24 a = 42 a?i + 5 a, 



42 



(Wj + Wjj) r == TTi^yj + wtj^jj, 
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or 



ah hi-, , ah n 

2 3 16 ''^ 16 6 



Since 



ffiF^ ^h and g.2E = ^h, 

:.y,^GM^^h. 

Hence the mass-centre of the figure ADE B iB3,t 
a point Q, snch that OM=^ To ^» ^^^ BM - to ^' 

§ 241. To find the Mass-Centre of the Snrface 
of a Cone. — If two points a and b be taken in 




Fig. 130 

the circumference of the base of the cone, and 
each of these points be joined with C, the vertex, , 
the figure thus formed may be regarded as a tri- 
angle if the points a and b be sufficiently near 
one another. The mass-centre of this triangle 
is at a point ff^ gne-third up the m^^ian line 
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C d. Now, the circumference of. the base may 
be regarded as a polygon with an infinite number 
of infinitely small sides; and the surface of th« 
cone may therefore be supposed to consist of an 
infinite number of such triangles, as G ah. If 
a circle be drawn through g parallel to the 
base, the mass- centre of each of these triangles 
will lie on the circumference of this circle, and 
therefore the centre of this circle will be the mass- 
centre of the sum of these triangles, i.e. of the 
surface of the cone. But the centre of this circle 
is at Gy where D G\& equal to one- third of i> C ; 
therefore the mass-centre of the surface of a cone 
is at a point in the axis at a distance of one-third 
oi the axis from the centre of the base. 

§ 242. Hass-Centre of a P3rraiiiid. — Since a 
pyramid may be supposed to consist of a number 
of parallel discs or fiat prisms of the same shape as 
the base, lying one on the other, the mass- centre 
of all these discs, and therefore of the pyramid, 
must be situated in the line joining the mass-centre 
of the base with the apex of the pyramid, and it 
can easily be shown to be at a distance of one" 
fourth of this line from the base. 

Thus, if G be the mass-centre of the base 
of a pyramid, and A be its apex, and HAG be' 
joined, and G G he marked off equal to one- 
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fourth of CA, then G ia the mass-centre of the 
pyramid. 



Pia. 131 

§ 243. HasB-Centre of a Cone.— If the number 
of sides of a pyramid be increased without limit, 
the pyramid becomes a cone. The mass-centre 
of a cone is found, therefore, in the same way 
as that of a pyramid, by joining the apex of 
the cone with the mass-centre of its base, 
and measuring one-quarter of this line from the 

BXEKCISE3 SXV 

1, A heavy wire ia bent In the form of a right angle, and 
one arm is twice the length of the other. At the 
angular point a mass, equal to half the mass of 
the whole wire, is fixed ; find the mass-centre of 
the system. 
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2. A cylinder the diameter of which is 10 feet, and 

height 60 feet, rests on another cylinder, the dia- 
meter of which is 18 feet, and height 6 feet ; and 
their axes coincide ; find their common mass-centre. 

3. An equilateral triangle rests on a square, and the 

side of the triangle is equal to the side of the 
square; find the mass-centre of the figure thus 
formed. 

4. Into a hollow cylindrical vessel 11 inches high, and 

weighing 10 oz., the centre of gravity of which is 
5 inches from the base, a uniform solid cylinder 
G inches long, and weighing 20 oz., is just fitted ; 
find their common cenlte of gravity. 
£. From a uniform circular disc another disc, having for 
its diameter the radius of the first circle, is cut 
away ; find the mass-centre of the remainder. 

6. From a square the sides of which is 6 inches a comer 

square is cut away, the side of which is 2 inches ; 
find the mass-centre of the remainder. 

7. A heavy wire is bent at its middle point, so as to con- 

tain an angle of G0° ; it is suspended from one of 
its ends ; find its position in equilibrium. 

2. AB CD 13 a square ; CB is produced to B, and on BB 
is described a square. If B B^ iAB, find the mass- 
centre of the figure thus formed. 

9. Find the height of a cylinder which can just rest on 
a rough inclined plane the angle of which is 60°, the 
diameter of the cylinder being 6 inches. 

10. From a rectangle 8 inches by 6 inches a comer 

rectangle is cut out 2 inches by 3 inches (2 inches 
from the side of 8 inches) ; find the mass-centre of 
the remainder. 

11. A rectangular board 6 inches by 8 inches, and weighing 

2 oz., is hung up from one of its angular points ; 
to the extremity of the adjacent short side a body 
weighing 8 oz. is attached; find the position in 
which the board hangs in equilibrium. 

12. A trapezium, having two parallel sides, which are 4 
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and 12 feet long, and the other sides each equal to 
5 feet, is placed with its plane vertical, and with its 
shortest side on an inclined plane ; find the relation 
between the height and base of the plane when the 
trapezium is on the point of falling over. 

13. Find the centre of gravity of three equal rods, A B, 

A C, and A J), in the same plane, and diverging from 
the point Ay each of the angles BA Cand CAB 
being one-third of a right angle. 

14. Masses of 2, 8, 2, 6, 9, 6 kilograms are placed at the 

angular points of a reg^ilar hexagon taken in order ; 
determine the position of their mass-centre. 
16. A cylindrical vessel weighing 4 lbs., and the internal 
depth of which is 6 inches, will just hold 2 lbs. of 
water. If the centre of gravity of the vessel when 
empty is 3-39 inches from the top, determine the 
position of the centre of gravity of the vessel and 
its contents when .full of water. 

16. Two uniform cylinders of the same material, one of 

them 8 inches long and 2 inches in diameter, the 
other 6 inches long and 3 inches in diameter, are 
joined together, end to end, so that their axes arc 
in the same straight line. Find the mass-centre 
of the combination. 

17. A short circular cylinder of wood has a hemispherical 

end. When placed with its curved end on a smooth 
table it rests in any position in which it is placed. 
Determine the position of its centre of gravity. 



EXAMINATION QUESTIONS VIII 

1. Masses of 1, 2, 3, 4, 5, 6, 7, 8, 9, and 10 oz. are placed 
along a line at intervals of 3 inches. Find the posi- 
tion of their centre of gravity. — Univ. Zond. Matric.y 
June 1878. 

S. A telescope consists of three tubes, each 10 inches in 
length, sliding within one another, and their weights 

A A2 
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are 8, 7, and 6 oz. Find the position of the centre 
of gravity when the tubes are drawn out to their 
full length.— JJ. Jan. 1879. 

3. What is the centre of gravity of a body ? A line is . 

drawn across an equilateral triangle, of 12 inches 
side, parallel to its base, and so as to cut off one- 
fourth of its area. Find the distance of the base 
from the centre of gravity of the remainder. — lb. 
Jan. 1880. 

4. A solid right circular cone of homogeneous iron is 64 

inches in height, and its mass is 8,192 lbs. The cone 
is cut by a plane perpendicular to the axis, so that 
the mass of the small cone removed is 686 lbs. Find 
the height of the centre of gravity of the truncated 
portion remaining, above the base of the cone. — 
lb, June 1880. 

5. Show that the centre of gravity of three equal weights 

placed at the angles of a triangle coincides with 
the centre of gravity of the triangle. 

A JB Cisan equilateral triangle of 6 inches side, 
of which O is the centre. If the triangle O B C he 
removed, find the distance from A to the centre of 
gravity of the remainder. — lb. Jan. 1881. 

6. Weights of 1 lb., 2 lbs., 3 lbs., and 4 lbs. are suspended 

from a uniform lever 5 feet long at distances of 1 foot, 

2 feet, 3 feet, and 4 feet respectively from one end. 
If the mass of the lever is 4 lbs., find the position 
of the point about which it will balance. — lb. Jan. 
1882. 

7. A uniform rod ^ ^ is 4 feet long and weighs 3 lbs. 

1 lb. is then attached to the end A, 2 Ibs.'at a point 
distant 1 foot from A, 3 lbs. at 2 feet from A, 4 lbs. 
at 3 feet from A, and 5 lbs. at the end B. Find 
the distance from A of the centre of gravity of the 
system.— JJ. June 1882. 

8. A uniform plate of metal 10 inches square has a hole 

3 inches square cut out of it, the centre of the hole 
being 2 J inches distant from the centre of the plat a 
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Find the position of the centre of gravity of the 
plate. — lb. June 1883. 
9. Weights of 1 lb., 2 lbs., 3 lbs., 4 lbs. are placed at the 
angular points A, JB^ G, B respectively of a square 
A B C B, Find the distance of the centre of 
gravity of the system from the centre of the 
square. — Ih. June 1884. 

10. A uniform triangular lamina, whose sides are 3, 4, 

and 6 inches respectively, is suspended by a string 
from the middle point of the longest side. Draw 
a figure showing clearly the position of the opposite 
angular point. If equal weights be attached to 
the three angular points, how will the position of 
equilibrium be affected? — Ih, Jan. 1886. 

11. Five masses, of 1, 2, 3, 4, 6 ounces respectively, are 

placed upon a square table. Their distances from 
one edge of the table are 2, 4, 6, 8, 10 inches, and. 
from the adjacent edge 3, 5, 7, 9, 11 inches re- 
. spectively. Find the distances of their centre of 
mass (centre of gravity) from the two edges. — 
Ih. Jan. 1888. 

12. A rod 12 feet long has a weight of 1 lb. suspended 

from one end, and when 15 lbs. is suspended from 
the other end it balances at a point 3 feet from that 
end, while if 8 lbs. be suspended there it balances 
at a point 4 feet from that end. Find the weight 
of the rod and the position of its centre of gravity. — 
Ih. Jan. 1889. 

13. A cylinder, whose base is a circle 1 foot in diameter, 

and whose height is 3 feet, rests on a horizontal 
plane with its axis vertical. Find how high one 
edge of the base can be raised without causing the 
cylinder to turn over. — Ih. June 1889. 

14. The mass of an equilateral triangle is 4 lbs. Masses 

of 1, 1 and 2 lbs. respectively are placed at the 
angular points. Find the centre of mass of the 
system. — Ih. June 1890. 

15. Explain fully the circumstances under which a rect- 
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angular block, standing on a plank which is being 
gradaally tilted, shall topple over, being prevented 
from sliding by a small obstacle. As an example, 
take the case of a block 8x5x6 cubic inches. — 
Ih, June 1891. 
IG. Find the load which must be placed at one comer of 
an equilateral triangular plate to bring the centre 
of gravity to the middle point of a perpendicular 
bisector (or median line). — Ih, Jan. 1892. 

17. ABC is an equilateral triangle, each side being 2 

inches long ; particles whose masses are 1, 2, 3 are 
placed at A, B, C respectively ; find their centre of 
gravity by construction, and note its distance from 
A.—8. ^ A. Bep, 1891. 

18. A B CB is a square lamina of uniform density; EF 

are the middle points oiiAB and B C\ \t the corner 
of the square is turned down along the line jEF(jso 
that B comes on to the diagonal A (7), find the 
centre of gravity of the lamina under the new cir- 
cumstances. — lb. 1891. 
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ANSWERS TO EXERCISES AND 
EXAMINATION QUESTIONS 



EXEBGISES I. P. 3L7* 

(1) 122 J ft. per sec. (2) 40 sees. (3) 66 ft. per sec. 
(4) 166f cents, per sec. (6) 6,283-2 cents* (6) 8$ ft. 
per sec. (7) 16 hours. (8) 93-876 metres per min. 
(9) The velocity of 580 metres per hour, by 10 metres 
per hour. (10) 7*5 ; 316,800 ; 7,920. 

EXEECISES II. Pp. a9-30. 

(1) 40 sees. (2) 2-4 ft. (3) 120 ft. per sec, 
(4) 20 sees. (5) 267*6 ft. (6) a = 20 ; vel. = 200 ft. per 
sec. (7) 200 ft. per sec. (8) 12,260 cents. (9) - 9S 

65 

(cents., sees.) (10) 1,391,040 (ins., mins.) (11) — 

cent. (12) 170 ft. nearly. (13) 240 (miles, hours) ; 

^ (ft., sees.) (14) 195 ft. (15) 40 ft. per sec. (16) -3 

225 ^ 

(ft., sees.) ; 20 yards. (17) 30 ft. per sec. (18) 60 ft. 

per seo- 
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Exercises III. F. 39. 

(1) 32 (ft., sees.) (2) Draw AB to represent 5 sees., 
and draw A C and BD at right angles to -45 to repre- 
sent the two aecelerations. Join C D, The area of 
the figure AB D C represents the distance. (3) 66 

yards. (4) JL see., ^/^ sec., "^^"/^ sec. 

(5) — . (cents., sees.) (6) a = Q (ft., sees.), t* = 7 ft. 
per sec. 



Exercises IV. Pp. 82-5. 

• (2) 37-36 miles per hour, nearly. (8) No. (4) 10 a/ 5 
ft. (6) 16v/2r (6) 695 yards. (7) 117-S sees.; 
1,147*2 yards. (8) 10 ifc. per see., along line bisecting 
angle of 120°. (9) 109 A: ft. from A , (10) 20 ins. per 
sec. (11) 2i3j. miles from -4's starting point. (12) fj 
(ft., sees.) (13) 6 (ft., sees.) (15) 60 ft. North, 
(16) 12 v/ 13 ft. (17) 33 ft. (19) 1,500 ft; (22) 90 ft. 
(23) 5 v^ 3 ft. per sec. (24) 10 a/ 2. 



Examination Questions I. Pp. 55-8. 

(2) 5 \/3 = 8*66 mins., nearly, at 120° to direction 
of the stream. (4) 2 (ft., sees.) (5) 55 ft. (6) Dis- 
tance =3^^J miles. (7) 6 ft. per sec; V 29 = 6-386 ft. 
per sec. (8) 5Jf (ft., sec.) (9) Take A B, 4^ units in 
length, in direction opposed to the current, and draw 
BC at right angles to it, meeting in C a circle, centre 
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A and radius G units in length \ AG i% direction re- 
quired. (10) J sec. ; —^— sec. ; •— — ~ ^— sec. (11) 

1600 ft., 320 ft. per sec. (12) 10 miles an hour, 
N.W. (13) 22-0593 ft. nearly. (14) 2 ft. per sec, 
30^ W. of S. (15) 13-6 ft. per sec. (16) 24,000 
(yards, mins.) (17) 6 ft. per sec. (18) 66,000 (yards, 
mins.) (19) 36*3 sees. (20) 4 (ft., sees.) ; 5 sees. 



Exercises V. Fp. 67-70. 

(1) 100 ft. (2) 160 ft. per sec. (8) 176 ft. ; 
676 ft. (4) 400 ft. (6) 5 sees. (6) 204 ft. (7) 178 ft. 
per sec. (8) 16\/10 ft. per sec. (9) 100 ft. (10) 
187-44 ft. (11) 67J ft. (12) 186 ft. (18) 886 ft. 
(14) 224 ft. (16) 10 ft. per sec. (16) 48 ft. ; 144 ft. ; 
208 ft. (17) 88 ft. (18) IJ sec, after second body is 
projected. (19) 96 ft. per sec. (20) 62*8 ft. (21) 96 
feet per sec. ; 8 sees. (22) 144*9 ft. ; 16*1 ft. per sec 
dovmwarda. (28) 74 ft. per sec. (24) 114 ft. ; 144 ft. 
(25) 160 ft. (26) 140 ft. per sec. dotonwards. 
(27) 1,608 ft. per sec (28) g = 82*16 (ft., sees.) 
= 88,692 (yards, mins.) (29) 6 sees. ; 247} metres. 

Exercises YI. Fp. 79-ao. 

(jj a/10 gee « 1*68 sec (2) S^lO ft. per sec 

= 26*298 ft. per sec (8) 88*4 ft. per sec (4) 96*7 ft. 
nearly. (5) 824 yards. (6) 68J sees. (7) 812*6 ft. ; 
1,260 ft. (8) 64 ft. (9) 36 ft.; 76 ft.; 8 sees. 
(10) 166 ft. (11) 880 ft., nearly. 
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Examination Questions II. Pp. 81-s. 

(1) 144 ft. (2) 402-6 ft. ; 177*1 ft. (3) 174* ft. per 
sec. ; 784 ft. If the balloon is still ascending when 
the stone is let fall, v = 68-17 ft. per sec ; « = 806-7G ft. 
(4) § 41. (5) Three-quarters of the way np. (6) 2 sees. 
(7) 225 ft. ; 2i or 6 sees. (8) East. (9) 8-05 ft. ; 120-75 
ft., down the plane. (10) 864 ft.; 464 ft. per sec. 
(11) 4§ ft. ; 0-16 ft. (12) 136 ft. per sec. ; 88 ft. 
(13) 80 ft.- (14) 64 ft. (15) See § 45. (16) 16 ft. per 
sec. ; 82 ft. per sec. ; § 14. (17) 1,200 ft. per sec. 
(18) 112} ft. ; 81 sees. (19) 127-421 metres. (20) 5-48 
sees, nearly ; 87*68 ft. per sec. nearly. (21) 65^*^ ft. ; 
5j^ sees. (22) 490-6 ; 80°. (23) 350 ft. (24) 173-2 ft. 
per sec. nearly. (26) 3} sees, after first stone is 
thrown ; at height 84 ft. ; the first stone will be de- 
scending, the second ascending. (26) J length of plane. 

(27) a/~ (l + v'3)secs. (28) 1:6. (29) 172 ft. per 

sec. (30) a, 3-2 ; 6, 26-29 ft. per sec. ; c, 7-9 sees. 

Exercises YII. Pp. 112-6. 

(1) 60,000 dynes. (2) 32 (ft., sees.) (3) 1.664-62 
grams weight. (4) 2 : 7. (5) 9,800 cents. ; 980 cents, 
per sec. (6) 321 : 314. (7) 1,200 g. (8) 6 ft. per 
sec. (9) 3 sees. (10) 3 sees. (11) 9 : 1. (12) 210 
poundals. (13) rf^y approximately. (14) 10-125. 
(15) } pound. (16) 3 ft. (17) 7-2 oz. (18) 6 lbs. 
weight. (19) } oz. (20) 6 lbs. weight. (21) 3-75 
lbs. weight. (22) 6i^> oz. (23) ^ ft. ; 268 ft. (24) 250 
poundals. (25) 15 ft. 2J ins. (26) 625 sees. (27) 125 
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fti (28) 2 sees. (29) 11§§ oz. ; 14f } oz. (30) 4f mins. 
(31) 18f lbs. weight. (32) up, 126 lbs. weight ; down, 
98 lbs. weight. (33) 16^/2' ft. (34) 10 ft. per sec. 
(35) 1 minute. (36) 137*5 sees. ; 10 miles per hour. 

(87) V- V 8" ft- per sec. (38) 25,604,800. (89) } g 
down plane at 80®; ~- . g down plane at 60°. 
(40) 5}f t sees. 

Exercises YIII. Pp. 121-2. 

(1) 180 ft. per sec. (2) 266J ft. (3) 3 : 2. (4) 
7 units of momentum. (5) 9 : 4. (6) 1,500,000 ponn- 
dems. (7)7,200 poundah, or 225 lbs. weight. (8) 
32,000 poundals = 1,000 lbs. weight. 



Examination Questions III. Pp. 

(1) 5:1. (8) 2 : 3. (4) 40 miles per hour ; ^ mile. 
(5) 11 : 1,080. (7) 2 tons 7 cwt. (8) 181-125 ft. (11) 8| 
oz. ; 4J oz. (12) 980. (13) In the one the stone will 
seem to remain stationary ; in the other to fall freely, 
as if the chamber were at rest. (14) 492 grams. 
(15) 24 lbs. 10 oz. (16) ^ (ft., sees.); 40 ft. (17) 3 ft. 
per sec; 41 ft. (18) This * tension* or pull equals the 
weight of i lb. ; forces pressing on each scale pan are 
6 J oz., 5 J oz. (19) 6J lbs. weight ; -^ (ft., sees.) 
(20) 13 lbs. weight ; 256-12 ft. per sec. (21) 6§ (ft., sees.) 
(22) 11 : 1,280. (23) 7^} lbs. weight ; 237f lbs. weight. 
(24) 3,200. (25) 440 ft. (26) 325 lbs. 8J oz. nearly. 
(27) 14 cents, per sec. nearly. (28) More at the bottom. 
(29) 7 : 8. (30) M : w : : 15 : 2. 
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EXEBCISES IX. F.'l44. 

(1) 75^7 (cents., sees.) ; 129]^ grams weight. 
(3) 12-8 (ft, sees.) (4) 715*5 ft. per sec. (5) 3 : 2. 
(6) 12-5 ft. per sec. (7) 11 : 1. . (8) 4 ft. per sec. 

(9) ^; I-; ^. (10) 3t ft. per sec. (11)2 ft. (12)10; 

6§ ; 5 ; 4 ; 3j and so on. (13) (1) The first goes on 
"with velocity 151*25 cents, per sec, and the second 
with velocity 131*25 cents, per sec. (2) The first 
rebounds with velocity 161*25 cents, per sec., and the 
second with velocity 18 *75 cents, per sec. (14) 75 cents, 
per sec. ; 150 cents, per sec. (15) v- —en, (16) e = J. 

Examination Questions IV. Pp. 146-7. 

(1) 15*98 oz. weight. (2) 10 ft. per sec. (3) ; 7 ; 
151f oz. weight. (5) The one rebounds with a velocity 
of on6 foot per second ; the other is reduced to rest. 

(6) 6,400 poundals ; 200 lbs. weight. 

Exercises X. Pp. 154-5. 

(1) 18,000 ft.-lbs. (2) 12,000 fl.-lbs. ; 5,000 ffc.-lbs. 

(3) 18,000 fl..lbs. (4) 98*56H>. (5) ^W. (6) 45. 

(7) 35,840 ft.-lbs. (8) 198x10* ft..lbs.; 120H>. 
(9) 528x10* ft.-lbs. (10) A foot-pound = 1,357 x 10' 
ergs nearly. 

Exercises XL P. 160. 

(1) 462 ft.-lbs. (2) 6,000 fl.-lbs. ; J. (3) /i = f. 

(4) 4 oz. weight. (5) 3*6 oz. weight. (6) 19,080 ft.-lbs. 
(7) 6,160 ft.-lbs.; 560 ft.-lbs. (8) 1*46 oz. weight. 
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ExBBClHKi XII. 9. 17Sa 

(1) 960 (lynog. (2) 1,080 ft. (8) 8,600 ft..lbB. 
(4) 800 ft.-lbfl. (5) HO ft. per soo. nearly. (0) 40^/10 ft. 
perROO. (7) 1,444^ calorics. (H)11,2D0 ft.-lbs; UUl 
units of hoat, Fahrenheit. 



EXAMINATI027 QUESTIONS V. 9p. ISO-a. 

(1) 4U,000 gram-conts.; 12,250 gram-oents. ; Koroi 
(2) 1*40 ft. nearly. (8) 1 ; m : AT . (4) 87|g. (6) 
24,000 17 ft.-poundalB i 100 ft. per sec, if ^ »• 82. (0) 
lH-2574 ft. per see. ; momentum » 219'OBBB ft.-lb.- 
seo. units; energy » 2,000 ft. -poundals. (7) 107*0 lbs. 
freight; 1,870 ft.-lbs. (H) H ton weight; H ton 
weight. (9) 200ft.-lbs.; 100 ft.-lbs. (10) lOB. (11) 

0-24414 ft. (12) 820. (18) ^^/, where w - weight 

per foot in lbs., I «« length in foet. (14) 11 ft. per see. 
(15) 1,500 foot-ponndals. (10) 1U2 ft.-poundals; 5 
ft. per see. (17) 2} lbs. weight. 

EXKXtCISItSH XIII. 9p. 109 -4i 

(1) 12 ins. fVoiu smaller weight. (2) 10 lbs. wt. ; 
20 lbs. wt. (8) 8 ft. fVom larger mass. (4) 21*0 ins. ; 
26 oz. wt. (5) 15 oz. (6) 2 ins. from mass of 6 oz. 
7) No. (B) 25 lbs. (9) 18i lbs. wt. (10) 9'6 lbs. 

ExsaciMKs XIV. »p. i00aoo. 
<1) 16 ins. (2) B. (8) Increased. (4) 8) ino. 
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(6) 260 lbs. wt. (6) 660 lbs. (7) The mass of 8 oz. will 
descend. (8) 240 lbs. (9) TT = n t (10) 120 lbs. 
(11) Yes. (12) 90 lbs. 

EXEBCISES XV. Pp. 211--ft. 

(1) 60 lbs. wt. (2) 76 lbs. wt. (8) 20 lbs. wt. (4) 
1 lb. wt. (6) 27. (6) 211 oz. wt. (7) 14 lbs. (8) 122 
lbs. wt. (9) 3| ozs. wt. (10) 6-3416 lbs. wt. (11) 
TF= 4 P. (12) 35 lbs. wt. (13) TF= 8 P ; force exerted 
on the beam is 9 P. (14) § 133. (16) A force equal 
to his weight. (16) 12 lbs. 7i oz. (17) 17J lbs. wt. 

Exercises XVL Pp. 222-ft. 

(1) 6| oz. (2) lOJ oz. (3) 32 oz. wt. ; 3? oz. wt. ; 
85 oz. wt. ; 2 oz. wt. (4) 6 : 12. (5) 6 oz. wt. (6) 
12oz.wt. (7) (3 + 4^2) lbs. (8)7:10. (9) If lb. wt. 
(10) h:h::l 12^6. (11) 2 : 3; 27 ins. (12) 30^ 

20 
^^^^ Tin ^^'- ^- ^ ^'^^ 1^- ^*- nearly. (14) ?f^- 

(15) 2 lbs. (16) 2,640 poimdaJs. (17) 12 oz, wt. (18) 
100. (19) 1,056 miits. (20) 15J lbs. wt. 

Examination Questions VI. Pp. 224-6. 

(1) 3 lbs. wt. ; the equation of work. (2) As in second 
system. (3) (a) The first system, &ve pulleys. ; (8) 
Four puUeys arranged as in third system. (4) 1^ lb. wt. 

(6) P=Tr. (6) First system, with tliree puUeys, or 
second system, with four puUeys in each block; 24 ft. 

(7) 290 lbs. (8) 12J ft..lbs.; 2} lbs. weight. (9) 20. 
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(10)100. (11) 250 lbs. wt.; 2,000 lbs. wt., 1,000 lbs. wt., 
600 lbs. wt., 250 lbs. wt. The difference in ijhe sum is 
the force acting at the free end of the rope. (12) 
1,190 lbs. wt.; 1,140 lbs. wt. 

Exercises XVII. pp. 231-2. 

(1) 4. (2) 12 oz. wt., 9 oz. wt., 5 oz. wt. (3) 8 J ins. 
(4) 7 cents, or 1 cent., according as the forces act in 
the same or in opposite directions. 

Exercises XYIII. Pp. 2ftl-2. 



(1) 2 V31. (2) PV5 + 2 V2, where P is the 
smaller force. (3) P v' 10, where P is the smaller 
force. (4) P^5 along a line A M, where M bisects 
B C. (6) 2 v^"6i lbs. wt. (6) 17 lbs. wt. (7) 1-2 and I'G. 
(8) 2 : 1. (9) V 21 lbs. wt. (10) 400 lbs. wt. (11) 10. 
(12) 4 lbs. wt. (13) 2 P, where P is one of the equal 
forces. (14) 6>/3 poundals. (16) 200; towards the 
centre. (IG) A/20i : VU6 : a/91. 

Exercises XIX. Pp. 250-2. 

(I) No. (2) An equilateral triangle. (3) B atA, 

(4) -^^^oz.wt. (5) 10 a/ 66 + 28^/3 lbs. wt. (6)38-4 
o 

lbs. wt. ; 28*8 lbs. wt. (8) 6 P, where P is force along 

A B. (9) A D, (11) 12 lbs. wt. ; 16 lbs. wt. (12) 9 oz. ; 

no weight ; 11*1 oz., nearly ; 16 oz. 

Exercises XX. Pp. 259-61. 

(1) 1-58 times one of the forces, nearly. (2) 10*2 
lbs. wt. (3) 2v/4ribs.wt. (4) a/ 97+1 5^6^ 39 "a/ 2. 
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(6) (1*67) P, where P is one of the equal forces. (6) 
1-8 nearly. (8) 17-32 lbs. wt, (9) 6-95 nearly ; 4-91 
nearly. . (10) 6-928. (12) P >v/2. (14) 52. (15) 122*8 
lbs. wt (16) P = 28-:^8, where P is one of the equal 
forces. (17) 7*32 lbs. wt. ; 5-17 lbs. wt. (18) 24, nearly. 

Exercises XXI. Vp. 277-9. 

(1) 2 : 3. (2) 70A lbs. ; 60A lbs. (3) 20 ins. 
from end where pressing force is 25 lbs. wt. (4) 6f ins. 
from the 5 oz. weight. (5) } up median line from 
angular point. (6) 2 ^\/2, along the diagonal AC. 

(7) 40 cents, from greater force. (8) 12 ins. (9) 4} ins. 
(10) g radius. (11) 6^ lbs. wt. ; 3 J lbs. wt. (12) 19J ins. 
from end where body weighing 4 lbs. is fixed. (13) 2} 
lbs. (14) 1| lbs. (15) ^ of middle line from one of the 
sides. (16) 7ff ins. from end where force 3 acts. 
(17) 40 lbs. wt. ; 24 lbs. wt. (18) 16 ; A of length 
of bar from end where force 7 is applied. 

Exercises XXII. Pp. 296-7. 

(1) 1 : v/3. (2) y.^/2. (3) 1-2 lb. wt. (4) # >/3 

lbs. wt. (5) (8 — 3 \/ 6) X 9*6 ins. from end where weight 
of 3 lbs. acts. (6) 2 >v/3 : 1. (7) ^^2 oz. (8) 5 ins. 
from fulcrmn. (9) 5 ins. from end where weight acts. 
(10) 6 lbs. (11) 12 ins. from end where 4 lbs. is hung; 
27 lbs. 

Exercises XXIII. 9p. 308-10. 

' (2) 20 ins. ; 40 ins. (3) 2 ^/3i. (4) 6, in direction 
of force 5. (5) 12*56 ins from end whero the force of 
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4 lbs. weight acts, (6) 10 potmdals. (7) If D be the 
middle point of A ByC the point in the string at which 
the weight acts, and C B the perpendicular on A Bin its 

position of equilibrium, jp=^ = — ; and when AB is 

horizontal, the pivot is 6 ins. from D, (8) (5+ \/3)oz. 
wt. ; (6 - /v/3) oz. wt. (9) v/5 lbs. wt; 2 V5 lbs. wt. 
(10) 16 v" 3 lbs. wt. ; 8 y 3 lbs. wt. (11) 12 ins. (12) If 
C be the nail, B the end of the stick against the wall, 
CB=^ 3~ft. ; the force pressing on the nail is 8^3 oz. 
wt., and that on the wall 8 V/^ 9 — 1 oz. wt. 

Examination Questions VII. Pp. 310-6. 

(1) 11-25 lbs. wt. ; 27-4 lbs. wt. (2) 15 lbs. wt. ; 13 lbs. 
wt. (7) 6 ft. 4§ ins. from one end. (8) 3 : 2. (9) J inch 
from F. (12) 10 lbs. wt. (14) 0-577 kil. wt. (15) Friction 
= 60; T7-120v/3 + 80;i2 = 120>/3 + 40. (16)161bs.; 
8 inches from the end nearer the point of support. 
(17) 5^ ins. ; 13f ins. ; 29^ ins. and 61f ins. (18) The 
resultant equals A B and acts along A M, where M 
bisects CD, (19) 50 lbs. wt. (20) To a point on the cir- 
cumference 90°— d from the point of contact of the 
sphere with the plane, a being the angle of the plane. 
(21) The force on the shoulder varies inversely with 

distance between hand and shoulder. (22) 1^ 

(23) 6 : >v/26 =i 1 : 1-0198. (24) The pull of the string ; 
the weight of the ball ; the pull = ^ lbs. wt. (25) The 

reaction of the nail and the pull on the string ; the 
pull increases as the string is shortened. (26) The 

B B 
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forces are in equilibrium. (27) 10 lbs. (28)10^/2 Iba. 
wt. ; 10 lbs. wt. (29) J-v/3"ton wt. (30) 0; 380 lbs. 
wt. (31; 226 lbs. wt. ; 135 lbs. wt. (33) 225 lbs. wt., 
5 lbs. wt.; 60 lbs. wt., 170 lbs. wt. (34) 34-64 lbs. 
wt. ; 40 lbs. wt. (36) 11*489. 

Exercises XXIV. Pp. 3ftO-a. 

(2) 240 ft. (8) 48-28 lbs. wt. (4) JJ of length from 
end where 17 lbs. weight acts. (6) 45°. (6) v^8 : 1. 
(7) 10 lbs. (8) i from centre of square of line joining 
middle points of ^ ^ and C D, (9) ^ diagonal from 
comer where mass is attached. (10) i up median 
line from base. (11) 4 feet from the other end. 
(12) If J. B C7 be the triangle and D be a point inAB 
such that AD : DB :: 2 : If then mass-centre is the 
middle point of CD. (13) If a = side of square, the 

mass-centre is •— from centre of square. (14) 8 ins. 

up median line of larger triangle from the common 
base. (15) 3 >/3 : 5. 

Exercises XXV. Pp. 3SS-8. 

(1) If ^ and B be the middle points of the longer and 
shorter arms, C the angular point, and i£ AD^'i AB, 
then mass-centre is | up D C (2) 27|^ ft. from end 

of common axis. (8) =--ri ttc^ from the common 

^ ^ 2(4 + v/8) 

side, where a is side of square. (4) 8§ ins. from base. 

(5) i of radius from centre of large circle. (6) ^ of 

diagonal from centre. (7) The free end is —r^ verti- 

V 7 



AND EXAMINATION QUESTIONS 371 

cally below, and a/^ ol horizontally distant from the 
point of suspension where a = length of half the wire. 
(8) If G be the point required, and G^ i^ be perpen- 
dicular to B C, then 02^ = JJ a, and GF=^ a where 
a=C B. (9) 3*464 ins. (10) Beckoning from comer 
opposite to that from which rectangle is taken X = 
3^ ins , r=2JJ ins. (12) 8 : 7. (la) At a point 

in A C, where AO ^ ^\^ ^ A C. (14) fg of line 

joining the points where masses of 9 kilos, and 3 kilos 
are placed from mass of 9 kilos. (15) 3*26 ins. of axis 
from top. (16) 5JJ ins. from base of shorter cylinder. 
(17) At centre of sphere. 

Examination Questions VIII. Pp. 35S-8. 

(1) 18 ins. from end where mass of 1 oz. is placed. 
(2) 14^ ins. from end of the 8-oz. tube. (3) | a/3 ins. 
(4) 13-53 ins. ^5) | ^/3 ins. (6) 2f ft. from end near 
the weight of 1 lb. (7) 2f ft. (8) -247 in. from centre 
of the plate. (9) i of side of square. (10) § § 218, 229 ; 
the position of equilibrium will remain the same. 
(11) 7J ins. ; 8J ins. (12) 12 lbs. ; at middle point of 
rod. (13) 0-316 ft. nearly. (14) ^ up median line to 
point where mass of 2 lbs. is placed. (15) § 225. 
If block rest on square base 5x5, h:b :: 5 :S; if on 
end 8x5, edge 8 being horizontal, h = b; if on end 8x6, 
edge 5 being horizontal, h : b : : S : 5, (16) ^ weight 
of plate. (17) 1-45 in. ^18) ^ BD from centre of 
square. 
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MISCELLANEOUS PROBLEMS 

1. Draw a diagram, as well as you can to scale, showing 

the resultant of two forces equal to the weights of 
7 and 11 lbs., acting on a particle with an angle 
of 60° between them ; and by measuring the resul- 
tant find its numerical value. Indicate two forces 
at right angles to each other which could maintain 
equilibrium with the above.— -e/«n^, 1892. 

2. A uniform isosceles triangle has its two equal sides 

each 5 feet long and its base 8 feet long ; find its 
centre of gravity. If its weight be 5 lbs., and a 
weight of 10 lbs. be hung at the vertex, find the 
centre of gravity of the whole. — lb, 

3. Express the work done when a moment M has rotated 

n times. If a force equal to the weight of 10 lbs. 
revolve three times tangentially round a circle of 5 
feet radius, find the work it would do. If the 
energy thus generated were imparted to a free sta- 
tionary mass of 12 lbs., how fast would it move ? — Ih. 

4. A stone is thrown vertically upwards with a velocity 

of 160 feet a second. How high will it rise, and 
how long will it be before it returns to your hand ? 
If you let another stone drop down a well, at the 
instant the first is within 20 feet of your hand on 
its return journey, at what distance below your hand 
will the two bodies meet ? — Ih, 

5. A' boy in a toboggan slides down a perfectly smooth 

hill whose inclination is 1 in 20. At what rate will 
he be going (in miles per hour) when he has 
travelled 100 yards from the start ? — Ih, 

6. A cricket ball thrown up is caught by the thrower in 

7 seconds. Draw to scale a figure showing its posi- 
tion at the end of every entire second since its 
start. — Jtin.<t 1893. 

7. A uniform bar, 10 feet long, balances over a rail, with 

a boy weighing three times as much as the bar 
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hanging on to the extreme end of it. Draw a figure 
showing its balancing position. — lb. 

8. A picture, weighing 56 lbs., is slnng over a nail in the 

ordinary way by a cord attached to two eyes in the 
top horizontal bar of its frame. If the height of the 
nail above this bar is half the distance between.' the 
eyes, what is the tension of the cord ? Under what 
circumstances would the tension be equal to, or 
greater than, the whole weight of the picture ? — lb. 

9. A 3-ton cage descending a shaft with a speed of 9 

yards a second is brought to a stop by a uniform 
force in the space of 18 feet. What is the tension 
of the rope while the stoppage is occurring ? (Ex- 
press it in tons' weight.) — lb, 

10. A steady force applied to a mass of 75 tons, initially 

moving at a rate of three miles an hour, accelerates 
it 4 feet a second every second. Calculate (ay the 
applied force in pounds' weight ; (&) the speed of 
the body after the lapse of 1*5 minutes ; (c) its 
kinetic energy at the same time, expressing it in 
* foot-tons.'— «7iMW^, 1893. 

11. A stone dropped over a cliff strikes the ground in 

three seconds. How high is the cliflF, and where 
was the stone when half the time had elapsed? 
— JJ. 

12. Calculate the force necessary to hold a hundred- 

weight on a smooth inclined plane tilted 30® from 
the level, {a) if acting horizontally, (b) if acting at 
the best angle. — lb. . 

13. A couple of unequal weights hang by a thin flexible 

cord over a perfectly smooth bar. Find the accelera- 
tion, the tension on the cord, the distance travelled 
by either weight from rest in five seconds, and the 
velocity acquired in the same time; especially for. 
the case when the weights are 49 and 42 grammes 
respectively. — lb. 

14. A stone, weighing 1 ton, is suspended in the air by a 

chain ; a rope fastened to the stone is pulled so that 
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the cliain makes 30^ and the lope 60^ with the 
rertical. Draw a yer^ careful figure showing the 
three forces acting on the stone, and a triangle 
representing tbem. Find the pail on the rope. — 
Ja/n., 1894. 
\b, A bar projects 6 inches bejond the edge of a table, and 
when 2 oz. is hung on to the projecting end the bar 
just topples over ; when it is poshed out so as to 
project 8 inches beyond the edge, 1 oz. makes it 
topple over. Find the weight of the bar and the 
distance of its centre of gravity from the end. — lb. 

16. The dram of a windlass is 4 inches in diameter, and 

the power is applied to the handle 20 inches from 
the axis. Find the force necessary to sustain the 
weight of 100 lbs., and the work done in turning 
tho handle 10 times. — Ih. 

17. A weight of 2 lbs., attached to a string, falls vertically 

down a mine with uniform acceleration. Find the 
value of the acceleration if the tension on the 
string is 1 oz. {g » 32.)— /&. 

18. A snow slope rises to a height of 50 feet in a slope of 

200 feet. A sledge weighing 400 lbs. is drawn up it 
by a rope parallel to the surface of the snow. Find 
a triangle representing, in magnitude, the forces 
aoiing, and find the pull on the rope when the 
sledge is going steadily up. Find the work done in 
palling the sledge up the slope. Friction is to be 
neglected. -Vt^n^ 1894. 

10. The wheels of a coach are 6 feet apart, and the centre 
of gravity Is 10 feet from the line of contact of the 
wheels and ground on either side. To what height 
may the wheels on one side be run up a bank before 
the coach is upset ?— id. 

20. A meteorite burst at a height of 57,600 feet, and one 
of the fragments was brought instantaneously to 
rest by the explosion. It then descended with an 
acceleration of 32 (foot, second), while the sound 
of the explosion trti\*t>lleil with a velocity of 1,100 
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feet per second. Which reached the ground first, 
the fragment or the sound, and what time did each 
take 1—Ib, 

21. A uniform force, equal to the weight of 20 lbs. acts 

upon a body which is initially at rest, and causes it 
to move through 24 feet in the first second. Find the 
mass of the body. — lb. 

22. Explain by a diagram how it is possible for a ship to 

sail partly against the wind. — Jan.y 1895. 

23. A uniform wire, 10 inches long, is bent so as to 

consist of two pieces at right angles to each other ; 
one of these pieces is 3 inches long, the other 7 
inches. Find the perpendicular distances of the 
centre of mass of the system from the two portions 
of the wire. — 7&. 

24. The average pressure on the piston of a steam engine 

is 60 lbs. to the square inch, the area of the piston 
is 1 square foot, and the length of the stroke 18 
inches. The engine registers 8 horse-power. How 
many strokes does it make per minute ? (1 horse- 
power =33,000 foot-lbs. per minute.) — lb, 

25. A uniform force acting on a mass of 6 oz. for 2 

seconds generates a velocity of 10 feet per second. 
Find the measure of the force in dynes. (1 foot ■» 
30-5 cm. ; 1 lb. =453 6 gram.)— /J. 

26. A gun weighing 3 kilogrammes fires a bullet weighing 

30 grammes, and the latter has a velocity of 60,000 
cm. per sec. Compare the kinetic energy of the gun 
with that of the bullet (neglecting the powder). — lb. 

27. A locomotive draws a load of 200 tons. Find the pull 

needed (1) at constant speed if the friction is '05 
of the load ; (2) if the friction is the same, and the 
speed rises from 30 feet per second to 60 feet per 
second in one minute, (g = 32 feet, second.) — lb. 

28. A wire is stretched horizontally between two points 

6 feet apart, and a one-pound weight is then hung 
by a string from the middle of the wire, which is 
pulled down by the weight 1 inch below the hori- 
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zont2l. Draw a figare showing the forces "^iiich act 
at the point of attachment of the weight to the wire, 
and find, approximately, the pull on each of the end 
points to which the wire is fastened. — JiinCy 1895. 

29. A cubical block of stone, weighing 150 lbs , rests on 
the ground, which is so rough that the block wiU not 
slide. It is to be tilted up so as to rest on one edge. 
Find the least force which, applied at the opposite 
edge in a horizontal direction, will begin to tilt the 
block, and find the least force in any direction at that 
edge which will begin to tilt it. — Ih. 

30. A reservoir of water is 11 feet deep and is fed by a 
stream supplying 60,000 gallons per hour. The 
water runs out at the same rate at the bottom and 
turns a turbine. If the turbine uses 60 per cent, of 
the potential energy which the water loses, find the 
horse-power which it supplies. — Ih. 

81. A bird can fly in still air at 20 miles an hour. When 
a wind is blowing straight from the north at 10 miles 
an hour, in what direction must the bird aim in order 
that it may fly from east to west, and at what speed 
will it travel relative to the earth's surface ? Illus- 
trate your answer by a careful figure. — lb, 

82. A parachute weighing 1 cwt., falling with a uniform 

acceleration from rest, descends 16 feet in the first 
4 seconds. Find the resultant vertical pressure of 
the air on the parachute. — Ih, 

83. A bullet, weighing 1 oz., is fired horizontally from a 

height of 16 feet. When it strikes the ground the 
vertical velocity is ^th of the horizontal velocity. 
Find the energy, in foot-lbs., possessed by the bullet 
at the instant of projection. — lb, 
34. A body, whose mass is 100 lbs., is projected along a 
horizontal surface with a velocity of 10 feet x)er 
second. A constant horizontal retarding force acts 
on the body, and brings it to rest after the body has 
passed over 100 feet. Find the magnitude of the 
retarding force, — lb. 
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ANSWERS TO MISCELLANEOUS PROBLEMS 

(1) 16 7. (2) On central line 2 ft. from vertex; 

8 ins. from vertex. (3) 300 ir foot-lbs. ; v = \/60 pr. 

(4) 400 ft. ; 10 sees. ; ^ ft. (5) 19*25 miles per hour. 

(7) Rail is 1^ ft. from boy. (8) The pull on the cord is 

56 
equal to a weight of — -= lbs. ; equals if angle between 

v2 

cords is 120° ; greater ^ if angle is greater. (0) The force 

required to stop the cage is ^f | tons wt. (10) (a) 21,000 

lbs. wt. ; {h) 304'4 ft. per. sec. ; (c) 155,500 foot-tons 

112 
nearly. (11) 144 ft. ; 38 ft. from top. (12) — ;- lbs. 

wt. ; 60 lbs. wt. (13) Acceleration - ^ = 75-6 

13 

(cms., sec.) nearly ; distance > 944 cms. ; vel. » 377 cms. 

per sec. nearly. (14) 1 ton wt. ; an isosceles triangle 

having vertical angle = 120°. (16) 2 oz. ; 12 ins. from 

end. (16) 10 lbs. ; 400 tt = 1256-6 foot-lbs. nearly. 

(17) 31. (18) 100 lbs. ; 20,000 foot-lbs. (19) l\ ft. 

(20) The fragment takes one minute ; the sound 52^ 

sees. (21) \^ lbs. (23) 2-45 ins. ; 0-46 ins. (24) 

20*37 working strokes. (25) 22,950 dynes nearly. 

(26) 1 : 100. (27) 10 tons wt. ; \^ tons wt. (28) 36 

lbs. nearly. (29) 76 lbs. in both cases. (30) 2 IP. 

(31) 30° to the north of due west ; lO/v/3 miles per hour. 

(32) 1 12 - 7 - 105 lbs. (33) 400 foot-lbs. (34) 60. 
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CBITIGAL OPINIONS of the EABLIEB EDITIONS 

of this Work. 



* This seems a verj usef al little volame, both as an Elementary 
School Text-Book and as suitable for the use of candidates preparing 
for matriculation, preliminary, scientific, and other examinations. 
It is well put together, not too advanced for the end in view, and 
the exercises and illustrations are of a clear and pertinent character.* 

Lanobt. 

* This little work is, as it claims to be, well suited for beginners, 
a very small knowledge of simple arithmetical rules and a smattering 
of algebra only being required to work out tolerably difficult problems. 
The treatment of the subject is novel, motion being considered before 
rest or equilibrium. Numerous examples are given throughout the 
book to be worked out by the student.' 

Midland Counties Herald. 

* In the study of Mechanics, as with Arithmetic, the principles 
are too frequently left unmastered, and a carefully set problem 
proves a stumbling-block, not generally from ignorance of formulae, 
but from inability to apply the formula to the case in question. 
Preparation for examination in Elementary Mechanics requires a 
thorough grounding in the principles and at least as much exercise 
in their application as is found necessary in Arithmetic and Algebra. 
Mr. Magnus's book seems admirably adapted to furnish these two 
requirements. . . . The order is scientifically logical, and appears to 
possess advantages in teaching. The principles are lucidly explained 
and illustrated ; examples are worked out, and each lesson is followed 
by a series of graduated questions, requiring a thorough grasp of 
principles for their solution. An appendix gives a number of 
examination papers set at various public institutions.' 

Schoolmasteb. 



2 Critical Opiwione of the Ea/rUer EMtiom of thds WorTc, - 

' Mr. Magnuses little work on Elementa/ry Meehemios is a great 
improvement upon the few similar ones already in use, and will help 
many teachers and private students oat of great difSculty. The 
importance of the subject is so generally recognised that almost 
every educated man is expected to know something of its leading 
principles; and there is scarcely a public examination held in which 
it is not either a necessary or an optional subject. Yet, strange to 
say, it has hitherto been no easy matter to find a text-book at once 
simple enough to meet the requirements of the beginner and at the 
same time full and complete enough to serve as a basis for more 
advanced reading. Henceforth, however, it will only be necessary 
to name the one before us, and the difficulty will be at an end. 
Following the example recently set by the highest authorities on 
the subject, the Author has departed considerably from the usual 
arrangement of the topics discussed. Kinematics, or the considera- 
tion of some of the simplest principles of motion, without regard to 
the quantity or quality of the matter moved, comes first. This is 
followed by the laws of Dynamics, under which head is considered 
the matter that is set in motion, and the cause or force producing 
it. The third and last part embraces all the problems connected 
with bodies at rest, which are discussed under the head of Statics, 
or the science of equilibrium. In addition to these subjects there is 
a brief but clear exposition of the doctrine of Energy, which affords 
a capital view of the connection between the science of mechanics 
and other branches of physics. All the important propositions are 
accompanied and illustrated by numerical examples worked out in 
the text ; and to each section are added progresstvely arranged 
exercises, which the student will find excellent tests of his knowledge 
of the principles laid down. To render the work more especially 
serviceable to candidates for the matriculation and preliminary 
scientific examinations of the Univeisity of London, all questions set 
during the last few years have been classified and appended to the 
several chapters to which they correspond.* Leeds Mebcuby. 
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*The style is Incid, the solved exercises carefully chosen, the 
work compact. . . . An intelligent boy ought in a few months to 
be able to make himself master of the greater portion of this small 
book which Mr. Magnus has aimed at making sufficiently elementary 
to be placed in the hands of a beginner. What we consider to be 
higher praise is that we believe it to contain nothing that the student 
will have to unlearn in a subsequent portion of his career. We can 
recommend it as a trustworthy introduction to more advanced 
text-books.' Nature. 

' That Mr. MAGNUS'S Lessons in Elementary Mechanics, designed 
for the use of schools and candidates for the London Matriculation 
and other examinations, should have in less than seven years run 
through as many editions, is in itself a sign of the value set upon it 
by students and by those engaged in education, whilst it gives 
wholesome evidence of the appreciation that is likely to attend all 
educational work based upon the same sound method, and executed 
with the same degree of exactitude and clearness. Intended pri- 
marily for the use of those who have had no previous instruction in 
mechanics, its design has been to bring into prominence the leading 
principles of the science, exemplifying them by familiar illustrations. 
With the view of showing its connection with other branches of 
natural science, some few pages have been set apart to a brief expo- 
sition of the doctrine of energy, the keynote, so to say, of the 
modem system of physics. . . . Had we to select any portion of 
Mr. Magnus'8 work as most characteristic of the method of treat- 
ment adopted, and as compressing into a single limited compass 
the utmost amount of recent gains to the philosophy of physics, 
we should point to the chapter on Energy, the distinction of poten- 
tial from kinetic energy, the conversion of heat into mechanical 
energy, and the conversion of energy, with its relation to force 
and momentum. A series of well-devised questions is appended to 
each chapter, and at the end is given a useful set of examination 
papers set at various institutions.' Satubdat Bbvibw. 



4 Critical Opinions of the Earlier Editions of this Work. 

' Having been among the first to recognise the great merits of 
Mr. Magnus's Elementary Lessons in Mechanic? when originally 
published some six years ago, we have more than usual pleasure in 
directing attention to the new and improved edition which has 
recently been issued from the press. , . . Among the improvements 
met with in this edition are one or two that are deserving of special 
mention and commendation. The question of units is a matter of 
considerable importance in all mechanical problems, and is one that 
requires to be made extremely plain to young pupils. An excellent 
plan of doing this is to accustom them early to the use of different 
units, and to the methods of converting quantities expressed in one 
set" of units into the equivalents when expressed in another.* 

Leeds Meecurt. 

* Mr. Magnus differs from many writers on mechanics in that he 
endeavours, for the most part successfully, to make what he has to 
say quite easily understood. . . . Mr. Magnus is, we think, the 
first writer of books like that before us who has had the courage to 
refuse to give a definition of motion. We are all sensible of it, 
he points out, but none can explain what it is ; ** for there is no 
condition in which matter exists that is simpler or more ele- 
mentary." These are pregnant words, and deserve to be graven 
on the mind of the student. ... To the world as it exists motion 
is everything, and we pay Mr. Magnus almost as high a compliment 
as we can pay him when we say that he deals with motion in a 
very straightforward intelligible way ; and that, writing as he does 
for students who are to be supposed to know little or nothing about 
it, he has employed illustrations of his meaning which, if not 
always novel, are at all events well used, apt, and sufficient for 
their purpose.' Enginbbb. 



